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Abstract: Main properties of the mixed modulus of continuity in the Lebesgue spaces with Muckenhoupt weights are
investigated. We use the mixed modulus of continuity to obtain Potapov type direct and inverse estimates of angular
trigonometric approximation of functions in these spaces. We prove an equivalence between the mixed modulus of

continuity and K-functional and realization functional.
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1. Introduction and the main results

In this paper we consider the properties of the mixed modulus of continuity € (f,d,£) pw in the Lebesgue spaces
Lr (']I‘Q) = LP (']T?,w (x,y)) with weights w (x,y) belonging to the Muckenhoupt class A, (’]I‘2,J) where J is
the set of rectangles in T? := T x T, T := [0,2n) with sides parallel to coordinate axes. In the particular case
w(z,y) = 1 on T?, classical mixed modulus of continuity was used to prove some results on trigonometric
approximation by an angle for functions in the classical Lebesgue spaces LP (Td). For example, Potapov
obtained a direct theorem [9, 12] and inverse estimate [13] on trigonometric approximation by an angle for
functions in spaces LP (Td). Hardy-Littlewood, Marcinkiewicz, Littlewood—Paley, and embedding theorems
were proved in [10, 11]. Transformed Fourier series and mixed modulus of continuity were investigated by
Potapov et al. in [15] and [17]. Embeddings of the Besov—Nikolskii and Weyl-Nikolskii classes were studied
in [14, 16]. (LP — L7) Ulyanov type inequalities were proved in [18]. Mixed K -functionals were analyzed by
Cottin in [2] and by Runovski in [20]. More information about mixed modulus of continuity and trigonometric
approximation by an angle can be found in the survey [19]. In LP (Td) mixed modulus of continuity was defined
by a difference operator based on the classical translation operator. Difference operators in LP (Td) can be
defined various ways. For instance, partial difference, total difference, and mixed difference are successfully
used in approximation problems in LP (Td) (see, e.g., the books of Timan [21] and Timan [22, Chapter 2]).
We note that mixed differences are closely related to other differences [22, Chapter 2]. On the other hand, in

the case of L? (TQ) classical translation operator are not bounded, in general. Instead of classical translation
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operators we use Steklov type operators to define mixed modulus of continuity 2 (f,4,¢), ,, in L%, (T?) (see (6)).

we obtain an equivalence between Q (f,4,¢) o and mixed K-functional

Using some properties of Q (f, 0, f)pw

K(f,6,¢,p,w,2,2) (see Definition 18):

Theorem 1 If 1 < p < 00, w € 4, (Tz,.,]l), f e Lh (Tz), then there exist constants depending only on

Muckenhoupt’s constant [w]Ap of w and p so that the equivalence
Q(f,6,€),., ~ K(f,0,6p,w,2,2) holds for 6,& > 0.

We use the properties of mixed modulus of continuity Q (f,J, f)p)w to obtain a Potapov type direct

theorem on trigonometric approximation by an angle in L?, (T?) with 1 < p < oo, w € A4, (T?,J):

Theorem 2 If1 <p<oo, we A, (']I‘Z,J) , felp (']I‘Q) , then there exists a constant C,), ., depending only
P

on Muckenhoupt’s constant [w]AP of w and p so that

1 1
< -
Ym,n (f)p,w < C[W]Ap’pQ <f7 m+ 1'n T 1)}]7w (1)

where m,n € N;

Yoo (fpw = inf{||f T U, T €Tnol € 7;,n} ,

Tm.,o (respectively To . ) is the set of all trigonometric polynomials of degree at most m (at most n ) with respect

to variable = (variable y ).

If 1 <p<oo, we A4,(T%J), and f € LE (T?), then we have L, (T?) c L*(T?), A > 1, and
hence we can define the trigonometric Fourier series of f € LP (T?). Partial sums of trigonometric Fourier
series of f will be denoted by Sp.0,S0n, and Sy pn. Let Wy f := S (f) + Som (f) = Smn (f). Then
|f - W":;#anp,w < C[W]Apvam,n (f)p and hence Yo, » (f),, \ 0 as m,n 7 occ.

The following theorem gives the weak inverse of (1).

Theorem 3 If 1 <p < oo, we A, (TQ,J) , fel? (TQ) , then there exist constants depending only on [w]Ap
and p so that

11 Clala, ? =

0(fimn) oY S D )Y ()
Py k=0 1=0

We obtain an equivalence between Q (f,1/m,1/n) _ and mixed realization functional

p,w
R(fu m,n,p,w, 27 2) (See (16))

Theorem 4 If 1 <p < oo, we€ A, (TQ,J) , felL? (']I‘Q) , then there exist constants depending only on [w]Ap
and p so that the equivalence

