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Abstract: Main properties of the mixed modulus of continuity in the Lebesgue spaces with Muckenhoupt weights are

investigated. We use the mixed modulus of continuity to obtain Potapov type direct and inverse estimates of angular

trigonometric approximation of functions in these spaces. We prove an equivalence between the mixed modulus of

continuity and K -functional and realization functional.
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1. Introduction and the main results

In this paper we consider the properties of the mixed modulus of continuity Ω (f, δ, ξ)p,ω in the Lebesgue spaces

Lp
ω

(
T2
)
:= Lp

(
T2, ω (x, y)

)
with weights ω (x, y) belonging to the Muckenhoupt class Ap

(
T2, J

)
where J is

the set of rectangles in T2 := T× T , T := [0, 2π) with sides parallel to coordinate axes. In the particular case

ω (x, y) ≡ 1 on T2 , classical mixed modulus of continuity was used to prove some results on trigonometric

approximation by an angle for functions in the classical Lebesgue spaces Lp
(
Td
)
. For example, Potapov

obtained a direct theorem [9, 12] and inverse estimate [13] on trigonometric approximation by an angle for

functions in spaces Lp
(
Td
)
. Hardy–Littlewood, Marcinkiewicz, Littlewood–Paley, and embedding theorems

were proved in [10, 11]. Transformed Fourier series and mixed modulus of continuity were investigated by

Potapov et al. in [15] and [17]. Embeddings of the Besov–Nikolskii and Weyl–Nikolskii classes were studied

in [14, 16]. (Lp − Lq ) Ulyanov type inequalities were proved in [18]. Mixed K -functionals were analyzed by

Cottin in [2] and by Runovski in [20]. More information about mixed modulus of continuity and trigonometric

approximation by an angle can be found in the survey [19]. In Lp
(
Td
)
mixed modulus of continuity was defined

by a difference operator based on the classical translation operator. Difference operators in Lp
(
Td
)
can be

defined various ways. For instance, partial difference, total difference, and mixed difference are successfully

used in approximation problems in Lp
(
Td
)
(see, e.g., the books of Timan [21] and Timan [22, Chapter 2]).

We note that mixed differences are closely related to other differences [22, Chapter 2]. On the other hand, in

the case of Lp
ω

(
T2
)
classical translation operator are not bounded, in general. Instead of classical translation

∗Correspondence: rakgun@balikesir.edu.tr

2010 AMS Mathematics Subject Classification: Primary 42A10; Secondary 41A17, 41A27, 41A28.

The author was supported by the Scientific and Technological Research Council of Turkey (grant no. 2219-2012-1-9246) and

Balıkesir University Scientific Research Project 2015/058. The paper was written partially while the author was staying at the
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operators we use Steklov type operators to define mixed modulus of continuity Ω (f, δ, ξ)p,ω in Lp
ω

(
T2
)
(see (6)).

Using some properties of Ω (f, δ, ξ)p,ω we obtain an equivalence between Ω (f, δ, ξ)p,ω and mixed K -functional

K(f, δ, ξ, p, ω, 2, 2) (see Definition 18):

Theorem 1 If 1 < p < ∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then there exist constants depending only on

Muckenhoupt’s constant [ω]Ap
of ω and p so that the equivalence

Ω(f, δ, ξ)p,ω ≈ K(f, δ, ξ, p, ω, 2, 2) holds for δ, ξ ≥ 0.

We use the properties of mixed modulus of continuity Ω (f, δ, ξ)p,ω to obtain a Potapov type direct

theorem on trigonometric approximation by an angle in Lp
ω

(
T2
)
with 1 < p <∞, ω ∈ Ap

(
T2, J

)
:

Theorem 2 If 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then there exists a constant C[ω]Ap

,p depending only

on Muckenhoupt’s constant [ω]Ap
of ω and p so that

Ym,n (f)p,ω ≤ C[ω]Ap
,pΩ

(
f,

1

m+ 1
,

1

n+ 1

)
p,ω

(1)

where m,n ∈ N ;

Ym,n(f)p,ω = inf
{
∥f − T − U∥p,ω : T ∈ Tm,◦,U ∈ T◦,n

}
,

Tm,◦ (respectively T◦,n ) is the set of all trigonometric polynomials of degree at most m (at most n) with respect

to variable x (variable y ).

If 1 < p < ∞, ω ∈ Ap

(
T2, J

)
, and f ∈ Lp

ω

(
T2
)
, then we have Lp

ω

(
T2
)
⊂ Lλ

(
T2
)
, λ > 1, and

hence we can define the trigonometric Fourier series of f ∈ Lp
ω

(
T2
)
. Partial sums of trigonometric Fourier

series of f will be denoted by Sm,◦, S◦,n , and Sm,n. Let W ∗
m,nf := Sm,◦ (f) + S◦,n (f) − Sm,n (f) . Then∥∥f −W ∗

m,nf
∥∥
p,ω

≤ C[ω]Ap
,pYm,n (f)p,ω and hence Ym,n (f)p,ω ↘ 0 as m,n↗ ∞ .

The following theorem gives the weak inverse of (1).

Theorem 3 If 1 < p < ∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then there exist constants depending only on [ω]Ap

and p so that

Ω

(
f,

1

m
,
1

n

)
p,ω

≤
C[ω]Ap

,p

m2n2

n∑
k=0

n∑
l=0

(k + 1) (l + 1)Yk,l (f)p,ω .

We obtain an equivalence between Ω (f, 1/m, 1/n)p,ω and mixed realization functional

R(f,m, n, p, ω, 2, 2) (see (16)):

Theorem 4 If 1 < p < ∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then there exist constants depending only on [ω]Ap

and p so that the equivalence

Ω
(
f,m−1, n−1

)
p,ω

≈ R(f,m, n, p, ω, 2, 2)

holds for m,n ∈ N.

1170
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The rest of the work is organized as follows. Section 2 contains some preliminary definitions such

as Muckenhoupt weights, weighted Lebesgue space, mixed modulus of continuity, and angular trigonometric

approximation. Additionally, boundedness of partial sums and Cesàro and dela Valleè Poussin means of Fourier

series of functions in Lp
ω

(
T2
)
are proved. In Section 3 we obtain Bernstein type inequalities and their several

corollaries. In Section 4 Favard type Jackson inequalities are obtained. In Section 5, using some properties of

Ω (f, δ, ξ)p,ω , we obtain an equivalence between Ω (f, δ, ξ)p,ω and mixed K -functional K(f, δ, ξ, p, ω, 2, 2). In

Section 6 we obtain the Potapov type direct theorem and its improvement on trigonometric approximation by

an angle in Lp
ω

(
T2
)
. In Section 7 we obtain an equivalence between Ω (f, 1/m, 1/n)p,ω and mixed realization

functional R(f,m, n, p, ω, 2, 2). In Section 8 we prove inverse estimates for functions in Lp
ω

(
T2
)
.

Here and in what follows, A ≲ B will mean that there exists a positive constant Cu,v,... , dependent only

on the parameters u, v, . . . and it can be different in different places, such that the inequality A ≤ CB holds.

If A ≲ B and B ≲ A we will write A ≈ B .

2. Steklov type averages, difference operators, and modulus of continuity

Let T := [0, 2π), T2 := T× T , L1
(
T2
)
be the collection of the Lebesgue integrable functions f (x, y) : T2 →

R := (−∞,∞) such that f (x, y) is 2π -periodic with respect to each variable x, y.

