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Abstract: In this paper, using some combinatorial identities, we present new congruences involving central binomial

coefficients and harmonic, Catalan, and Fibonacci numbers. For example, for an odd prime p, we have

(p—1)/2
2k 2P _
S (-F (k)Hk1 = = (2Fp+1 —5P=1/2 _ 1) (mod p),
k=1 p
(p-1)/2 -~
HkCZ = 2% e (1 + 2(p+1)/2> (mod p),
= (—4) P P
and for (%) =1,
(p—1)/2
2k\ Hi—1Fy 1 2°
— = — (F - F — —F,_ d
2 <k> (74)k D ( 2p+1 p+2) D P 1(m0 p),

where {F,} is the Fibonacci sequence and {Q,} is the Pell-Lucas sequence.

Key words: Central binomial coefficients, harmonic numbers, Catalan numbers, Fibonacci numbers, Pell numbers

1. Introduction

The Fibonacci sequence {F,} and the Lucas sequence {L,} are defined by the recursions for n > 1,
Fop1=F,+F,1and Ly =Ly + Ly,

where Fy =0, Fy =1 and Ly =2, L1 =1, respectively. The Binet formulae are

an_ﬁn

Fy
a—p

and L, =a" + 3",

where «a, 8 = (1 + \/5) /2.
The Pell sequence {P,} and the Pell-Lucas sequence {Q,} are defined by the recursions for n > 1,

Pn+1 =2P,+ P,_1 and QnJrl = QQn + anlv
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where Py =0, P, =1 and Q¢ = @1 = 2, respectively. The Binet formulae are

,yn_an

P, =
v—946

and Q, =" + 4",

where 7, = (1 + ﬂ) .

Harmonic numbers H,, are defined as for n > 0,

n
1
Hn = %a
k=1
where Hy = 0. The first few harmonic numbers are 1, %, %7 %, SRR

The Catalan numbers are defined by, for n > 0,

o o_ 1 2n _ 2n _ 2n
"Tn+1\n/) \n n+1/)"

For a prime p and an integer a % 0(mod p), we take ¢, (a) to denote the Fermat quotient (cﬂ”1 — 1) /p. For

an odd prime p and an integer a, (%) denotes the Legendre symbol defined by

a 0 if pla,
(> = 1 if a is a quadratic residue modulo p,
—1 if a is a quadratic nonresidue modulo p.
Let Z be the set of integers, and for an odd prime p, let Z, denote the set of those rational numbers whose
denominator is not divisible by p. For an integer D, v/D € Z, if (%) =1 and VD ¢ Z, if (%) =—11in
[11].

Sun [8] gives the following result:

p—1

e o (50

where m is any integer not divisible by p.

=~
Il
E
[N

There are many types of congruences containing binomial coefficients and Fibonacci, Lucas, Pell, and

Pell-Lucas numbers. For example, Sun [9] gives the results

(r-1)/2
Fy, (2K .

3 1;:(}» — (D)D) (od ),

k=0
(p—1)/2 p

Fopy1 2k . 5+ (2

3 igzl<k> _ (Lp)e-D/2le/s) 4(5)(m0d 2.

k=0

where p is a prime number different from both 2 and 5.
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Sun [10] also shows that for a prime p > 5

(pz%/z (—1)*
= —2B,_3(mod p)
2k p ’
= )
(p—3)/2 (2k)2 ) 5
— k= _9q (2)— 2 —p’B,_ d p?
kZ:O RIS @y (2) = Pay (2)” + 75P* Bp-s(mod p?),

where B,, is the nth Bernoulli number.

Mao and Sun [4] establish that for a prime p > 3,

p—1 2k 1/p 1

Wu = ()8, (3) (mod p)
k=1
p—1 (2 ) 7

= G585 () o

where B, (z) denotes the Bernoulli polynomial of degree n.

b
Il

1

Let p be a fixed prime bigger than 3. Define

D _ _1\P _ p—1
q(z):= ol Gl Vil and G, (z):= Z %“

p k=1

where z is a variable.
From [1], it is known that

G5 (1) = 0(mod p), G1 (1) = 0(mod p?) and Go (—1) = 0(mod p)

as well as
Ga(z) = G2(1—2)+2PG2(1—1/x) (mod p),
4@ = —207Ga(2) - 2(1— %) Gy (1 — z) (mod p),
g(x) = —Gi(x)(mod p). (1.1)

Sun [7] obtains the following congruences: for an odd prime p and G, (z) € Z, [z],

1

1 p— r—1
114+ (x-1)7" —~(1-2)-1 x" 1

ot = 1 (1 ST SRS )
r=2 s=1

i=1

and for a prime p > 3
npCis (2) = (—1)" Gy (1/2) — Gy () (mod p?).