Q(fam_lan_l) %R<f7m>nap7wa272)

p,w

holds for m,n € N.
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The rest of the work is organized as follows. Section 2 contains some preliminary definitions such
as Muckenhoupt weights, weighted Lebesgue space, mixed modulus of continuity, and angular trigonometric

approximation. Additionally, boundedness of partial sums and Cesaro and dela Vallee Poussin means of Fourier
series of functions in L? (']1‘2) are proved. In Section 3 we obtain Bernstein type inequalities and their several

corollaries. In Section 4 Favard type Jackson inequalities are obtained. In Section 5, using some properties of

Q(f,0, g)p,w’ we obtain an equivalence between Q (f, 4, f)p,w and mixed K -functional K(f,d,¢,p,w,2,2). In
Section 6 we obtain the Potapov type direct theorem and its improvement on trigonometric approximation by
an angle in L7, (T?). In Section 7 we obtain an equivalence between 2 (f,1/m, 1/n), , and mixed realization
functional R(f, m,n,p,w,2,2). In Section 8 we prove inverse estimates for functions in LP, ('IFQ) .

Here and in what follows, A < B will mean that there exists a positive constant C, ,,..., dependent only
on the parameters u,v,... and it can be different in different places, such that the inequality A < C'B holds.
If AS B and B < A we will write A~ B.

2. Steklov type averages, difference operators, and modulus of continuity

Let T := [0,27), T? := T x T, L* (T?) be the collection of the Lebesgue integrable functions f (z,y) : T? —
R := (—o00,00) such that f (x,y) is 2w-periodic with respect to each variable x,y.

We suppose that J is the set of rectangles in T? with the sides parallel to coordinate axes. A function
w: T2 = RZ :=[0,00) is called a weight on T? if w(x,y) is measurable and positive almost everywhere on
T2. We denote by Ap (’]I‘z,J) , (1 < p < o0) the collection of locally integrable weights w : T2 — RZ such that

w (z,y) is 2m-periodic with respect to each variable x,y and

s, = (i [ [y (& [ [ wteor#wa) <o )

Least constant [w], in (2) will be called the Muckenhoupt constant of w. Let 1 < p < 0o, w(z,y) € 4, (T2,1),
and LP (']IQ) be the collection of the Lebesgue integrable functions f (x,%) : T2 — R such that f (z,y) is 27-

periodic with respect to each variable x,y and

1/p

1l = //uwmww@mey <o
T T

We define 7, (respectively 75, ) as the set of all trigonometric polynomials of degree at most m (at
most n) with respect to variable x (variable y). 7, is defined as the set of all trigonometric polynomials of
degree at most m with respect to variable x and of degree at most n with respect to variable y.

The best partial trigonometric approximation orders are defined as
Vio(Flps = WE{If = Tll,: T € T}
YoulDpw = wf{|f=Ul,,:UeTn}
where 1 < p < oo, we A, (T%,J), and f € L? (T?).
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The best angular trigonometric approximation error is defined as
Y (f)pe = it {||f T U, T € TmoU e 7;,n}

where 1 < p < oo, we A, (T?%,J), and f € L7 (T?).
We define Steklov type averages:

. z4h y+k
onaf @) = g [ [ Ferdar
z—hy—k
1 z+h 1 y+k
mof ) = 3 [ fendonf @y =y [ ren
z—h y—k
Using Theorem 3.3 of [4] we obtain
1091l S 151 3)

for 1 <p<oo, weA, (']IQ“]]) , felL? (']I‘2) , where the constant C' depends only on [W]Ap and p.

Lemma 5 ([6]) A, (T?,1) over arbitrary rectangles implies Ay (T) in each variable uniformly with respect to

the other variables for 1 < p < co. In other words, if 1 < p < 00, w(z,y) € 4, (TQ,J) then, for any intervals
I,JCT

p—1

1 1 _1
sup —/w(x,y) dz —/[w (z,9)] 71 dr < 00, for a.e. y
P\ 1

and
p—1

1 1 _1
sup —/w(x,y) dy —/[w (z,y)] P T dy < o0, for a.e. x.
P\ 1

For weights in A, (Rd,J) , (1 <p<o0), Lemma 5 was given in [7, Lemma 2] and [3].

Now Corollary 4 of [8] and Lemma 5 give:
Lemma 6 If1<p<oo, weA, ('JT27J]), felL? (TQ), then

{Ionof e Io0st Iy} S 1 e (4)
where the constants depend only on [w]Ap and p.
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For 1<p<oo, we A, (T2,J), felLr (’JI‘Z), h,k > 0 we define the differences

V,. [y = (H—Uh,o)f(x,y)Z}ll7h(f(x,y)—f(t»f))dt,
L
V., f@n = C-enf@n=; [ G@- )
- z+h y+k
Vo len =V, (V. )= [ [ G@-ren)aar
T—hy—k

where I is the identity operator on T?. Using inequalities (4)—(3) we get

(VAL IV,

for 1<p<oo, weAi, (']T27J) , felrLp (']Tz) with constants depending only on [w]AP and p.