We suppose that J is the set of rectangles in T2 with the sides parallel to coordinate axes. A function

ω : T2 → R≥ := [0,∞) is called a weight on T2 if ω (x, y) is measurable and positive almost everywhere on

T2 . We denote by Ap

(
T2, J

)
, (1 < p <∞) the collection of locally integrable weights ω : T2 → R≥ such that

ω (x, y) is 2π -periodic with respect to each variable x, y and

[ω]Ap
:= sup

G∈J

(
1

|G|

∫ ∫
G

ω (x, y) dxdy

)(
1

|G|

∫ ∫
G

[ω (x, y)]
− 1

p−1 dxdy

)p−1

<∞. (2)

Least constant [ω]Ap
in (2) will be called the Muckenhoupt constant of ω . Let 1 < p <∞, ω (x, y) ∈ Ap

(
T2, J

)
,

and Lp
ω

(
T2
)
be the collection of the Lebesgue integrable functions f (x, y) : T2 → R such that f (x, y) is 2π -

periodic with respect to each variable x, y and

∥f∥p,ω :=

∫
T

∫
T

|f (x, y)|p ω (x, y) dxdy

1/p

<∞.

We define Tm,◦ (respectively T◦,n ) as the set of all trigonometric polynomials of degree at most m (at

most n) with respect to variable x (variable y ). Tm,n is defined as the set of all trigonometric polynomials of

degree at most m with respect to variable x and of degree at most n with respect to variable y.

The best partial trigonometric approximation orders are defined as

Ym,◦(f)p,ω = inf
{
∥f − T∥p,ω : T ∈ Tm,◦

}
,

Y◦,n(f)p,ω = inf
{
∥f − U∥p,ω : U ∈ T◦,n

}
where 1 < p <∞, ω ∈ Ap

(
T2, J

)
, and f ∈ Lp

ω

(
T2
)
.
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The best angular trigonometric approximation error is defined as

Ym,n(f)p,ω = inf
{
∥f − T − U∥p,ω : T ∈ Tm,◦, U ∈ T◦,n

}
where 1 < p <∞, ω ∈ Ap

(
T2, J

)
, and f ∈ Lp

ω

(
T2
)
.

We define Steklov type averages:

σh,kf (x, y) =
1

hk

x+h∫
x−h

y+k∫
y−k

f (t, τ) dtdτ,

σh,◦f (x, y) =
1

h

x+h∫
x−h

f (t, τ) dt, σ◦,kf (x, y) =
1

k

y+k∫
y−k

f (t, τ) dτ.

Using Theorem 3.3 of [4] we obtain

∥σh,kf∥p,ω ≲ ∥f∥p,ω (3)

for 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, where the constant C depends only on [ω]Ap

and p .

Lemma 5 ([6]) Ap

(
T2, J

)
over arbitrary rectangles implies Ap (T) in each variable uniformly with respect to

the other variables for 1 < p < ∞. In other words, if 1 < p < ∞, ω (x, y) ∈ Ap

(
T2, J

)
then, for any intervals

I, J ⊂ T

sup
I

 1

|I|

∫
I

ω (x, y) dx

 1

|I|

∫
I

[ω (x, y)]
− 1

p−1 dx

p−1

<∞, for a.e. y

and

sup
J

 1

|J |

∫
J

ω (x, y) dy

 1

|J |

∫
J

[ω (x, y)]
− 1

p−1 dy

p−1

<∞, for a.e. x.

For weights in Ap

(
Rd, J

)
, (1 < p <∞) , Lemma 5 was given in [7, Lemma 2] and [3].

Now Corollary 4 of [8] and Lemma 5 give:

Lemma 6 If 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then

{
∥σh,◦f∥p,ω , ∥σ◦,kf∥p,ω

}
≲ ∥f∥p,ω , (4)

where the constants depend only on [ω]Ap
and p .
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For 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, h, k > 0 we define the differences

h
h,◦

f (x, y) = (I− σh,◦) f (x, y) =
1

h

x+h∫
x−h

(f (x, y)− f (t, τ)) dt,

h
◦,k

f (x, y) = (I− σ◦,k) f (x, y) =
1

k

y+k∫
y−k

(f (x, y)− f (t, τ)) dτ,

h
h,k

f (x, y) =
h

h,◦

(h
◦,k

f
)
(x, y) =

1

hk

x+h∫
x−h

y+k∫
y−k

(f (x, y)− f (t, τ)) dtdτ,

where I is the identity operator on T2 . Using inequalities (4)–(3) we get{∥∥∥h
h,◦

f
∥∥∥
p,ω

,
∥∥∥h

◦,k
f
∥∥∥
p,ω

,
∥∥∥h

h,k
f
∥∥∥
p,ω

}
≲ ∥f∥p,ω , (5)

for 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
with constants depending only on [ω]Ap

and p .

The mixed modulus of continuity of f ∈ Lp
ω

(
T2
)
, 1 < p <∞, ω (x, y) ∈ Ap

(
T2, J

)
, can be defined as

Ω (f, δ1, δ2)p,ω = sup
0≤h≤δ1
0≤k≤δ2

∥∥∥h
h,k

f
∥∥∥
p,ω

. (6)

If 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then from (6) and (5)

Ω (f, δ1, δ2)p,ω ≲ ∥f∥p,ω

with constant depending only on [ω]Ap
and p .

Note that from the definition of Ω (f, ·, ·)p,ω , it has the following properties when 1 < p < ∞, ω ∈

Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
:

(1) Ω(f, 0, 0)p,ω = 0.

(2) Ω(f, δ1, δ2)p,ω is subadditive with respect to f .

(3) Ω(f, δ1, δ2)p,ω ≤ Ω(f, t1, t2)p,ω for 0 ≤ δi ≤ ti; i = 1, 2.

2.1. Some means of Fourier series

Let 1 < p <∞, ω ∈ Ap

(
T2, J

)
, and f ∈ Lp

ω

(
T2
)
; then there is a λ ∈ (1,∞) such that f ∈ Lλ

(
T2
)
. Namely,

we have Lp
ω

(
T2
)
⊂ Lλ

(
T2
)
and this gives the possibility to define the corresponding Fourier series of f :

Lemma 7 If 1 < p <∞, ω ∈ Ap

(
T2, J

)
, and f ∈ Lp

ω

(
T2
)
, then we have

Lp
ω

(
T2
)
⊂ Lλ

(
T2
)

(7)

for some λ > 1 .
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Proof There exists a r ∈ (1, p) so that ω ∈ Ar

(
T2, J

)
. Then setting λ := p/r > 1 and using f ∈ Lp

ω

(
T2
)
we

get fλω1/r ∈ Lr
(
T2
)
and ω−1/r ∈ L

r
r−1
(
T2
)
. From ω ∈ Ar

(
T2, J

)
we have ω (x, y)

− 1
r−1 ∈ A r

r−1

(
T2, J

)
and

using Hölder’s inequality

∫
T

∫
T

|f (x, y)|λ ω (x, y) dxdy

 1
λ

≤

∫
T

∫
T

|f (x, y)|p ω (x, y) dxdy

 1
p

×

×

∫
T

∫
T

ω (x, y)
− 1

r−1 dxdy


r−1
p

≲ ∥f∥p,ω

where the constant depends only on [ω]Ap
and p . Hence, (7) is proved. 2

Let 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
and

∞∑
n1=0

∞∑
n2=0

An1,n2 (x, y) : =

∞∑
n1=0

∞∑
n2=0

µn1,n2 [an1,n2 cosn1x cosn2y + bn1,n2 sinn1x cosn2y+

+ cn1,n2 cosn1x sinn2y + dn1,n2 sinn1x sinn2y] , (8)

µn1,n2 =

 1/4 , n1 = n2 = 0
1/2 , n1 = 0, n2 > 0 or n2 = 0, n1 > 0
1 , n1 > 0, n2 > 0

be the corresponding Fourier series for f .

