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Abstract: In this work, we introduce and investigate two new subclasses of the bi-univalent functions in which both f
and f~! are m-fold symmetric analytic functions. For functions in each of the subclasses introduced in this paper, we

obtain the coefficient bounds for |am+1| and |azm+1] -
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1. Introduction

Let A denote the class of all functions of the form
f) =2+ anz", (1)
n=2

which are analytic in the open unit disk
U={z:2€C and |2]<]1}.

We also denote by S the class of all functions in the normalized analytic function class A that are univalent in
U.

It is well known that every function f € S has an inverse f~!, which is defined by

P =2 (z€0)
and

1
Pt @) =v (el <n (i =),
The inverse function g = f~! is given by
g (w) = f_l (w) =w — a2w2 + (2@% — a3) w? — (5(1% — basas + a4) w? 4o (2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let ¥ denote
the class of bi-univalent functions in U given by (1). The class of analytic bi-univalent functions was first
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introduced and studied by Lewin [16], where it was proved that |az| < 1.51. Brannan and Clunie [2] improved
Lewin’s result to |as| < v/2 and later Netanyahu [18] proved that |as| < 4/3. Brannan and Taha [3] and
Taha [24] also investigated certain subclasses of bi-univalent functions and found nonsharp estimates on the
first two Taylor—-Maclaurin coefficients |ag| and |as|. For a brief history and interesting examples of functions
in the class X, see [21] (see also [3]). The aforecited work of Srivastava et al. [21] essentially revived the
investigation of various subclasses of the bi-univalent function class ¥ in recent years; it was followed by such
works as those by Frasin and Aouf [12], Xu et al. [25, 26], Hayami and Owa [15], and others (see, for example,
[1, 4-10, 13, 17, 19, 20]).

Let m € N={1,2,3,...}. A domain F is said to be m-fold symmetric if a rotation of E about the
origin through an angle 27/m carries E on itself. It follows that a function f(z) analytic in U is said to be

m-fold symmetric (m € N) if
f (627ri/mz) _ eQTri/mf (Z) )

In particular, every f(z) is 1-fold symmetric and every odd f (z) is 2-fold symmetric. We denote by S,, the
class of m-fold symmetric univalent functions in U.

A simple argument shows that f € S, is characterized by having a power series of the form

flz) =2+ Zamk+lzmk+l (€U, meN). (3)
k=1

Srivastava et al. [22] defined m-fold symmetric bi-univalent functions, analogues to the concept of m-fold
symmetric univalent functions. For the normalized form of f given by (3), they obtained the series expansion

for =1 as follows:

g = F7 (W) = 0 — a4 [(m 4+ 1) sy — azms] w2
1 3 3m—+1
~ 3 (m+1)(Bm+2)an, 1 — (Bm+2)ami102me1 + a3mer1 | W +e (4)

We denote by %, the class of m-fold symmetric bi-univalent functions in U. For m = 1, the formula (4)
coincides with the formula (2) of the class 3. For some examples of m-fold symmetric bi-univalent functions,
see [22].

The object of the present paper is to introduce two new general subclasses of bi-univalent functions in
which both f and f~! are m-fold symmetric analytic functions and to obtain coefficient bounds for |a, 1|
and |agm+1| for functions in each of these new subclasses.

In order to establish our main results, we shall require the following lemma.

Lemma 1 [11] If p € P, then |cx| <2 (k € N), where the Carathéodary class P is the family of all functions
p analytic in U for which

R(p(2) >0, p(z)=1+crz+cez®+--- (z€0).
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2. Coefficient estimates for the function class Ny, (a,\)

Definition 2 For A > 1 and p > 0, a function f € X, given by (3) is said to be in the class N{im (o, \) if

the following conditions are satisfied:

ar ((1—A> (£2) +ar (f”)> <o 5)
and
ar ((1—A> () 4 ag (%“”)) <o (6)

where 0 < a<1;meN; z,w € U; and g = f~! is defined by (4).

Remark 3 In the following special cases of Definition 2, we show how the class of analytic bi-univalent
functions Ngm (a, \) for suitable choices of A, p, and m lead to certain new as well as known classes of
analytic bi-univalent functions studied earlier in the literature.

(i) For p =1, we obtain the m-fold symmetric bi-univalent function class
N (0, A) = AS
introduced by Stimer Eker [23]. In addition, for m =1 we have the bi-univalent function class
J\/é’l (a,\) = Bs (a, \)

introduced by Frasin and Aouf [12].