’
p,w

19,40, } <161 )

p,w

The mixed modulus of continuity of f € L?, (’]I‘Q) , l<p<oo, w(zy) €A, (TQ,J) , can be defined as

Vh,k f

Q (fv 617 62)1)7“; = Ssup
0<h<&:
0<k<6q

(6)

pb,w

If 1 <p<oo, weA,(T%]), f €Lk (T?), then from (6) and (5)
Q (f7 517 62):0)“; S ||f||p,w

with constant depending only on [w] 4, and p.
Note that from the definition of Q(f,-, ")
Ap (T,1), f € L (T°):
(1) Q(£,0,0), ,=0.
(2) Q(f,61,02),,, is subadditive with respect to f.
(3) Q(f,01,02),, < Q(f t1,t2),,, for 0<0; <30 =1,2.

p,w —

it has the following properties when 1 < p < 00, w €

p,w?

2.1. Some means of Fourier series
Let 1 <p < oo, we A, (T% ), and f € LE (T?); then there is a A € (1,00) such that f € L* (T?). Namely,
we have LP (']I‘Q) c LN (T2) and this gives the possibility to define the corresponding Fourier series of f:

Lemma 7 If 1 <p<oo, we€ A, (T 1), and f € LE (T?), then we have
LP (T?) ¢ L* (T?) (7)
for some A > 1.
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Proof There exists a r € (1,p) so that w € A, (']I‘2,J]). Then setting A :=p/r > 1 and using f € LP, (TQ) we
(TQ,J) and

get fAw'/m e L” (’]I‘2) and w=1/7 € [71 (T2). From w € A, ('I[‘Q,J) we have w (ac,y)*ﬁ IS AT»il
using Holder’s inequality

P

[ [rewrownddy| < [ [7@orow )
T T T

T

>|=

r—1
P

[ o aay) <1,
T T

where the constant depends only on [w] A, and p. Hence, (7) is proved. O
Let 1 <p<oo, we A, (']I‘z,J), felLr (’]Tz) and
o0 (o) o0 o0
Z Z Apyny (y) @ = Z Z Eonyng [Ong ny COSTIT COSN2Y + bpy iy SIN T X COS MY+
’I’L1:O ’I’L2:O n1:0 ’I’L2:0
+ Cny ny COSTITSINNOY + dpyy gy SINN T SINNLY] (8)

1/4 ,nlzngzO
Py ng = 1/2 ,ny=0,n2 >00rnz =0,n1 >0
1 ,n1 >0,m9 >0

be the corresponding Fourier series for f.
For the Fourier series (8) of f € L2 (T?), 1 < p < oo, w € A, (T?,]) we define the partial sums of (8)

Sm,o(f)(x,y) = Z ZAnl,n2(-T7y,f)7so,n(f)(x7y): Z Z ni,mn2 xyf)
n1=0n9=0 n1=0n2=0
Son (N (@©28) = S Son (D) @1 = S5 Auss (@9, F)
n1=0n=0
Then
Sma (N (@) = 3 [ F@+65) Do (@S0 (1) 09) =+ [ (40 Da ()
T T
S (f) (@) = %//f(:c—i—t,y—i—u)Dm (t) D (u) dud
T T
where
D, (t) = (sin(l + 1/2)t))/(2sin(t/2)) = = + Zcos kt

is the Dirichlet kernel.
Theorem 8 of [5] and Lemma 5 give:
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Lemma 8 If1<p<oo, weA, (TZ,J), felLr (']I‘2), then

{18m0 (Dl s IS0 (Dl s ISman (Dl b S 151
with constants depending only on [w]Ap and p.
For the Fourier series (8) of f € LP, (’JIQ) l<p<oo, wedi, (']IQ,J) we define the partial Cesaro means

and dela Vallee Poussin means of f as

Cm.o (f) (x,y)

mHZSko Con () (0,9) = —— 3" S0t (£),

n+1 —
1 m n
Conn (f) (2,y) = Cio(Copn (f))(%y):mkzzogsm (f)
and
Vo D @9) = e 3 S0 () Vor (N (09) = 2 3 800 (1), )
k=m l=n
2m—12n—1
Vo (1 220) = Voo (Vo 0D 020) = (g Gy 2o 20 S ) (10)
In this case
Coo (N (@9) = 3 [ @+ 0,0) Ko (1) Co (P 21) = 3 [ £y ) Ko ()
T T
Conn (f) (yy) = %//f(a:—l—u,y—l—v)Dm(u)Dn(v)dudv
T T

where

1 sin(20 + 1)¢/2\
Ku(t) = 2(0+1) < sint/2 >

is the Fejer kernel.

As a corollary of Lemma 8 and (9)-(10) we have:

Corollary 9 If 1 <p < oo, w€ A4, (T27J) , felb (Tz) , then

{1Vino (Dl Woun Dl W (Dl S 11

with constants depending only on [w]AP and p.
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Lemma 10 Let Wy, o f (2,9) = Vin,o (f) + Vo (f) = Vinn (f)) (z,y) . Then
Hf - Wm,nf”p,w S; Ym,n (f)p,w

holds for 1 < p < oo, we A, (']TQ,J]) , fell (']TQ) , where the constant depends only on [w]Ap and p.
Proof We take polynomials T} € Ty 0,12 € Ton, T3 € Tm,n and set
@(xay) = f(mvy) _Tl ((E,y) _T2 (xay) +T3 (‘ray) .