For the Fourier series (8) of f ∈ Lp
ω

(
T2
)
, 1 < p < ∞, ω ∈ Ap

(
T2, J

)
we define the partial sums of (8)

as

Sm,◦ (f) (x, y) =

m∑
n1=0

∞∑
n2=0

An1,n2 (x, y, f) , S◦,n (f) (x, y) =

∞∑
n1=0

n∑
n2=0

An1,n2 (x, y, f) ,

Sm,n (f) (x, y) = Sm,◦ (S◦,n (f)) (x, y) =
m∑

n1=0

n∑
n2=0

An1,n2
(x, y, f) .

Then

Sm,◦ (f) (x, y) =
1

π

∫
T

f (x+ t, y)Dm (t) dt, S◦,n (f) (x, y) =
1

π

∫
T

f (x, y + u)Dn (u) du,

Sm,n (f) (x, y) =
1

π2

∫
T

∫
T

f (x+ t, y + u)Dm (t)Dn (u) dudt

where

Dl (t) = (sin(l + 1/2)t))/(2 sin(t/2)) =
1

2
+

l∑
k=1

cos kt

is the Dirichlet kernel.

Theorem 8 of [5] and Lemma 5 give:
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Lemma 8 If 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then

{
∥Sm,◦ (f)∥p,ω , ∥S◦,n (f)∥p,ω , ∥Sm,n (f)∥p,ω

}
≲ ∥f∥p,ω ,

with constants depending only on [ω]Ap
and p .

For the Fourier series (8) of f ∈ Lp
ω

(
T2
)
, 1 < p <∞, ω ∈ Ap

(
T2, J

)
we define the partial Cesaro means

and dela Valleè Poussin means of f as

Cm,◦ (f) (x, y) =
1

m+ 1

m∑
k=0

Sk,◦ (f) , C◦,n (f) (x, y) =
1

n+ 1

n∑
l=0

S◦,l (f) ,

Cm,n (f) (x, y) = Cm,◦ (C◦,n (f)) (x, y) =
1

(n+ 1) (m+ 1)

m∑
k=0

n∑
l=0

Sk,l (f)

and

Vm,◦ (f) (x, y) =
1

m+ 1

2m−1∑
k=m

Sk,◦ (f) , V◦,n (f) (x, y) =
1

n+ 1

2n−1∑
l=n

S◦,l (f) , (9)

Vm,n (f) (x, y) = Vm,◦ (V◦,n (f)) (x, y) =
1

(n+ 1) (m+ 1)

2m−1∑
k=m

2n−1∑
l=n

Sk,l (f) . (10)

In this case

Cm,◦ (f) (x, y) =
1

π

∫
T

f (x+ u, y)Km (u) du,C◦,n (f) (x, y) =
1

π

∫
T

f (x, y + v)Kn (v) dv,

Cm,n (f) (x, y) =
1

π2

∫
T

∫
T

f (x+ u, y + v)Dm (u)Dn (v) dudv

where

Kl (t) =
1

2 (l + 1)

(
sin(2l + 1)t/2

sin t/2

)2

is the Fejer kernel.

As a corollary of Lemma 8 and (9)-(10) we have:

Corollary 9 If 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then

{
∥Vm,◦ (f)∥p,ω , ∥V◦,n (f)∥p,ω , ∥Vm,n (f)∥p,ω

}
≲ ∥f∥p,ω ,

with constants depending only on [ω]Ap
and p .
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Lemma 10 Let Wm,nf (x, y) = (Vm,◦ (f) + V◦,n (f)− Vm,n (f)) (x, y) . Then

∥f −Wm,nf∥p,ω ≲ Ym,n (f)p,ω

holds for 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, where the constant depends only on [ω]Ap

and p .

Proof We take polynomials T1 ∈ Tm,◦, T2 ∈ T◦,n, T3 ∈ Tm,n and set

φ (x, y) = f (x, y)− T1 (x, y)− T2 (x, y) + T3 (x, y) .

Then

f −Wm,nf = φ− Vm,◦ (φ)− V◦,n (φ) + Vm,n (φ) .

Hence, using Corollary 9,

∥f −Wm,nf∥p,ω = ∥φ− Vm,◦ (φ)− V◦,n (φ) + Vm,n (φ)∥p,ω

≲ ∥φ∥p,ω = ∥f − T1 − T2 + T3∥p,ω ,

with a constant independent of T1, T2, T3. Since T1, T2, T3 are arbitrarily chosen

∥f −Wm,nf∥p,ω ≲ Ym,n (f)p,ω

holds. 2

Using Theorems 10 and 11 of [8] and Lemma 5, we obtain:

Lemma 11 If 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then

{
∥Cm,◦ (f)∥p,ω , ∥C◦,n (f)∥p,ω , ∥Cm,n (f)∥p,ω

}
≲ ∥f∥p,ω ,

with constants depending only on [ω]Ap
and p .

Lemma 11 is a consequence of a pointwise estimate through a strong maximal function and its bounded-

ness in weighted Lebesgue spaces.

3. Bernstein type inequalities

Let T1 ∈ Tm,◦, T2 ∈ T◦,n, T3 ∈ Tm,n . Then

T1 (x, y) =
1

π

∫
T

T1 (t, y)Dm (t− x) dt, T2 (x, y) =
1

π

∫
T

T2 (x, s)Dn (s− y) ds,

T3 (x, y) =
1

π2

∫
T

∫
T

T3 (t, s)Dm (t− x)Dn (s− y) dtds

and hence

1176
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∂

∂x
T1 (x, y) =

−1

π

∫
T

T1 (t, y)
∂

∂x
(Dm (t− x)) dt,

∂

∂y
T2 (x, y) =

−1

π

∫
T

T2 (x, s)
∂

∂y
(Dn (s− y)) ds,

∂2

∂x∂y
T3 (x, y) =

1

π2

∫
T

∫
T

T3 (t, s)
∂

∂x
(Dm (t− x))

∂

∂y
(Dn (s− y)) dtds.

The following Bernstein type inequalities hold.

Lemma 12 ([4]) Let 1 < p <∞, ω ∈ Ap

(
T2, J

)
, T1 ∈ Tm,◦, T2 ∈ T◦,n, T3 ∈ Tm,n . Then∥∥∥∥ ∂∂xT1

∥∥∥∥
p,ω

≲ m ∥T1∥p,ω ,
∥∥∥∥ ∂∂yT2

∥∥∥∥
p,ω

≲ n ∥T2∥p,ω , (11)

and ∥∥∥∥ ∂2

∂x∂y
T3

∥∥∥∥
p,ω

≲ mn ∥T3∥p,ω (12)

with constants depending only on [ω]Ap
and p .

Proof (12) was obtained in [4, Theorem 4.2]. Using Lemma 11 the inequalities in (11) can be obtained in the
same way. 2

Corollary 13 Let 1 < p <∞, ω ∈ Ap

(
T2, J

)
, T1 ∈ Tm,◦, T2 ∈ T◦,n, T3 ∈ Tm,n , k, l ∈ N. Then

∥∥∥∥ ∂k∂xk T1
∥∥∥∥
p,ω

≲ mk ∥T1∥p,ω ,
∥∥∥∥ ∂l∂xlT2

∥∥∥∥
p,ω

≲ nl ∥T2∥p,ω ,

and as a result ∥∥∥∥ ∂k+l

∂xk∂xl
T3

∥∥∥∥
p,ω

≲ mknl ∥T3∥p,ω

with constants depending only on [ω]Ap
and p .