(ii) For p=1 and XA =1, we have the m-fold symmetric bi-univalent function class
N (1) = HE
introduced by Srivastava et al. [22]. In addition, for m =1 we have the bi-univalent function class
N21,1 (o, 1) = HS:

introduced by Srivastava et al. [21].

(iii) For p=0 and A =1, we get a new class
NEO,m (a7 1) = Sg,m

of m-fold symmetric strongly bi-starlike functions of order «. In addition, for m = 1 we have the strongly

bi-starlike function class
N2 (a,1) = 85 o]

introduced by Brannan and Taha [3].
(iv) For A =1, we have a new class

g,m (CY, 1) = PE,m (Oé, ‘LL) ’
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which consists of m-fold symmetric bi-Bazilevié functions.

(v) For m =1, we have the bi-univalent function class
g,l (a’ )‘) = Ng (Oé, /\)
introduced by Caglar et al. [8].

Theorem 4 Let the function f(z) given by (3) be in the class Ny, (o, N). Then

= I<A< T4, /utm
| | < V(ptmA)? +ma(pt2mi-mr?) Sa<l+ m
Am+1| =
. CaziEE
and
2 1) a? 2
lazmy1| < (m + )02[ + S
(i +mM\) B+ 2mA
Proof Tt follows from (5) and (6) that
F )\ O «
-0 () e (1) b
and
I p—1
(1= (22) g ) (222) — i
where
p(2) = 14 pmz™ + pamz"™ + pamz"™ +--- € P
and
q(w) =1+ g™ + gamw®™ + ggmw®™ 4 --- € P.
Now, equating the coefficients in (9) and (10), we have
(B+mA) amer = apm
-1 | -1
(1 +2mA) {u 5 api1 + G2me1| = opom + Q(O; ) 2
—(p+mA)amyr = agm
+1 | -1
(1 +2mA) [(m + M2> aZi1 — Gomi1| = OQom + a (a2 ) 2
From (13) and (15), we obtain
Pm = —QGm

and
2(p+mA)ad , =a® (p2 +d2) .

(17)

(18)
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Also, from (14), (16), and (18), we find that

2 . 0[2 (p2m + q2m)
Uoyq = 5 o~
(4 mA)” + ma (p+ 2mA — mA?)

(19)

Applying Lemma 1 for (13) and (19), we get the desired estimate on the coefficient |a,,+1| as asserted in (7).

Next, in order to find the bound on the coefficient |ag,,+1|, we subtract (16) from (14). Observing (17)
we get

m+1 2 a(p2m _q2m)
] = —— = e 20
A2m+1 92 Am+1 + ) (ﬂ + 2?77)\) ( )
It follows from (13) and (20) that
m+ 1) a? fn o (Pam — Gom
Aomi1 = ( ) p (pQ q2 ) (21)

2 (1 + mA)? 2(p+2mA)

Applying Lemma 1 for (21), we get the desired estimate on the coefficient |ag,,+1| as asserted in (8). This
completes the proof of Theorem 4. O

By setting g =1 in Theorem 4, we obtain the following consequence.

Corollary 5 Let the function f(z) given by (3) be in the class Agfn Then

2 < mtl
\/(1+M)\)2+ma(1+2m)\_m)\2) , 1< A<1+ po
‘aerl‘ < (22)
1+2?n,\ ) A>1+ mTH
and
2 m + 1 O[Q 2a
|a2m+1| S ( )

(14 mA)? 1+ 2mA’

Remark 6 The above estimates for |amy1| show that the inequality (22) is an improvement of the estimates
obtained by Stiimer Eker [25].

Corollary 7 (see [253]) Let the function f(z) given by (3) be in the class A%i‘n Then

2«

lam+1] <
\/(1 +mA)® +ma (14 2mA — mA?)

and
2(m+1)a? 2
(14 mA)? 14 2mA\’

|a2m41| <

By setting =1 and A =1 in Theorem 4, we obtain the following consequence.
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Corollary 8 (see [22]) Let the function f(z) given by (3) be in the class HS, . Then

2
i) < !
VI +m) (1+m+ma)

and
| < 202 + 2c
a _ .
Al = T T+ 2m

By setting =0 and A =1 in Theorem 4, we obtain the following consequence.