Pan and Sun [5] obtain that for a prime p > 5,
; k—k = 0(mod p),
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and for a prime p different from both 2 and 5,

a

iz__;: (-1)F (Zkk> _ (195) (1 - 2Fpa_(%)> (mod p?),

where a is a positive integer.

2. Some congruences involving harmonic, Catalan, and Fibonacci numbers

In this section, we consider the congruences related to some special numbers. For this, first we will give some
auxiliary lemmas:

Lemma 1 Forn>1 and z € R,

X n— 1\ (—2) C(l—a)" = (—2)" -1 N (l-a) -1
;(k—l) e = n H”‘lfg k(n—k)

Proof From the binomial theorem, we write

:_i g ;k(nl_k)é (5) ¢y
S DELES o () L0 oic ol (i PRt

which, by the result

given in [6], equals

as claimed. O
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Lemma 2 Forn>1 and z € R,

Proof By Lemma 1, we have

SO

k=1

1—2)" = (—2)" =1 12 a—2)F -1 gy
_(1—2)" - (-2 anl_ﬁz( ) B Z( n_)

Hn—l
n
k=1
n n—1 k n n—1 k
(—2) 1 l1-2"-1 (1-2) 1-2)"-1
= H, - — —
Ty ; k n ; k ’

as claimed.
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Lemma 3 Let p be an odd prime. For x € Z,,

(P*l)/ka T+ 1) — _ 1)
kz_:l . Wet+1) - (Vr-1)

2
p p

(mod p).

Proof Observe that

(p—1)/2 2k p—1

k p—1 k D k
(14 () WS SR vt

—1 k=1 k=1

— k h k k k
By (1.1), we can write
(r—1)/2 P P P P
C OV (e VT V et W V) e ¥/l Vi
=k p p
2 )P — —1)p
2 (AR (EeD
p
which is as desired.
Lemma 4 Let p > 3 be a prime. For x € Zj,
(p—3)/2 " 1
= 1)” -1 -2 ") — 1(mod p).
Proof Observe that
(p—ZS)/2 . k . i p—1 (\/]f)k - ;(p—l)/Qg:g .
T v k=1 k=1
With the help of Lemma 3 and (1.1), we write
R U6 W (V) L o v/ ) L S (Ve Vit OV e O
=1 2k + ]. \/5 p p 2p

1
2p\/x

Thus, we have the proof of Lemma 4.

(Vz+1)" + (Vo —1)" =2 (vz)") = 1(mod p).

Now we can state our first main theorem.

Theorem 1 Let p be an odd prime. For x € Z,,

(p—1)/2
2k‘ 1 p+1 p+1
Hy, 128 = —— ((V1—4zr+1 —(V1—-4z -1
¥<k)’” s (VT )™ ()
2P

- ((m)p_l + 1) (modp).
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Proof By Lemma 1, we write

(r=1/2 ,p-1 (p—1)/2 (p—3)/2 k
2 = k (1 —4x) -1 (1—4z)" -1
— E 2 —4x)" Hp_1 =2 H,_ -2 E e
-1 & <k)( %) Hit p—1 A N ICEPESY

With the help of the congruences p%k = —% (mod p) and k(piizk) = _k(2li+1) (mod p) for k=1,2,...,(p — 3) /2,

we have

(p—1)/2 p—1 A ( 1)/2 (p—3)/2 (1 _ 4$)k -1
2 —4x) Hy_1 = ((1 —42)F” — 1) Hp3y/2 — —_ .
; ( k ) (~42)" Hiy = ((1 - 40) ) Ho-v2 kzzl EES I

Note that
(3)- (L) = o

and

H,3)/2 = 2 — 2g, (2) (mod p)

by [3]. Thus, we get

(p—1)/2 (Qkk> FHL o)
k=1

=2 ((1 _ 4@(?*1)/2 _ 1) (- g (2) - (p;i:)lm %

—2((1-42)" V2 1) (1 - g, (2)) - (pgff Mz)k‘l

2 (kai/Q - _2;:92]1— . (mod p)

From Lemma 4, it is clearly known that

L T L 1

’; 2k+1 - 2pV1—dx
X ((\/1 —4dx + 1)p + (V1—4dz - 1)p -2(V1- 4x)p> — ¢p (2) (mod p).
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In this way, substituting this congruence in (2.1), we find

(p—1)/2

2k
S ()
k=1

(p—3)/2 . (Ek—
= 20w o) u g @) - 3 (ot o

+p\/ﬁ ((\/1 —dz+ 1)+ (VI—do-1)" —2(VI- 4x)”)
—2qp (2) (mod p).