Lemma 14 For 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
there exists a constant depending only on [ω]Ap

and

p so that ∥∥∥∥ ∂k+l

∂xk∂xl
φi,j (f)

∥∥∥∥
p,ω

≲ 2ik2jlY⌊2i−1⌋,⌊2j−1⌋ (f)p,ω

where
V2i,2j (f)− V2i,⌊2j−1⌋ (f)− V⌊2i−1⌋,2j (f) + V⌊2i−1⌋,⌊2j−1⌋ (f) =: φi,j (f) ∈ T2i+1−1,2j+1−1

and ⌊x⌋ := max {z ∈ Z : z ≤ x} .

1177
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Proof Since

φi,j (f) = V2i,2j (f)− V2i,⌊2j−1⌋ (f)− V⌊2i−1⌋,2j (f) + V⌊2i−1⌋,⌊2j−1⌋ (f)

= W2i,2j (f)−W2i,⌊2j−1⌋ (f)−W⌊2i−1⌋,2j (f) +W⌊2i−1⌋,⌊2j−1⌋ (f)

= W2i,2j (f)− f + f −W2i,⌊2j−1⌋ (f) + f −W⌊2i−1⌋,2j (f)− f +W⌊2i−1⌋,⌊2j−1⌋ (f)

we have by Lemma 10

∥φi,j (f)∥p,ω ≤
∥∥W2i,2j (f)− f

∥∥
p,ω

+
∥∥f −W2i,⌊2j−1⌋ (f)

∥∥
p,ω

+

+
∥∥f −W⌊2i−1⌋,2j (f)

∥∥
p,ω

+
∥∥f +W⌊2i−1⌋,⌊2j−1⌋ (f)

∥∥
p,ω

≲ Y2i,2j (f)p,ω + Y2i,⌊2j−1⌋ (f)p,ω + Y⌊2i−1⌋,2j (f)p,ω + Y⌊2i−1⌋,⌊2j−1⌋ (f)p,ω

≲ Y⌊2i−1⌋,⌊2j−1⌋ (f)p,ω .

Now using Corollary 13 and the last inequality,∥∥∥∥ ∂k+l

∂xk∂xl
φi,j (f)

∥∥∥∥
p,ω

≲ 2ik2jl ∥φi,j (f)∥p,ω ≲ 2ik+jlY⌊2i−1⌋,⌊2j−1⌋ (f)p,ω

holds. 2

Lemma 15 For 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
there exists a constant depending only on [ω]Ap

and

p so that ∥∥∥∥ ∂k∂xkψi,j (f)

∥∥∥∥
p,ω

≲ 2ikY⌊2i−1⌋,2j (f)p,ω

where V2i,◦
(
f − V◦,2j (f)

)
− V⌊2i−1⌋,◦

(
f − V◦,2j (f)

)
=: ψi,j (f) ∈ T2i+1−1,◦.

Proof Since

ψi,j (f) = V2i,◦
(
f − V◦,2j (f)

)
− V⌊2i−1⌋,◦

(
f − V◦,2j (f)

)
=W2i,2j (f)−W⌊2i−1⌋,2j (f)

we have by Lemma 10

∥ψi,j (f)∥p,ω ≤
∥∥W2i,2j (f)− f

∥∥
p,ω

+
∥∥f −W⌊2i−1⌋,2j (f)

∥∥
p,ω

≲ Y2i,2j (f)p,ω + Y⌊2i−1⌋,2j (f)p,ω ≲ Y⌊2i−1⌋,2j (f)p,ω .

Now using Corollary 13 and the last inequality,∥∥∥∥ ∂k∂xkψi,j (f)

∥∥∥∥
p,ω

≲ 2ik ∥ψi,j (f)∥p,ω ≲ 2ikY⌊2i−1⌋,2j (f)p,ω

holds. 2
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Lemma 16 For 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
there exists a constant depending only on [ω]Ap

and

p so that ∥∥∥∥ ∂l∂yl hi,j (f)
∥∥∥∥
p,ω

≲ 2jlY2i,⌊2j−1⌋ (f)p,ω

where

V◦,2j
(
f − V2i,◦ (f)

)
− V◦,⌊2j−1⌋

(
f − V2i,◦ (f)

)
=: hi,j (f) ∈ T◦,2j+1−1.

Proof Since

hi,j (f) = V◦,2j
(
f − V2i,◦ (f)

)
− V◦,⌊2j−1⌋

(
f − V2i,◦ (f)

)
=W2i,2j (f)−W2i,⌊2j−1⌋ (f)

we have by Lemma 10

∥hi,j (f)∥p,ω ≤
∥∥W2i,2j (f)− f

∥∥
p,ω

+
∥∥f −W2i,⌊2j−1⌋ (f)

∥∥
p,ω

≲ Y2i,2j (f)p,ω + Y2i,⌊2j−1⌋ (f)p,ω ≲ Y2i,⌊2j−1⌋ (f)p,ω .

Now using Corollary 13 and the last inequality,

∥∥∥∥ ∂l∂xl hi,j (f)
∥∥∥∥
p,ω

≲ 2jl ∥hi,j (f)∥p,ω ≲ 2jlY2i,⌊2j−1⌋ (f)p,ω

holds. 2

4. Favard type Jackson inequalities

Let W r,s
p,ω (respectively W r,◦

p,ω; W ◦,s
p,ω ) denote the collection of functions f ∈ L1

(
T2
)

such that f (r,s) :=

∂r+sf
∂xr∂ys ∈ Lp

ω

(
T2
)
(respectively f (r,◦) := ∂rf

∂xr ∈ Lp
ω

(
T2
)
; f (◦,s) := ∂sf

∂ys ∈ Lp
ω

(
T2
)
).

The following Favard type Jackson inequalities hold.

Lemma 17 For 1 < p <∞, ω ∈ Ap

(
T2, J

)
there exist constants depending only on [ω]Ap

and p so that

Ym,n (g1)p,ω ≲ 1

(m+ 1)
2

∥∥∥g(2,◦)1

∥∥∥
p,ω

, g1 ∈W 2,◦
p,ω, (13)

Ym,n (g2)p,ω ≲ 1

(n+ 1)
2

∥∥∥g(◦,2)2

∥∥∥
p,ω

, g2 ∈W ◦,2
p,ω,

and

Ym,n (g)p,ω ≲ 1

(m+ 1)
2
(n+ 1)

2

∥∥∥g(2,2)∥∥∥
p,ω

(14)

hold for g ∈W 2,2
p,ω.
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Proof For (13) we have

∥g1 − Sm,◦ (g1)− S◦,n (g1) + Sm,n (g1)∥p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

Ai,j (x, y, g1)

∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

1

i2
i2Ai,j (x, y, g1)

∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

cosπ
1

i2
Ai,j

(
x+ (π/2), y, g

(2,◦)
1

)∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

1

i2
Ai,j

(
x, y, g

(2,◦)
1

)∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

1

i2

(
Si,j

(
g
(2,◦)
1

)
− Si,j−1

(
g
(2,◦)
1

)
− Si−1,j

(
g
(2,◦)
1

)
+ Si−1,j−1

(
g
(2,◦)
1

))∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥
∞∑

i=m+1

[
1

(i+ 1)
2 − 1

i2

]
Si,m

(
g
(2,◦)
1

)
+

1

(m+ 1)
2Sm,n

(
g
(2,◦)
1

)∥∥∥∥∥
p,ω

≤
∞∑

i=m+1

∣∣∣∣∣ 1

(i+ 1)
2 − 1

i2

∣∣∣∣∣ ∥∥∥Si,n

(
g
(2,◦)
1

)∥∥∥
p,ω

+
1

(m+ 1)
2

∥∥∥Sm,n

(
g
(2,◦)
1

)∥∥∥
p,ω

≤
∥∥∥g(2,◦)1

∥∥∥
p,ω

( ∞∑
i=m+1

(
1

i2
− 1

(i+ 1)
2

)
+

1

(m+ 1)
2

)

≤ C

(m+ 1)
2

∥∥∥g(2,◦)1

∥∥∥
p,ω

.