Then
fF=Wnnf =¢—Vino(p) = Vou(p)+ Vinon (o).

Hence, using Corollary 9,

If = Wm,anp,w o = Vinyo (¢) = Vo (@) + Vinyn (‘P)”p,w

||s0||p,w = ||f - =T+ Tgllp,w )

A

with a constant independent of T7,7T5,T3. Since T1,T5,T5 are arbitrarily chosen

Hf - Wm,nf||p7w S./ Ym,n (f)p,w

holds. O

Using Theorems 10 and 11 of [8] and Lemma 5, we obtain:

Lemma 11 If 1 <p<oo, we A, (’]T2,J]), felrLr (']I‘z), then

{1Cm0 (Dl s I1Com (Pl s 1Coman (Dl b S 15N

with constants depending only on |w] A, and p.

Lemma 11 is a consequence of a pointwise estimate through a strong maximal function and its bounded-
ness in weighted Lebesgue spaces.

3. Bernstein type inequalities

Let Th € Tro. T2 € Ton, T3 € Trnn. Then

T (z,y) = %/Tl(t,y)Dm(t—x)dt,Tg(ac,y):%/Tg(aﬁ,s)Dn(s—y)ds,
T T

1
T3 (l‘,y) ﬁ/
T

T3 (t,8) Dy, (t — x) Dy, (s — y) dtds

S

and hence
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STy = = [T £ (D - )
T
0 -1 0
Ry = = / T (2.5) 5 (Do (s =) ds,
2 1 0 0
MT;), (x,y) = = T/T/Tg (t,s) . (D, (t — 2)) ay (D, (s — y)) dtds.

The following Bernstein type inequalities hold.

Lemma 12 ([4]) Let 1 <p < oo, weE A, (TQ,J), TV €Tmo, T2 € Top, T35 € Trun - Then

0 0
5] smimie |5n] s, 1)
and
82
T: < T: 12
’axay 3 e Nmn” 3||p,w ( )

with constants depending only on [w]Ap and p.

Proof (12) was obtained in [4, Theorem 4.2]. Using Lemma 11 the inequalities in (11) can be obtained in the
same way. O

Corollary 13 Let 1 <p<oo, we A, (’JI‘Z,J), Ty € Trmyo, T2 € Ton, T3 € T, k.1 € N. Then

L)k < mk o <np!
ol I T et T
and as a result
ak+l e 1
’ axkasz?’ o S mint || T,

with constants depending only on [w], —and p.

Lemma 14 For 1 <p<oo, w€ A4, (']I‘Q,J]) , fell (']I‘z) there exists a constant depending only on [w]Ap and

p so that

S 2% i 121y (f)
p,w

p,w

6k+l
H W%,j (f)

where

Vaioi (f) = Vai j2i-1) (f) = Vigi-1] 25 (f) + Vigio1] 125-1) (f) =t i j (f) € Taitr 12411

and |z :=max{z € Z:z<x}.
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Proof Since

©ig (f) = Vaioi (f) = Vai2i-1) (f) = Vigi-r),25 (f) + Vigi-1),|25-1 (f)
= Waigi (f) = Wai jgi-1) (f) = Wiai-1] 25 (f) + Wigi1) 1251 (f)
= Waigi (f) = f+f—Wai o) (f) +f = Wiair)25 (f) = f+ Wigio1) [25-1) (f)

we have by Lemma 10

leii Dy < NWais () = £, 0+ 1 = Wi j2imag (D], +

| f = Wizima 2 (O], + 1+ Wiaimy 21 (D],

Yai03 (s + Yo 251 ) (F)p o + Yi2im1) 20 ()0 + Yizimap (20-1) (N
S Yz (fpe-

AN

Now using Corollary 13 and the last inequality,

holds. O

ak-i—l

g P (D) S 252 0ss (D)l S 27 Yo 251 (F)

pw ~
pw

pw

Lemma 15 For 1 <p<oo, w€ A4, (']I‘Z,J), fel? (']I‘Q) there exists a constant depending only on [w]Ap and

}

where ‘/21',0 (f - Vo,2j (f)) - V|_2i—1j,o (f - V0,2j (f)) = wi,j (f) € 7-2i+1—1,o~

Proof Since

p so that

oF i
W’lpid (f) 5 2 kYI\Q""lJ,Q" (f)p,w

p,w

Vi (f) = Vaio (f = Vori () = Vigi-1),0 (f = Voroi () = Wai s (f) = Wiai-1] 2 (f)

we have by Lemma 10

A

i (Dl < [1Waios (f) = £l + I1f = Wiaimag05 (D],

S Yaini () + Yoty (f)p0 S Yizi-y2i (),

Now using Corollary 13 and the last inequality,

l

holds. O

ak
wﬂ)m‘ (f)