Corollary 9 Let the function f(z) given by (3) be in the class S5 ,,. Then

2
lama| < .
myv1+«a

and

2(m+1)a®  «
—_— =

laom+1| <
m

m
By setting A =1 in Theorem 4, we obtain the following consequence.
Corollary 10 Let the function f(z) given by (3) be in the class Ps m (o, p). Then

2«

V4 m)? +ma(u+m)

|am+1| S

and

1)a? 2
2

+
|aom1] < + .
m) W+ 2m

By setting m =1 in Theorem 4, we obtain the following consequence.

Corollary 11 Let the function f(z) given by (3) be in the class N (o, X). Then

2
& , 1< A<1++/ 1
V()2 +a(ut2A—22) - Tt
lag| < (23)
25 D SR/
and
las| < 402 20
az| >

+ .
(+XN° pF2)

Remark 12 The above estimates for |as| show that the inequality (23) is an improvement of the estimates
obtained by Caglar et al. [8].
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3. Coeflicient estimates for the function class Ng,m (B, A)

Definition 13 For A >1 and u >0, a function f € ¥, given by (3) is said to be in the class Ngm (B,A) if

the following conditions are satisfied:

é]‘é((l—A)(fiz))H—ir)\f’(z)(f(z))u_l) -3 (24)

and

R ((1 Y (gi}“’)) £ 7' () (ﬂfj”)) > 5 (25)

where 0 < B <1;meN; z,w e U; and g= f~1 is defined by (4).

Remark 14 In the following special cases of Definition 13, we show how the class of analytic bi-univalent

functions Nz‘f’m (B,\) for suitable choices of X\, p, and m lead to certain new as well as known classes of
analytic bi-univalent functions studied earlier in the literature.

(i) For u =1, we obtain the m-fold symmetric bi-univalent function class
Nz m (B, A) = A3 (B)

introduced by Simer Eker [23]. In addition, for m = 1 we have the bi-univalent function class
N1 (B,A) = Bs (B, 1)

introduced by Frasin and Aouf [12].

(ii) For p=1 and XA =1, we have the m-fold symmetric bi-univalent function class

NZII,m (Bv ]-) = HE,m (5)

introduced by Srivastava et al. [22]. In addition, for m =1 we have the bi-univalent function class

Ny (B.1) = Hs (B)

introduced by Srivastava et al. [21].
(iii) For u=0 and XA =1, we get the class
N3 (B,1)

of m-fold symmetric bi-starlike functions of order B (see [14]). In addition, for m =1 we have the bi-starlike

function class

N2 (8,1) = S5 (B)

introduced by Brannan and Taha [3].

(iv) For A =1, we have a new class

g,m (57 1) = ’PE,m (5;,“’)7
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which consists of m-fold symmetric bi-Bazilevié functions.

(v) For m =1, we have the bi-univalent function class
Ng,l (B,7) :Ng (B,A)
introduced by Caglar et al. [8].

Theorem 15 Let the function f(z) given by (3) be in the class Ny, (8,\). Then

4(1—8) m(u+2m)\—m)\2)
G Grm 0 0S8 < LimmnGeEm
lam+1| é (26)
2(1-8) m(p+2mA—mA?)
FEEN Gy =P <1
and
L[ 2ma1)(1-8)  2(m+1)(1-B) | 2(1-B)
min { Gr2mN)dm) *  (urmn? T M+2m>\} , Osp<d
|lagm+1| < : (27)
2(1-8
Hﬁrmi ) =1
Proof It follows from (24) and (25) that
f@)\" f@\
-0 () ar @ (F2) —pra-ape (28)
and
w)\" w)\" !
-3 (£2) g @) (22) =40 Baw). (20)

where p(z) and ¢ (w) have the forms (11) and (12), respectively. Now, equating the coefficients in (28) and
(29), we have

(h+mA) amir = (1= 5)pm (30)
(H’ + 2mA) |:lu;1a$n+1 + a2m+1 = (1 - 6) Pam (31)
—(p+mA)amsr = (1-5)qm (32)
(i + 2m) [(m + “‘2”> @Ry —Gomi1| = (1= B) o (33)
From (30) and (32), we obtain
and
2(p+mAan g =(1—B8)? (ph + ) - (35)
Also, from (31) and (33), we have
(4 2mA) (u+m) a2,y = (1= B) (P2m + Gom) - (36)
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Therefore, from equalities (35) and (36) we find that

(1= 8) (Ipml* + lam|*)
2 (p+m\)°

2 |a/7n-|-1|2 S

and

(1 — ﬁ) (|p2m| + |q2m‘)
(1 +2mA) (u+m)

[

respectively, and applying Lemma 1, we get the desired estimate on the coefficient |a,,+1| as asserted in (26).