Since

Ym,n (g1)p,ω = Ym,n (g1 − Sm,◦ (g1)− S◦,n (g1) + Sm,n (g1))p,ω

≤ ∥g1 − Sm,◦ (g1)− S◦,n (g1) + Sm,n (g1)∥p,ω

inequality (13) follows.

Similarly, we have

∥g2 − S◦,n (g2)− Sm,◦ (g2) + Sm,n (g2)∥p,ω ≲ 1

(n+ 1)
2

∥∥∥g(◦,2)2

∥∥∥
p,ω
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and hence

Ym,n (g2)p,ω = Ym,n (g2 − S◦,n (g2)− Sm,◦ (g2) + Sm,n (g2))p,ω

≤ ∥g1 − S◦,n (g1)− Sm,◦ (g1) + Sm,n (g1)∥p,ω

≲ 1

(n+ 1)
2

∥∥∥g(◦,2)2

∥∥∥
p,ω

.

For (14)

∥g − Sm,◦ (g)− S◦,n (g) + Sm,n (g)∥p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

Ai,j (x, y, g)

∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

1

i2j2
i2j2Ai,j (x, y, g)

∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

1

i2j2
Ai,j

(
x, y, g(2,2)

)∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

1

i2j2
Ai,j (x, y,Υ)

∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

1

i2j2
Ai,j (x, y,Υ)

∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

1

i2j2
(Si,j (Υ)− Si,j−1 (Υ)− Si−1,j (Υ) + Si−1,j−1 (Υ))

∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥
∞∑

i=m+1

∞∑
j=n+1

[
1

(i+ 1)
2 − 1

i2

][
1

(j + 1)
2 − 1

j2

]
Si,j (Υ)+

+
1

(m+ 1)
2

∞∑
j=n+1

[
1

(j + 1)
2 − 1

j2

]
Sm,j (Υ) +

1

(n+ 1)
2

∞∑
i=n+1

[
1

(i+ 1)
2 − 1

i2

]
Si,m (Υ)+

+
1

(m+ 1)
2

1

(n+ 1)
2Sm,n (Υ)

∥∥∥∥∥
p,ω

≤
∞∑

i=m+1

∞∑
j=n+1

(
1

i2
− 1

(i+ 1)
2

)(
1

j2
− 1

(j + 1)
2

)
∥Si,j (Υ)∥p,ω +

+
1

(m+ 1)
2

∞∑
j=n+1

[
1

j2
− 1

(j + 1)
2

]
∥Sm,j (Υ)∥p,ω +

+
1

(n+ 1)
2

∞∑
i=m+1

[
1

i2
− 1

(i+ 1)
2

]
∥Si,n (Υ)∥p,ω +

1

(m+ 1)
2

1

(n+ 1)
2 ∥Sm,n (Υ)∥p,ω

≲ 1

(m+ 1)
2
(n+ 1)

2 ∥Υ∥p,ω =
1

(m+ 1)
2
(n+ 1)

2

∥∥∥g(2,2)∥∥∥
p,ω

.
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Hence,

Ym,n (g)p,ω = Ym,n (g − Sm,◦ (g)− S◦,n (g) + Sm,n (g))p,ω

≤ ∥g − Sm,◦ (g)− S◦,n (g) + Sm,n (g)∥p,ω ≲ 1

(m+ 1)
2
(n+ 1)

2

∥∥∥g(2,2)∥∥∥
p,ω

.

The proof is completed. 2

5. Mixed K-functional

Definition 18 The mixed K -functional is defined as

K(f, δ, ξ, p, ω, r, s) : = inf
g1,g2,g

{
∥f − g1 − g2 − g∥p,ω + δr

∥∥∥∥∂rg1∂xr

∥∥∥∥
p,ω

+

+ξs
∥∥∥∥∂sg2∂ys

∥∥∥∥
p,ω

+ δrξs
∥∥∥∥ ∂r+sg

∂xr∂ys

∥∥∥∥
p,ω

}

where the infimum is taken from all g1, g2, g so that g1 ∈ W r,◦
p,ω, g2 ∈ W ◦,s

p,ω, g ∈ W r,s
p,ω where 1 < p < ∞,

ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
.

Here we give the proof of Theorem 1, but first we need the following theorem.

Theorem 19 If 1 < p <∞, ω ∈ Ap

(
T2, J

)
, then there exist constants depending only on [ω]Ap

and p so that

Ω(g1, δ, ·)p,ω ≲ δ2
∥∥∥∥∂2g1∂x2

∥∥∥∥
p,ω

, g1 ∈W 2,◦
p,ω, (15)

Ω (g2, ·, ξ)p,ω ≲ ξ2
∥∥∥∥∂2g2∂y2

∥∥∥∥
p,ω

, g2 ∈W ◦,2
p,ω,

Ω(g, δ, ξ)p,ω ≲ δ2ξ2
∥∥∥∥ ∂4g

∂x2∂y2

∥∥∥∥
p,ω

, g ∈W 2,2
p,ω

hold for δ, ξ > 0.
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Proof Since ∥∥∥h
h,◦

(h
◦,k

g1

)∥∥∥
p,ω

= ∥(I− σh,◦) (I− σ◦,k) g1∥p,ω

= ∥(I− σh,◦)F∥p,ω

=

∥∥∥∥∥∥ 1

2h

h∫
−h

(F (x, y)− F (x+ t, y)) dt

∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥−1

2h

h∫
0

t∫
0

u∫
−u

d2

dx2
F (x+ s, y) dsdudt

∥∥∥∥∥∥
p,ω

≤ 1

2h

h∫
0

t∫
0

2u

∥∥∥∥∥∥ 1

2u

u∫
−u

d2

dx2
F (x+ s, y) ds

∥∥∥∥∥∥
p,ω

dudt

=
1

2h

h∫
0

t∫
0

2u

∥∥∥∥σu,◦( d2

dx2
F

)∥∥∥∥
p,ω

dudt

≲ h2
∥∥∥∥ d2dx2F

∥∥∥∥
p,ω

= h2
∥∥∥∥ d2dx2 [(I− σ◦,k) g1]

∥∥∥∥
p,ω

= h2
∥∥∥∥(I− σ◦,k)