S 2 i (Dl S 2 V21 25 (D

p,w
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Lemma 16 For 1 <p<oo, we€ A, (’]I‘Z, J]) , fel? (’]I‘z) there exists a constant depending only on [w]Ap and
p so that
B

@hi,j (f)

< 2jlY2i7\_2-7_1J (f)il’#d

pw

where
Vooi (f = Vaio (f) = Vo j2i—1) (f = Vaio (f) =t hij (f) € To 2411

Proof Since
hij (f) =Vooi (f = Vaio (f) = Vo, j2i-1) (f = Vaio () = Wai i (f) = Wai |21 (f)

we have by Lemma 10

Ihis (AL

IN

[Wai 25 () — f||p7w + || f = Wai 251 (f)HpM

S Yaigi () + Yo, 201 (F)p S Yoi 1251 ()0 -

Now using Corollary 13 and the last inequality,

al
| gaitis ()

S 2 iy (N0 S 27Yai 12i-1) (F),,,

p,w

holds. O

4. Favard type Jackson inequalities

Let Wy (respectively W5 Wp5) denote the collection of functions f € L' (T?) such that fos) =

p,w?

788;:85 €L (Tz) (respectively f(m°) .= g;’: erp ('JI‘Q); flos) = g;yf €L (Tz) ).

The following Favard type Jackson inequalities hold.

Lemma 17 For 1 <p < oo, we€ 4, (TQ,J) there exist constants depending only on [w]AP and p so that

1

RIS el il DR (13
v < 1 (0,2) o2
mn (gz)p,w ~ m 92 o’ g2 € Wp'ss
and
Yo (9)0 S Hg(”) 14
’ ( )p7 (m+1)2 (n+1)2 P ( )

hold for g € szf
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Proof For (13) we have

||91 - S7n,o (91) - So,n (91) + Sm,n (gl)Hp’w

= Z Z Ai,j (x’y7gl)

1=m+1j=n+1
p,w

oo oo 1
.2
= g g ijl Ai,j (9579,91)
i=m+1 j=n+1 pw

oo

> 1 2,0
= Z Z COSWi—zAm (I-i- (7/2).y, 9" )>
i=m+1 j=n+1 p,w
e s 1 (2,0)
= | XX G (snd®)

i=m+1j=n+1
p,w

N i i z% (Si’j (99’0)) ~ Sii-1 (99’0)) — Si-1 (99’0)) +Si151 (952’0)))

1=m+1 j=n+1

p,w
> 1 1 2,0) 1 (2,0)
- L e (08 s (527
5 [t ] som () 4 s (o
p,w
o0
1 1 ‘ (2,0) 1 (2,0)
e | IS (), + e I8 (677
DN oyt il R o) vl GG ]
= 1 1 1
< HQ(ZO) - = +
' pw i:%;rl i (i+1)2 (m+1)2
< bl
T (m+1)? ol
Since
Ym,n (gl)p’w - Ym,n (91 - Sm,o (91) - So,n (91) + Sm,n (91))1,7“,

IN

g1 — S0 (91) — Son (91) + Sm,n (gl)||p7w

inequality (13) follows.

Similarly, we have

1 0,2)
_Son _Smo Smn <7H % H
|92 n (92) o (92) + S, (92)Hp7w S 1) 92 -
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Ym,n (92)1,’“, - Ym,n (92 - So,n (92) - Sm,o (92) + Sm,n (92)){,7“,
< 1191 = Som (61) = S (91) + S (91, .
s —
(n+1)

19 = S0 (9) = Son (9) + S (9)l

Z Z Ai,j (:L'vyvg)

i=m+1 j=n+1
i=m+41j=n+1
i=m+1 j=n+1

i=m+41 j=n+1

p,w
1 1 1
Z Z S| = =%+
i=m+1 j=n+1 Z+1 t (J+1) J
1 = 1 1 1
Tmr 12 T 7| Sm L S+
(m+1)2j:n+1 (j+1)° 32] 3 (1) 22;1 (i+1) 12] (X)
1 1
+ Simn (T
(m+1)° (n+1)* " ( )pw
1 1
- —_— SZ‘,‘ T w+
2%13%1( ; 1)2> <]2 (]+1)2> || j( )”p,
— | 1Sm.s (DI, , +
2]%1[ (J +1) ! P
L5 |L 1 1 1
(n+1)2 i:;_l [22 (Z+1)2 H ( )Hp7 (m+1)2 (n+1)2 || ( )Hp7
E— p—— T
(m+1)"(n+1) Y (m+1)°(n+1) pw

p,w

DS ij (S5 (1) —

p,w

= Z ZiZjAlj(xyg)

i=m+1 j=n+1
pw

Z Z #Ai,j(x,%g@’m) = Z Z 5 j(z,y,T)

i=m+41j= n+1
p,w p,w

Z Z #Aiaj (xvy7T)

p,w

Sij—1(Y) = Si—1; (1) +Si—1,;-1 (X))
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Hence,
Yinn (g)p,w = Yo (9= Smo(9) = Son(9) + Smn (g))pw
1
< 1l = Smo (9) — Sorn (9) + S < o2 .
19 = S0 (9) = So,n (9) + S (9, eyl e W
The proof is completed. O
5. Mixed K-functional
Definition 18 The mized K -functional is defined as
K Lo r 9" g1
(f757§ap7war78) : = inf ||f_gl_92_g||p7w—"_(S orr +
91,92,9 €T pw
o3 ar+s
+§s g2 + 61“53 g
Y° |l 0z 9y* ||,

where the infimum is taken from all g1, g2, g so that g1 € W5, go € Wpi5,9 € Wi where 1 < p < oo,
we A, (T%,]), felr(T?).