Next, in order to find the bound on the coefficient |agmy1|, by subtracting (33) from (31), we get

m+1 2 (1_6) (p2m_q2m)
aerl
2 2 (p+2mA)

ao2m+1 =

Upon substituting the value of a2, ,; from (35) into (37), it follows that

(m+1)(1—8)" (2, + %) | (1—5) (pom — Gom)

a2m, =
2m+1 4(M+m)\)2 2(/~L+2m)‘)

Applying Lemma 1 for (38), we find that

2m+1)(1-8)°  20-5)

Aom, < .

On the other hand, upon substituting the value of a2, ; from (36) into (37), it follows that

1-8
=+ 2mA) (i +m)

A2m+1 = 2(

Applying Lemma 1 for (40), we have

1-p
w4 2mA) (u+m)

|a2m+1\§( [w+2m+ 141 — pul].

(1 =+ 2m + 1) pom + (1 — 1) G2m] -

(37)

(38)

(41)

By investigating the bound on |ag,+1| according to p in (41) and comparing with (39), we get the

desired estimate on the coefficient |ag,,+1| as asserted in (27). This completes the proof of the Theorem 15. O

By setting p =1 in Theorem 15, we obtain the following consequence.
Corollary 16 Let the function f(z) given by (3) be in the class A%}m (8). Then

4(1-5) m(1+2mA—mA?)
demndary 0 0S8 < Asmmnarm

|am+1| S
2(1-p) m(1+2m>\7m)\2)
1+mA ’ (142mA)(14+m)

<B<1
and

2(1-7)
R
lazm 1] < 1+ 2mA
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Remark 17 Corollary 16 is an improvement of the following estimates obtained by Stmer Eker [23].

Corollary 18 (see [23]) Let the function f(z) given by (3) be in the class Agm (8). Then

4(1-7)
k%ﬂ|§¢ﬂ+2mMﬂ+nn

and

2(m+1)(1-5)° L 20-p)
(14 mA)* 14 2mA’

laom+1| <

By setting p =1 and A =1 in Theorem 15, we obtain the following consequence.

Corollary 19 Let the function f(z) given by (3) be in the class Hsm (8). Then

1(1-5) m
V ammaey 0 0S8 <1,

|am+1| S
2(1-p5) m
1+m ? 1+2m S B < 1
and
2(1-5)
T S = 4
|112 L+1| 1+2m

Remark 20 Corollary 19 is an improvement of the following estimates obtained by Srivastava et al. [22].

Corollary 21 (see [22]) Let the function f(z) given by (3) be in the class Hsm (8). Then

4(1-8)
jam 1] < \/(1 +2m) (14 m)
and

20-5)°  20-5)
1+m 1+2m

|a2m41| <
By setting 4 =0 and A =1 in Theorem 15, we obtain the following consequence.

Corollary 22 Let the function f(z) given by (3) be in the class N3, (8,1). Then

mV2A=p) , 0<B<3

|am+1‘ <
2(1;Lﬂ) ’ % <B<1
and
N A
lagmy1] < ,
Hnshos? L Lo | e <<
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By setting A = 1 in Theorem 15, we obtain the following consequence.

Corollary 23 Let the function f(z) given by (3) be in the class Ps m (B, 1) . Then

and

_40-p) m
] < Gz 0 0S8 < e
Am+1| >
2(1-8)
“utm »mem SB<1
i 2(m+1)(1-8)  2(m+1)(1-8)2 | 2(1-8)
| | mm{(’”zm)(“*m) DT w1 wram } , 0<p<l
G2m+1| <
2;553 ) p=>1

By setting m = 1 in Theorem 15, we obtain the following consequence.

Corollary 24 (see [8]) Let the function f(z) given by (3) be in the class N& (B,\). Then

and

1396

4(1—8) 22 —\2
ol < G 0 0SB < iNean
as| <
2(1-8) p42X— 22
S » g =<1
; 4(1-8) 41-p)* | 2(1-8)
aa] mm{(u+2k)(u+1) RSV ERR TR Y } , O=p<d
az| <
2(1-p)
TES5Y ) pw=>1
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