(
d2

dx2
g1

)∥∥∥∥
p,ω

≲ h2
∥∥∥∥ d2dx2 g1

∥∥∥∥
p,ω

= h2
∥∥∥g(2,◦)1

∥∥∥
p,ω

we have Ω (g1, δ, ·)p,ω ≲ δ2
∥∥∥g(2,◦)1

∥∥∥
p,ω

, g1 ∈W 2,◦
p,ω. Similarly,

Ω (g2, ·, ξ)p,ω ≲ ξ2
∥∥∥g(◦,2)2

∥∥∥
p,ω

, g2 ∈W ◦,2
p,ω, and

Ω (g, δ, ξ)p,ω ≲ δ2ξ2
∥∥g(2,2)∥∥

p,ω
, g ∈W 2,2

p,ω hold. 2

Proof of Theorem 1 We prove the upper estimate. We define

Uh,◦f (x, y) :=
1

h3

h∫
0

t1∫
0

u1∫
−u1

f (x+ s1, y) ds1du1dt1, U◦,kf (x, y) :=
1

k3

k∫
0

t2∫
0

u2∫
−u2

f (x, y + s2) ds2du2dt2,

Uh,kf (x, y) := Uh,◦ (U◦,kf) (x, y) =
1

h3k3

h∫
0

k∫
0

t1∫
0

t2∫
0

u1∫
−u1

u2∫
−u2

f (x+ s1, y + s2) ds1ds2du1du2dt1dt2,

and

g1 (x, y) : = Uh,◦ (I− U◦,k) f (x, y) , g2 (x, y) := U◦,k (I− Uh,◦) f (x, y) ,

g (x, y) : = Uh,◦ (U◦,kf) (x, y) = Uh,kf (x, y) .
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Then

∥f − g1 − g2 − g∥p,ω = ∥f − Uh,◦f − U◦,kf + Uh,kf∥p,ω

= ∥(I− Uh,◦) (I− U◦,k) f∥p,ω = ∥(I− Uh,◦) f∥p,ω

=

∥∥∥∥∥∥ 1

h3

h∫
0

t1∫
0

u1∫
−u1

(f (x, y) -f (x+ s1, y)) ds1du1dt1

∥∥∥∥∥∥
p,ω

≲ 1

h3

h∫
0

t1∫
0

u1

∥∥∥∥∥∥ 1

2u1

u1∫
−u1

(f (x, y) -f (x+ s1, y)) ds1

∥∥∥∥∥∥
p,ω

du1dt1

=
1

h3

h∫
0

t1∫
0

u1 ∥(I− σu1,◦) f∥p,ω du1dt1

≲ sup
0≤u≤h

∥(I− σu,◦) f∥p,ω
1

h3

h∫
0

t1∫
0

u1du1dt1

≲ sup
0≤u≤h

∥(I− σu,◦) f∥p,ω = C sup
0≤u≤h

∥(I− σu,◦) (I− U◦,k) f∥p,ω

≲ sup
0≤u≤h

∥(I− U◦,k) (I− σu,◦) f∥p,ω = sup
0≤u≤h

∥(I− U◦,k)F∥p,ω .

By the same procedure

∥(I− U◦,k)F∥p,ω ≲ sup
0≤v≤k

∥(I− σ◦,v)F∥p,ω = sup
0≤v≤k

∥(I− σ◦,v) (I− σu,◦) f∥p,ω

and hence
∥f − g1 − g2 − g∥p,ω ≲ sup

0≤u≤h

0≤v≤k

∥(I− σ◦,v) (I− σu,◦) f∥p,ω .

We have ∥∥∥∥∂2g1∂x2

∥∥∥∥
p,ω

=

∥∥∥∥ ∂2∂x2Uh,◦ (I− U◦,k) f

∥∥∥∥
p,ω

=

∥∥∥∥∥∥ ∂
2

∂x2
1

h3

h∫
0

t1∫
0

u1∫
−u1

[(I− U◦,k) f ] (x+ s1, y) ds1du1dt1

∥∥∥∥∥∥
p,ω

=
2

h2
∥(I− Uh,◦) (I− U◦,k) f∥p,ω

and

h2
∥∥∥∥∂2g1∂x2

∥∥∥∥
p,ω

= 2 ∥(I− Uh,◦) (I− U◦,k) f∥p,ω

≤ 2 sup
0≤u≤h

0≤v≤k

∥(I− σ◦,v) (I− σu,◦) f∥p,ω .
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Similarly, ∥∥∥∥∂2g2∂y2

∥∥∥∥
p,ω

=

∥∥∥∥ ∂2∂y2U◦,k (I− Uh,◦) f

∥∥∥∥
p,ω

=

∥∥∥∥∥∥ ∂
2

∂y2
1

k3

h∫
0

t2∫
0

u2∫
−u2

[(I− Uh,◦) f ] (x, y + s2) ds2du2dt2

∥∥∥∥∥∥
p,ω

=
2

h2
∥(I− U◦,k) (I− Uh,◦) f∥p,ω

and

k2
∥∥∥∥∂2g1∂x2

∥∥∥∥
p,ω

= 2 ∥(I− U◦,k) (I− Uh,◦) f∥p,ω

≤ 2 sup
0≤u≤h

0≤v≤k

∥(I− σ◦,v) (I− σu,◦) f∥p,ω .

Also,

k2h2
∥∥∥∥ ∂4g

∂x2∂y2

∥∥∥∥
p,ω

= k2h2
∥∥∥∥ ∂4

∂y2∂x2
Uh,◦ (U◦,kf)

∥∥∥∥
p,ω

= k2
∥∥∥∥ ∂2∂y2h2 ∂2∂x2Uh,◦ (U◦,kf)

∥∥∥∥
p,ω

= k2
∥∥∥∥ ∂2∂y2 (I− σh,◦) (U◦,kf)

∥∥∥∥
p,ω

= k2
∥∥∥∥ ∂2∂y2U◦,k ((I− σh,◦) f)

∥∥∥∥
p,ω

=

∥∥∥∥k2 ∂2∂y2U◦,k ((I− σh,◦) f)

∥∥∥∥
p,ω

= ∥(I− σ◦,k) (I− σh,◦) f∥p,ω

≤ sup
0≤u≤h

0≤v≤k

∥(I− σ◦,v) (I− σu,◦) f∥p,ω .

Then
K(f, δ, ξ, p, ω, 2, 2) ≲ Ω(f, δ, ξ)p,ω .

For the lower inequality

Ω (f, δ, ξ)p,ω ≤ Ω(f − g1 − g2 − g, δ, ξ)p,ω +Ω(g1, δ, ξ)p,ω

+Ω(g2, δ, ξ)p,ω +Ω(g, δ, ξ)p,ω

≲ ∥f − g1 − g2 − g∥p,ω + δ2
∥∥∥∥∂2g1∂x2

∥∥∥∥
p,ω

+ ξ2
∥∥∥∥∂2g2∂y2

∥∥∥∥
p,ω

+ δ2ξ2
∥∥∥∥ ∂4g

∂x2∂y2

∥∥∥∥
p,ω

.
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From the last inequality we take the infimum and the lower estimate

Ω (f, δ, ξ)p,ω ≲ K(f, δ, ξ, p, ω, 2, 2)

holds. 2

Corollary 20 If 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
, then there exist constants depending only on [ω]Ap

and p so that

Ω(f, λδ, ηξ)p,ω ≲ (1 + λ)
2
(1 + η)

2
Ω(f, δ, ξ)p,ω for δ, ξ > 0

and

Ω(f, δ1, δ2)p,ω
δ21δ

2
2

≲
Ω(f, t1, t2)p,ω

t21t
2
2

for 0 < ti ≤ δi ; i = 1, 2.

6. Potapov type direct inequality

Here we give the proof of Potapov type direct Theorem 2.