Here we give the proof of Theorem 1, but first we need the following theorem.

Theorem 19 If 1 <p < oo, w € A, (TQ,J) , then there exist constants depending only on [w]Ap and p so that

a291

Qg1,6,),, S 0 52 . EWS, (15)
pyw
< 2 8292 0,2
Q (g27 Bl é-)p’w ~ 5 92 y 92 € Wp:wa
Yo llpw
Q(g,9,¢) < 5262 d'g c 22
g? ) p,w ~ aanyQ - ) g p,w

hold for 6,& > 0.
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Proof Since

V... (V..

1T = 0ono) (T=00k) gull,

p,w

[T —=one) FIl,.,

1 h

_ %/(F(x,y)—F(w-i-t,y))dt
h

pb,w

u

. hot
= %/// F(x + s,y) dsdudt
00

—Uu

p,w

IN
S
o\pﬂ

¢
1 d?
2u||— d—F(x +s,y)ds dudt
0

2u
Zu -
) hot 2
= — 2 wo | =—F dudt
2h//“”’ (dx2 )pw“
0 0 ’
d? d?
S WPl =h? || == [(T—00) g1]
dz? oo dz? o
= R2 (]I—aok (d 291>
d2
< p2||2 :hQH (2,0)
~ dngl gl ,
p,w
we have 2 (g1,9, )pw < 62 H EQ’O) , g1€ ng Similarly,
p,w
9 . < 2 (072) W02 nd
(927 7£)pwrv§ 92 pw’ p,w?
Q(g,9, f)pw < §2¢? "g(Q’Z)pr’ g e ng hold. O
Proof of Theorem 1 We prove the upper estimate. We define
1 h t1 uj 1 k to wus
Unof (z,y) ﬁ// / fx+ s1,y)dsidurdty, Us i f (z,y) ﬁ// / f (z,y + s2) dsadusgdts,
0 0 —u; 0 —u2

t1 tg w1 u

k
// / /f (x + 51,y + s2) dsidsaduiduadty dts,
0 0

h
Unif (z,y) = Uh,o (UO,kf) (z,y h3k3 /
0

and
g1 (z,y) + =Uno(l=Usk) f(2,9),92 (%,y) = Uop (1= Uhy) f (2,9),
g (x,y) L= Uh,O (Uo,kf) (x,y) = Uh,kf ($, y) .
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Then
If=90—-92-9l,. = If=Unof =Uoif+Unifl,,
= [(T=Uno) @M=Uok) fll,, ., = L= Uno)Fll,,

t1 uy

= h?’/// (,y)-F (x + s1,y)) dsiduidty

0 —uy P
h t; uy
1 1
S ﬁ//m Tm/(F(x,y)-F(x—i—sl,y))dsl duydty
0 0 —uy P
hoty
1
= o5 [ [mla-ouo) s, dud
0 0
1 1
< su I—0uo)F —//ududt
2 10— 7)ol s [ [t
< sup (= o)l L = C sup (1= aue) (1= Ues) £l
0<u<h 0<u<h
S osup [[(I=Usk) T =0ouo) fll,, = sup [[(I-Uok)3ll,,
0<u<h 0<u<h