By Lemma 3 and H,_3)/2 =2 — 2q, (2) (mod p) , we have

P12 1 o o a0/
k; (k> Hy_1=2(1 qp(2))<(1 4z) 1)

B z% (VI=de—1)" = (VI—de+ )" +27) =2 (1 - 42)®7 7 1)

1 P P P
o (VI=T+1)"+ (VI= 4o 1)’ —2(VI—1)" ) - 2, (2)
_ 2 _ 2P
= —2g,(2) (1 —42)P" /2 - 21 —4q)Pm D2 2
p p
Lo (VI=2z+1)" = (V2w - 1)"")
pv1—A4x
1 p+1 p+1
= — 1-4zx+1 —(vV1—-4z -1
e (VT - (T -
2p -1
- ((\/1 — 4x)p + 1) (mod p),
as claimed. O
Now we present two consequences of Theorem 1.
Corollary 1 Let p be an odd prime. Then
(p—1)/2
2k 2p
3 (- < )Hkl = = (QF,,+1 —5e=D/2 _ 1) (mod p), (2.2)
k=1 k p
(p—1)/2
2k\ Hj— P 2p
Z (k:) b i = 2p—+1——<1+2(p_1)/2> (mod p),
P (—4) P p
(r—1)/2
2kNHi—r _ 1 Porn oy o2
Z (k:) o = p(2(P_3)/2_2 -2 (mod p),
k=1
(2.3)
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(p—1)/2 p—1
2k\ Hj,_ 2 (2 2
D (k) = 3 (3> <3F2”+2 B 5(,,1)/2> (mod #),

k=1 b
(p—1)/2
Z 2k\ Hp-1 _ Fapis 28 25(1’_1)/2(mod D).
o \k/(-16)" ey

Proof For the proof of (2.2), taking z = —1 in (2.1), we write

(r-1)/2 " b\ 2
>t (2:)Hk1 p\l/g ((1 + \/5) . (1 - \/S) " > - % (5“’— )2 1)

k=1
op+1 <ap+1 — 5p+1) op
p a—f p

(5(p_1)/2 + l) (mod p).

Using the Binet formula of {F,}, the desired result is clearly obtained. Similarly, the other results are given.
O

Corollary 2 Let p be an odd prime. For (%) =1,

(r—1)/2
Hy 1 F 1 2P
() = 5= Fa) = S Eamod )
k=1 4) p P
(r—1)/2
2k> Hy_ 1Ly 1 2p
= ~(L + Lpi2) — — (Lp—1 +2) (mod p)
k ( 2p+1 p+2 p—1 )
k=1 <k (—4) p p
and for (%) =1,
(p—1)/2
Qk) Hy_1 P, 9(p+1)/2 P
= P,—1)— —P,_1(mod p) (2.4)
k ( p p—1 )
P </~€ (-2) p
(r—1)/2 2k\ Hy_1Qp 9(p+1)/2 op
() = (@ +2) 2 (@ +2) (mod p).
k=1 (-2) p
Proof We will give the proof of (2.4) as a showcase and leave the others to the readers. Taking = —2 in

(2.1) and since 72 = 2y + 1, we get

(p—1)/2
> () (-3)

k=1

s (V)T - (v )T
_% ((\/m)p_1 + 1)
N % ((v + 1P = (y - 1)p+1) - % (777! +1) (mod p).
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From the Pell sequence {P,}, it is known that v — 1 = v/2 and /2 = v + 1. Thus,

(r—1)/2
S (i)me (3

k=1

L () = () ) - )

p+1 .
= (\/? (+F +0) — 2; (’yp_l + 1) (mod p).

Similarly, putting x = fg in (2.1), and using 6 — 1 = —v/2, §2 = 1426, and 6v/2 = —6 — 1, we write
(r=1)/2 k p+1
2k b (V2) 2r
Hy 1 |—=) =—+— (& — = (Pt 41 d p).
; (k)“<2> S (7 47) = - (077 + 1) (mod p)

From (2.5) and (2.6), the proof is completed.

We present our second theorem.