Proof of Theorem 2 For any g1, g2, g with g1 ∈W r,◦
p,ω, g2 ∈W ◦,s

p,ω, g ∈W r,s
p,ω,

Ym,n (f, δ, ξ)p,ω ≤ Ym,n (f − g1 − g2 − g, δ, ξ)p,ω + Ym,n (g1, δ, ξ)p,ω

+Ym,n (g2, δ, ξ)p,ω + Ym,n (g, δ, ξ)p,ω

≲ ∥f − g1 − g2 − g∥p,ω +
1

(m+ 1)
2

∥∥∥∥∂2g1∂x2

∥∥∥∥
p,ω

+

+
1

(n+ 1)
2

∥∥∥∥∂2g2∂y2

∥∥∥∥
p,ω

+
1

(m+ 1)
2

1

(n+ 1)
2

∥∥∥∥ ∂4g

∂x2∂y2

∥∥∥∥
p,ω

.

Taking the infimum on g1, g2, g we have that the inequality

Ym,n (f)p,ω ≲ K(f,
1

m+ 1
,

1

n+ 1
, p, ω, 2, 2) ≲ Ω

(
f,

1

m+ 1
,

1

n+ 1

)
p,ω

holds. 2

7. Realization functional

We define the mixed realization functional as

R(f,m, n, p, ω, 2, 2) := ∥f − Sm,◦ (f)− S◦,n (f) + Sm,n (f)∥p,ω +m−2

∥∥∥∥∂2Sm,◦ (f − S◦,n (f))

∂x2

∥∥∥∥
p,ω

+

+n−2

∥∥∥∥∂2S◦,n (f − Sm,◦ (f))

∂y2

∥∥∥∥
p,ω

+m−2n−2

∥∥∥∥∂4Sm,n (f)

∂x2∂y2

∥∥∥∥
p,ω

, (16)

where 1 < p <∞, ω ∈ Ap

(
T2, J

)
, f ∈ Lp

ω

(
T2
)
.

We give the proof of Theorem 4.

1186
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Proof of Theorem 3 ∀h, k > 0 and m,n ∈ N , and we get∥∥∥h
h,◦

(h
◦,k

f
)∥∥∥

p,ω
=

∥∥∥h
h,◦

(h
◦,k

[f − Sm,◦ (f)− S◦,n (f) + Sm,n (f)]
)∥∥∥

p,ω
+

+
∥∥∥h

h,◦

(h
◦,k

Sm,◦ (f − S◦,n (f))
)∥∥∥

p,ω
+

+
∥∥∥h

h,◦

(h
◦,k

(S◦,n (f − Sm,◦ (f)))
)∥∥∥

p,ω
+

+
∥∥∥h

h,◦

(h
◦,k

Sm,nf
)∥∥∥

p,ω
:= I1 + I2 + I3 + I4.

Let f (x, y)− Sm,◦ (f) (x, y)− S◦,n (f) (x, y) + Sm,n (f) (x, y) =: φ (x, y) . From Lemma 5 for a.e. y

∫
T

∣∣∣h
h,◦

(h
◦,k

)
φ (x, y)

∣∣∣p ω (x, y) dx

1/p

≲

∫
T

∣∣∣h
◦,k

φ (x, y)
∣∣∣p ω (x, y) dx

1/p

.

Then ∫
T

∣∣∣h
h,◦

(h
◦,k

)
φ (x, y)

∣∣∣p ω (x, y) dx ≲
∫
T

∣∣∣h
◦,k

φ (x, y)
∣∣∣p ω (x, y) dx

and ∫
T

∫
T

∣∣∣h
h,◦

(h
◦,k

)
φ (x, y)

∣∣∣p ω (x, y) dxdy ≲
∫
T

∫
T

∣∣∣h
◦,k

φ (x, y)
∣∣∣p ω (x, y) dxdy.

Hence

I1 =
∥∥∥h

h,◦

(h
◦,k

φ (x, y)
)∥∥∥

p,ω
≲
∥∥∥h

◦,k
φ (x, y)

∥∥∥
p,ω

.

For a.e. x ∫
T

∣∣∣h
◦,k

φ (x, y)
∣∣∣p ω (x, y) dy

1/p

≲

∫
T

|φ (x, y)|p ω (x, y) dy

1/p

.

Then ∫
T

∣∣∣h
◦,k

φ (x, y)
∣∣∣p ω (x, y) dy ≲

∫
T

|φ (x, y)|p ω (x, y) dy

and ∫
T

∫
T

∣∣∣h
◦,k

φ (x, y)
∣∣∣p ω (x, y) dydx ≲

∫
T

∫
T

|φ (x, y)|p ω (x, y) dydx.

Hence ∥∥∥h
◦,k

φ (x, y)
∥∥∥
p,ω

≲ ∥φ (x, y)∥p,ω

= ∥f − Sm,◦ (f)− S◦,n (f) + Sm,n (f)∥p,ω .
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Let f (x, y)− S◦,n (f) (x, y) =: ψ (x, y) . From Lemma 5 for a.e. x

∫
T

∣∣∣h
h,◦

(h
◦,k

)
Sm,◦ (ψ) (x, y)

∣∣∣p ω (x, y) dy

1/p

≲

∫
T

∣∣∣h
h,◦

Sm,◦ (ψ) (x, y)
∣∣∣p ω (x, y) dy

1/p

.

Then ∫
T

∣∣∣h
h,◦

(h
◦,k

)
Sm,◦ (ψ) (x, y)

∣∣∣p ω (x, y) dy ≲
∫
T

∣∣∣h
h,◦

Sm,◦ (ψ) (x, y)
∣∣∣p ω (x, y) dy

and ∫
T

∫
T

∣∣∣h
h,◦

(h
◦,k

)
Sm,◦ (ψ) (x, y)

∣∣∣p ω (x, y) dydx ≲
∫
T

∫
T

∣∣∣h
h,◦

Sm,◦ (ψ) (x, y)
∣∣∣p ω (x, y) dxdy.

Hence

I2 =
∥∥∥h

h,◦

(h
◦,k

Sm,◦ (ψ)
)∥∥∥

p,ω
≲
∥∥∥h

◦,k
Sm,◦ (ψ)

∥∥∥
p,ω

.

Using Nikolskii–Stechkin type one-dimensional inequality (see [1, Lemma 1, p. 70])

∫
T

∣∣∣h
h
Tm (x)

∣∣∣p ω (x) dx

1/p

≲ 1

m2

∫
T

∣∣∣∣ d2dx2Tm (x)

∣∣∣∣p ω (x) dx

1/p

, 0 < h <
1

m
,

we have for a.e. y and 0 < h < 1
m∫

T

∣∣∣h
h,◦

Sm,◦ (ψ) (x, y)
∣∣∣p ω (x, y) dx

1/p

≲ 1

m2

∫
T

∣∣∣S(2,◦)
m,◦ (ψ) (x, y)

∣∣∣p ω (x, y) dx

1/p

.

Then ∫
T

∣∣∣h
h,◦

Sm,◦ (ψ) (x, y)
∣∣∣p ω (x, y) dx ≲ 1

m2p

∫
T

∣∣∣S(2,◦)
m,◦ (ψ) (x, y)

∣∣∣p ω (x, y) dx

and ∫
T

∫
T

∣∣∣h
h,◦

Sm,◦ (ψ) (x, y)
∣∣∣p ω (x, y) dxdy ≲ 1

m2p

∫
T

∫
T

∣∣∣S(2,◦)
m,◦ (ψ) (x, y)

∣∣∣p ω (x, y) dxdy.

Hence ∥∥∥h
h,◦

Sm,◦ (ψ)
∥∥∥
p,ω

≲ 1

m2

∥∥∥S(2,◦)
m,◦ (ψ)

∥∥∥
p,ω

.