By the same procedure

I =Uo k) Sl S sup [(T=000) 3, = sup [[(T=000) [T =0uo) fll,,
0<v<k 0<v<k

and hence
1f=g1—92=9l,. < sup [(L—000)T—0uo)fll,,-
0<u<h
0<v<k
We have
8291 H 0?
Uﬁo( _'ng)f
51, - |5
h t1 up
— 8;32 h3 // / [(H — Uo,k) f] (.13 =+ Sl,y) dsidudty
0 —Uul p,w
2
= 2 0= Uno) (I =Usoi) fl, .
and
3291
= 2|(IT-Upo)(I—-U,
5|, = AU =T
< 2sup [[(I-0o0u)(I=0uo) fll,,, -
0<u<h
0<v<k
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Similarly,
9%gs H 02
= 7Uo,k (H - Uh,o) f
‘ 6y2 p,w 6y2 pw
h ts us
0% 1
= a2 ® (I = Uhno) f] (z,y + s2) dsaduadty
0 0 —u2 pw
2
= 12 [0=Uo) I = Uno) fl, .
and
w2 | 2o = 2|I-Uop)(I-TU
ot I (e [
< 2 sup [[(I-o00u) (H_Uu,O)prM'
0<u<h
0<v<k
Also,
g o*
2p? = KW || ——=—=Uno (U,
0x20y> o Oy20z2 no (Uokf) b
0? 9?
= k|| =hn>=—U,. (U,
o oz Ome (Uord) -
2 || 97
= k — (I - o o
7 (L= one) Ul
2| 0
= k 7Uo ]I_ o
By k((I=o0no) f) »
5 0
= ||k*==Us ik (I —op,0
i gzt @=enar )|
= [[I=0ok) I=o0no) fll,.
< sup [[(I—06,0) ([=0ue) fll, ., -
0<u<h
0<v<k
Then
K(f767£’p7w3272)SQ(f757£)p7w'
For the lower inequality
Q(fa 575)1;7&; < Q(f — g1 — 92 — 9757 g)nw + Q(glvév f)va
+Q (927 57 f)p’w + Q (g’ 57 g)p,w
9’91 9%gs d'yg
< _ _ _ 62 2 62 2
S Wf-g—-9-9l,,+ 922 p7w+f By p’w‘f' § 270 |,
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From the last inequality we take the infimum and the lower estimate
Q (fa 57£)p,w /S K(fa 57£apawa2a2)
holds. O

Corollary 20 If 1 <p < oo, we€ A4, (TQ,J) , felLr (TQ) , then there exist constants depending only on [w]AP
and p so that

Q(FA00E), 0 S (142 (L+0)°Q(£,6,6),,, ford,6>0
and

Q (f7 617 52)1),0.1 < Q (f7 t17 t2)p,w
6703 ~ 1313

forOo<t, <4;; 1=1,2.

6. Potapov type direct inequality
Here we give the proof of Potapov type direct Theorem 2.

Proof of Theorem 2 For any g1, g2, g with g1 € W5, g2 € W75, 9 € WS

p,w?

Yinn (f, 6, g)p,w < You(f—91—92—9,6, f)pw + Y0 (91,6, E)p7w

+Ym,n (927 61 g)p,w + Ym,n (97 57 g)p?w

1 o
< — — — [
~ ||f g1 — g2 g”p,w + (m+ 1)2 Or2 b +
1 9%gs 1 1 d'yg
(n+12 110y o (m+1)? (n+1)% |02°0y% ], ,
Taking the infimum on ¢1, g2, g we have that the inequality
1 1 1 1
Y, < K(f, ——, —— 2,2) <Q —_— —
min (P S (f’m+1’n+1’p’w’ 25 (f’m+1’n+1>pw
holds. O

7. Realization functional

We define the mixed realization functional as

82‘S(’m o - So n
ROmomp,6,2,2) = 1 = Sy () = Son (1) Sy (1) 4 | PEome L= San DD
p,w
o[ 2Sen (= So () o ][0 S ()
2 ;1 m, 2 2 m,n
+n BN - +m n 9120y ‘ e ’ (16)

where 1 < p < o0, we€ A4, (TQ,J), felrLr (']1‘2).
We give the proof of Theorem 4.
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Proof of Theorem 3 Vh,k >0 and m,n € N, and we get

V.. (V..7) = HV (V. f—sm,ou)—sm<f>+sm,n<f>1) L
+[V,. (V. )], +
+ h<Vk <>>>>pr+
+ h ( mnf) =h+DL+I3+ 1

Let f(x,y) = Sm.o () (z,4) = Son () (2, 9) + Smn (f) (z,y) = ¢ (2,y) . From Lemma 5 for a.e. y

(0.0 ns) ([ sntne)

T

Then
[V, (V) etwnl wwnas [V, e w@an
T T
and
//’vh,o (Vo,k) (y dmdyg//‘v aC (z,y) dzdy.
T T A
Hence
AR [ A
For a.e. =
1/p
(/‘Vo,k@( wa:y ) (/W’Iylp (z,y)d ) .
T
Then
/’voyfﬂ(x,y)‘pw(fmy)dyi/|ga(x,y)|”w(x,y)dy
T T
and
[ IV, ool w@ds s [ [l ) s,
T T A
Hence
V., e@n] 5 el

= ||f - Sm,o (f) - Som (f) + Sm,n (f)”p’w .
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Let f(z,y) — Son (f) (z,y) =1 ¢ (z,y) . From Lemma 5 for a.e. x

1/p
(/’vh (vk) Sm.o () (x»y))pW(fmy)dy) < (/

h,o
T
Then
/Nh (vk) m,o "Ty’ W@y dy</W Smo () (2,9)| w () dy
T
and
/ / V... (V) Sme @ @) w @) dydo s [ [[T, S 0) @) (o) dedy,
T T
Hence

=9, (Ve )], < V., 500

Using Nikolskii-Stechkin type one-dimensional inequality (see [1, Lemma 1, p. 70])
d2