Theorem 2 Let p be an odd prime. For x € Zy,

(p—1)/2

Z Hkax

2 (1= 42)" 2 1) - (VI= e+ )" - (VT g - 1)

= o (mod p).

Proof By Lemma 2, we have

(=1)/2 ,pin g kL
Z 5\ (—4x) H,
k k+1

k=0

—1)/2 _ —-1)/2 _
k) (k+1) k) (k+1)% (1 —4z)"!

k=0 k=0

From ((pjcl)/z) (—4)F = (°F) (mod p), we write

(p—1)/2 <2k>
k
— k+1

—~1)/2 —-1)/2
-y () a3 () e —
k) (k+1)° = \k/)(k+1)°(1 - 42)" ’

k=0
and then
(p—1)/2 (p—1)/2 (p—1)/2 k+1
E : Co & 1)/2 Ck x
H.C = _ +1 _ 1—4 (p+1)/ d )
k kUC p kT 195 ( ) ;:0 E+1\dr—1 (mod p)

982
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Replacing = by =% in

it = — (1 —42)P™/2 4 1(mod p)

(”21%/2 Cr oy (VT—dz+ 1) — (VT—dz—1)" -2
2p
k=0

given in [2], we have

(p—1)/2
Z HCra"tt = — (1 - 433)(1)4_1)/2
k=0

4z p 4z P D 1)/2
(Vi-sz+1) = (J1-22-1) -2 ( ta >(p+ )/
~(1- +1

2p 4r —1

X

I e i A T Vit (1) P2 g

2p

_ (Vi 1)” - ép/l —dz +1)° 427 (1 - )PV g

(1—42)P2 (VT =4z +1)" — (1 - VI —42)" — 2 (VI —4z)® 1o (1 4D
— — — 4

(1 — 4a)""? 2p
(VT dz 1)’ = (VI—dz+1)" 427
- >
_ M( v 1—dx+ l)p B (1 -V 1—- 4x)p + 21)*1 (1 o 4I)(P+1)/2
2p p

2 (1= 42)P*V2 4 1) = (VT Ao+ 1)" — (VI= 2z —1)""

= 5 (mod p),

as desired.

Now we give some applications of the above results.

Corollary 3 Let p be an odd prime. Then

(r—1)/2
H,.C,
Z = 4q, (2) (mod p),
k=0
(p—1)/2
HiCx _ 1 (o | opi3)/2 Qp+1
5 :p(2 T2 - et ) (med ),
k=0
(p—1)/2 p—1
H 1/2
kCr _1(2 (3p+1 +5P+D/2 _ 2L2p+2) (mod p),
9k p\3
k=0
(p—1)/2
H 9pr+1
> kc,; _ @1 (1 +2(p+1>/2) (mod p),
k=0 (_4) p p
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(p—1)/2
Z Hkak = % (L3P+3 _opt+l _ 5(p+1)/2> (mod p),
— (-16)" p\ 2°
(p—1)/2 2p_1
S () HC = (2Lp+1 — 5D/ 1) (mod p).
k=0
Proof Using the Binet formulae of {L,} and {Q,}, the results are obtained from (2.7). O

Corollary 4 Let p be an odd prime. For (5) =1,

P
(p—1)/2
H,.CLF 2
S L = Z(Fypra — (28 +1) Fpya) (mod p), (2.8)
k=0 (—4) p
(p—1)/2
H,.C,L 2
Z L:H = = (Lopra+ (1=2°) Lyyy —2°71) (mod p),
k=0 (—4) p
2\
and for (E) =1,
(p—1)/2 HoCh Py o(p+1)/2 _ op
> P = Py1(mod p),
k=0 (—2) p
(p—1)/2 HyCr Qi 9(p+1)/2 _ 9p
> i = (Qp+1+2) (mod p).
k=0 (—2) p
Proof We give only a proof for the congruence (2.8) as a showcase. The others could be similarly proved. By
taking z = —% in (2.7), since o> =a+1 and a + 8 =1, we write
(p—1)/2

an kH
2. HiC (-7)

2P (1 + (V1I+ a)”“) ~Wita+)"" - (VIFta-1)""!
2p
op (1 + aerl) — a2ptl) _ gptl

- % (mod p). (2.9)

Similarly, taking = = —% in (2.7), since f2=3+1 and a + 8 =1, we write

(p—1)/2 k+1 +1 2(p+1) +1
20 (14 p8P7) — g2t — P
Z H,Cy, _B = (L+p) 5 (mod p). (2.10)
P 4 2p
From (2.9) and (2.10), the claim is seen. O
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