From this we get

I2 ≲ 1

m2

∥∥∥S(2,◦)
m,◦ (f − S◦,n (f))

∥∥∥
p,ω

.

By a similar method we can find

I3 ≲ 1

n2

∥∥∥S(◦,2)
◦,n (f − Sm,◦ (f))

∥∥∥
p,ω

, 0 < k <
1

n
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and

I3 ≲ 1

m2

1

n2

∥∥∥S(2,2)
m,n (f)

∥∥∥
p,ω

, 0 < k <
1

n
, 0 < h <

1

m
.

To sum up the obtained estimates we have Ω
(
f,m−1, n−1

)
p,ω

≲ R(f,m, n, p, ω, 2, 2).

For the inverse of the last inequality we use Theorem 2 to obtain

A1 = ∥f − Sm,◦ (f)− S◦,n (f) + Sm,n (f)∥p,ω

≲ Ym,n (f)p,ω ≲ Ω
(
f,m−1, n−1

)
p,ω

.

Set A2 =
∥∥∥S(2,◦)

m,◦ (f − S◦,n (f))
∥∥∥
p,ω

and γ (x, y) = f (x, y)− S◦,n (f) (x, y). We know that the one-dimensional

inequality (see [1, Lemma 2, p. 72])

∫
T

∣∣∣∣ d2dx2Tm (x)

∣∣∣∣p ω (x) dx

1/p

≲ m2

∫
T

∣∣∣∣h 1
m

Tm (x)

∣∣∣∣p ω (x) dx

1/p

.

For a.e. y

∫
T

∣∣∣∣ d2dy2Sm,◦ (γ)

∣∣∣∣p ω (x, y) dx

1/p

≲ m2

∫
T

∣∣∣∣h 1
m ,◦

Sm,◦ (γ)

∣∣∣∣p ω (x, y) dx

1/p

.

Then

∫
T

∣∣∣∣ d2dy2Sm,◦ (γ)

∣∣∣∣p ω (x, y) dx ≲ m2p

∫
T

∣∣∣∣h 1
m ,◦

Sm,◦ (γ)

∣∣∣∣p ω (x, y) dx

and

∫
T

∫
T

∣∣∣∣ d2dy2Sm,◦ (γ)

∣∣∣∣p ω (x, y) dxdy ≲ m2p

∫
T

∫
T

∣∣∣∣h 1
m ,◦

Sm,◦ (γ)

∣∣∣∣p ω (x, y) dxdy.
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Hence

A2 ≲ m2

∥∥∥∥h 1
m ,◦

Sm,◦ (γ)

∥∥∥∥
p,ω

= m2

∥∥∥∥Sm,◦

(h
1
m ,◦

γ

)∥∥∥∥
p,ω

≲ m2

∥∥∥∥h 1
m ,◦

γ

∥∥∥∥
p,ω

= m2

∥∥∥∥h 1
m ,◦

(f − S◦,n (f))

∥∥∥∥
p,ω

= m2

∥∥∥∥h 1
m ,◦

f −
h

1
m ,◦

S◦,n (f)

∥∥∥∥
p,ω

= m2

∥∥∥∥h 1
m ,◦

f − S0,◦

(h
1
m ,◦

f

)
− S◦,n

(h
1
m ,◦

f

)
+ S0,n

(h
1
m ,◦

f

)∥∥∥∥
p,ω

≲ m2Y0,n

(h
1
m ,◦

f

)
p,ω

≲ m2Ω

(
f, 1,

1

n+ 1

)
p,ω

= m2 sup
0≤h≤1

0≤k≤1/n

∥∥∥∥hh,◦

h
◦,k

(h
1
m ,◦

f

)∥∥∥∥
p,ω

≲ m2 sup
0≤k≤1/n

∥∥∥∥h◦,k

(h
1
m ,◦

f

)∥∥∥∥
p,ω

≲ m2 sup
0≤h≤1/m

0≤k≤1/n

∥∥∥h
h,◦

(h
◦,k

f
)∥∥∥

p,ω
= m2Ω

(
f,

1

m
,
1

n

)
p,ω

.

Similarly

A3 =
∥∥∥S(◦,2)

◦,n (f − Sm,◦ (f))
∥∥∥
p,ω

≲ n2Ω

(
f,

1

m
,
1

n

)
p,ω

,

A4 =
∥∥∥S(2,2)

m,n (f)
∥∥∥
p,ω

≲ m2n2Ω

(
f,

1

m
,
1

n

)
p,ω

.

Then R(f,m, n, p, ω, 2, 2) ≲ Ω
(
f,m−1, n−1

)
p,ω

and Ω
(
f,m−1, n−1

)
p,ω

≈ R(f,m, n, p, ω, 2, 2). 2

8. Inverse estimate

Proof of Theorem 4 We have

Ω

(
f,

1

m
,
1

n

)
p,ω

≤ Ω

(
f −W2µ,2νf,

1

m
,
1

n

)
p,ω

+Ω

(
W2µ,2νf,

1

m
,
1

n

)
p,ω

and

Ω

(
f −W2µ,2νf,

1

m
,
1

n

)
p,ω

≲ ∥f −W2µ,2ν∥p,ω ≲ Y2µ,2ν (f)p,ω .
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Since

W2µ,2νf −W0,0f ≤
µ∑

i=0

(
W2i,2νf −W⌊2i−1⌋,2νf

)
+

ν∑
j=0

(
W2µ,2jf −W2µ,⌊2j−1⌋f

)

−
µ∑

i=0

ν∑
j=0

W2i,2jf −W2i,⌊2j−1⌋f −W⌊2i−1⌋,2jf +W⌊2i−1⌋,⌊2j−1⌋f,

Ω

(
W2µ,2νf,

1

m
,
1

n

)
p,ω

= Ω

(
W2µ,2νf −W0,0f,

1

m
,
1

n

)
p,ω

≤
µ∑

i=0

Ω

(
ψi,ν (f) ,

1

m
,
1

n

)
p,ω

+

ν∑
j=0

Ω

(
hµ,j (f) ,

1

m
,
1

n

)
p,ω

+

µ∑
i=0

ν∑
j=0

Ω

(
φi,j (f) ,

1

m
,
1

n

)
p,ω

≲ 1

m2

µ∑
i=0

∥∥∥(ψi,ν (f))
(2,◦)

∥∥∥
p,ω

+
1

n2

ν∑
j=0

∥∥∥(hµ,j (f))(◦,2)∥∥∥
p,ω

+
1

m2

1

n2

µ∑
i=0

ν∑
j=0

∥∥∥(φi,j (f))
(2,2)

∥∥∥
p,ω

≲ 1

m2

µ∑
i=0

22iY⌊2i−1⌋,2j (f)p,ω +
1

n2

ν∑
j=0

22jY2i,⌊2j−1⌋ (f)p,ω

+
1

m2

1

n2

µ∑
i=0

ν∑
j=0

22i+2jY⌊2i−1⌋,⌊2j−1⌋ (f)p,ω .

Taking 2µ ≤ m < 2µ+1, 2ν ≤ n < 2ν+1

Ω

(
f,

1

m
,
1

n

)
p,ω

≲ 1

m2

1

n2

µ∑
i=0

ν∑
j=0

22i+2jY⌊2i−1⌋,⌊2j−1⌋ (f)p,ω

and the inequality

Ω

(
f,

1

m
,
1

n

)
p,ω

≲ 1

m2n2

m∑
i=0

n∑
j=0

(i+ 1) (j + 1)Yi,j (f)p,ω

holds. 2
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