1/p 1/p
(/‘thm(aﬁ)pw(m)dﬂ?) swle(/ @Tm(x) w(m)dx) ,0<h<%,
T T

we have for a.e. y and 0 < h < %

1/p
(/‘vhpsm@( (z,y) ’ w(z,y)d ) mi (/)Sﬁ? x,y)‘pw(x,y)dx) .
T

p,w

Then
@, o) P
WhoSm,o( xy‘ w(z,y)dze S 2p ‘S fc,y)‘ w (z,y) dw

T

and
p 1 (270) P
Whosm,o (¥) (%y)‘ w(z,y)dedy S —5 ’Sm,o (¥) ($7y)‘ w (2,y) dady.
T T T T

Hence

th,o Sm.o (V)

e Sl

From this we get
1 °
—5 || (f = Soun (£))

I S

p,w

By a similar method we can find

10 .
Iy S — ||85% 2)(f—Sm,o(f))H <<

p,w
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and

1

1 1
5—2—“5(22) 0<k<—0<h<—.
n m

To sum up the obtained estimates we have ) (f,m_l,n_l) S R(f,m,n,p,w,2,2).

pw ™

For the inverse of the last inequality we use Theorem 2 to obtain

Ay

1f = S () = Somn () + S ()l
(f,m

Yo (F)p S € O

A

pw

Set Ag = HS (2.0 (f = Son (f))H and v (x,y) = f (z,y) — Son (f) (z,y). We know that the one-dimensional

p,w

inequality (see [1, Lemma 2, p. 72])

9 » 1/p ) 1/p
/‘ijTm (z)| w(z)dx <m? /‘Vl T (2)| w(z)dx
d m
For a.e. y
9 » 1/p , 1/p
d
/ ‘dyQSm,o (7) w (337 y) dx 5 m2 / ’vl 5 SWLO (’y) w (g;) y) dzx
T J "
Then
d? P ) p
/‘dy25m70 (’Y) W(I,y) dISm p/‘vlosnz,o (’Y) W(l'vy) dI
T 2 m
and
d2 »
/_/’d (z,y) dxdy <m2p//‘v1 m,o w (z,y) dzdy.
y? 1
T T
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Hence
A 3 m’* VL o Sm.o (7) =m? ‘ Sm.o (Vl o ’7)
m’ pw — P
s |V, | =m? ||V, (F=Sen(h)
m’ p,w m? pow
= m? viof_VLoSO’"(f)
m’ m? p.w
= m2 vlOf_SO’O<V10f>_SO’n(V1Of)+507"<v1of)
m’ iy s L, -
1
2
S mY()n(V%) f) <mn(f, , +1>
p,w p,w
= m° su
03}‘21 vh ° vc’k (viwo f) p,w
0<k<1/n
< m? sup ( f)
o Ve Vol )|
S m? sup ‘v (v f)H —m2Q (f’171) ]
0<h<1/m h,o o,k p,w m n Pw
0<k<1/n
Similarly
— (0,2) < 2 11
A = [|SEP (= Smo ()| smre(foo)
pw m'n/,,
(2,2) < 02,2 11
Ay = Hsm;n |, smina (s

p,w

Then R(f7m7n’p’w7 2’2) /S Q (f7m717n71)pw and Q (f7 m717n71) ~ R(f7m’n7p’w7 2’ 2)'

p,w

8. Inverse estimate

Proof of Theorem 4 We have

1 1 1 1 1 1
Q(faa) SQ(f_W2“',2”fa7) +Q(W2l",2”f7,>
m n Pw m n Pw m n pw

B s

and

1 1
(1= Wanzefo k) S = Wararl o S Yo (D
m mn pw ’
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Since

©w v

Wauov f = Woof < Z (Wai oo f = Wigio1) o0 f) + (Won 25 f — Wou 125-1) f)
i=0 Jj=0

nwoov
*Zzwzi,wf = Wai 211 [ = Wiaimay i [+ Wigi-1) j2i-1 f,

i=0 j=0

1 1 1 1
Q <W2u,2Vf,7> = Q <W2u,2vf—Wo,of,7>
m - m -

n

IN
]+
2
N
s
N
=
3=
S|
——
=
€
+
]+
2
N
>=
¥
<.
=
3=
S|
——
=
€

=0 7=0 )
& 11
+2 D i () —.
i=0 j=0 pw
1 £ 2,0 0,2
DI ((CHCy) kel (S-S D (Y05 el
1 1 &L 2.2)
+ﬁ7222 (i, () o
i=0 j=0 ’
°w v
< LZQ%Y . (f) _~_i222jy. 1 (f)
~ 2 [2¢-1],27 pw ' 2 2%,[27-1] pw
i=0 =0
11 &Y 2i+2j
+Wﬁ ' 22 + ]YL2171J’L2j71J (f)p,w .
1=0 j=0
Taking 2# < m < 2¢F1 2V < < 2Vl
1 11 &K<
21+2
0 <fn) S s 2 2 2T e e (D
p,w =0 j=0
and the inequality
11 1
0(fmn)  Somm L LGN GHDYL (0,
p,w 1=0 7=0
holds. O
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