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1. Introduction

Let I be an interval of real numbers and a, b ∈ I with a < b . If f : I → R is a convex function, then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x) dx ≤ f(a) + f(b)

2
. (1.1)

This result is known in the literature as the Hermite–Hadamard inequality [13]. Such an inequality has received

some attention in recent years and many generalizations and extensions can be found in the literature; see

[1–12, 14, 15, 19–24] and the references therein.

In [10], Dragomir and Agarwal established the following result connected with the right part of (1.1).

Theorem 1.1 Let f : I̊ → R be a differentiable mapping on I̊ , a, b ∈ I̊ with a < b . If f ′ ∈ L1[a, b] and |f ′|
is convex on [a, b] , then the following inequality holds:

∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣∣ ≤ (b− a)

8
(|f ′(a)|+ |f ′(b)|) . (1.2)

Recently some authors obtained Hermite–Hadamard-type inequalities involving fractional integrals for

various classes of functions; see [3, 5, 6, 14, 15, 22, 23] and the references therein. In [23], Sarikaya et al.

established the following Hermite–Hadamard-type inequalities involving Riemann–Liouville fractional integrals.
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Theorem 1.2 Let f : [a, b] → R be a positive function with 0 ≤ a < b and f ∈ L1[a, b] . If f is a convex

function on [a, b] , then

f

(
a+ b

2

)
≤ Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)] ≤

f(a) + f(b)

2
, (1.3)

where α > 0 , Γ is the Gamma function, and Jα
a+f and Jα

b−f are the left-sided and right-sided Riemann–

Liouville fractional integrals of order α > 0 .

Note that for α = 1, (1.3) reduces to the classical Hermite–Hadamard inequality (1.1).

Theorem 1.3 Let f : I̊ → R be a differentiable mapping on I̊ , a, b ∈ I̊ with a < b . If f ′ ∈ L1[a, b] and |f ′|
is convex on [a, b] , then∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)]

∣∣∣∣ ≤ (b− a)

2(α+ 1)

(
1− 1

2α

)
(|f ′(a)|+ |f ′(b)|) , (1.4)

with α > 0 .

Observe that for α = 1, (1.4) reduces to (1.2).

In this paper, we obtain generalizations of Theorems 1.2 and 1.3 using the generalized fractional integrals

introduced recently by Katugampola in [16].

First we recall some definitions and mathematical preliminaries that will be used in this paper.

Let f : [a, b] → R be a given function, where 0 < a < b < ∞ .

Definition 1.4 (see [25]) The left-sided Riemann–Liouville fractional integral Jα
a+ of order α > 0 of f is

defined by

Jα
a+f(x) =

1

Γ(α)

∫ x

a

(x− τ)α−1f(τ) dτ, x > a, (1.5)

provided that the integral exists. The right-sided Riemann–Liouville fractional integral Jα
b− of order α > 0 of

f is defined by

Jα
b−f(x) =

1

Γ(α)

∫ b

x

(τ − x)α−1f(τ) dτ, x < b, (1.6)

provided that the integral exists.

Definition 1.5 (see [18, 25]) The left-sided Hadamard fractional integral Jα
a+ of order α > 0 of f is defined

by

Jα
a+f(x) =

1

Γ(α)

∫ x

a

(
ln

x

τ

)α−1 f(τ)

τ
dτ, x > a, (1.7)

provided that the integral exists. The right-sided Hadamard fractional integral Jα
b− of order α > 0 of f is

defined by

Jα
b−f(x) =

1

Γ(α)

∫ b

x

(
ln

τ

x

)α−1 f(τ)

τ
dτ, x < b, (1.8)

provided that the integral exists.

1222



JLELI et al./Turk J Math

In [16], Katugampola introduced a new fractional integration that generalizes the Riemann–Liouville and

Hadamard fractional integrals into a single form.

Definition 1.6 (see [16]) Let ρ > 0 . The generalized left-sided fractional integral ρIαa+f of order α > 0 of f

is defined by

ρIαa+f(x) =
ρ1−α

Γ(α)

∫ x

a

τρ−1

(xρ − τρ)1−α
f(τ) dτ, x > a,

provided that the integral exists. The generalized right-sided fractional integral ρIαb−f of order α > 0 of f is

defined by

ρIαb−f(x) =
ρ1−α

Γ(α)

∫ b

x

τρ−1

(τρ − xρ)1−α
f(τ) dτ, x < b,

provided that the integral exists.

Lemma 1.7 (see [17]) Let α > 0 . Then, for x > a ,

(i) limρ→1
ρIαa+f(x) = Jα

a+f(x) ,

(ii) limρ→0+
ρIαa+f(x) = Jα

a+f(x) .

Similar results hold for right-sided operators as well.

By using an adequate change of variables, we obtain the following identities.

Lemma 1.8 Let α > 0 and ρ > 0 .

(i) For x > a , we have

ρIαa+f(x) = (x− a)
ρ1−α

Γ(α)

∫ 1

0

(sx+ (1− s)a)ρ−1

[xρ − (sx+ (1− s)a)ρ]1−α
f(sx+ (1− s)a) ds.

(ii) For x < b , we have

ρIαb−f(x) = (b− x)
ρ1−α

Γ(α)

∫ 1

0

(sb+ (1− s)x)ρ−1

[(sb+ (1− s)x)ρ − xρ]1−α
f(sb+ (1− s)x) ds.

2. Main results

Let f : I̊ → R be a given function, where a, b ∈ I̊ and 0 < a < b < ∞ . We suppose that f ∈ L∞(a, b) in such

a way that ρIαa+f(x) and ρIαb−f(x) are well defined. We define the functions

f̃(x) = f(a+ b− x), x ∈ [a, b]

and

F (x) = f(x) + f̃(x), x ∈ [a, b].

We have the following result.
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Theorem 2.1 Let α > 0 and ρ > 0 . If f is a convex function on [a, b] , then

f

(
a+ b

2

)
≤ ραΓ(α+ 1)

4(bρ − aρ)α
[ρIαa+F (b) + ρIαb−F (a)] ≤ f(a) + f(b)

2
. (2.1)

Proof For s ∈ [0, 1], let u = as+ (1− s)b and v = (1− s)a+ bs . The convexity of f yields

f

(
a+ b

2

)
= f

(
u+ v

2

)
≤ 1

2
f(u) +

1

2
f(v),

that is,

f

(
a+ b

2

)
≤ 1

2
f(as+ (1− s)b) +

1

2
f((1− s)a+ bs). (2.2)

Multiplying both sides of (2.2) by

(b− a)
ρ1−α

Γ(α)

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α

and integrating over (0, 1) with respect to s , we get

(b− a)
ρ1−α

Γ(α)
f

(
a+ b

2

)∫ 1

0

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α
ds

≤ 1

2
(b− a)

ρ1−α

Γ(α)

∫ 1

0

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α
f(as+ (1− s)b) ds

+
1

2
(b− a)

ρ1−α

Γ(α)

∫ 1

0

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α
f((1− s)a+ bs) ds.

Note we have ∫ 1

0

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α
ds =

1

ρ(b− a)α
(bρ − aρ)α.

Using the identity

f̃((1− s)a+ bs) = f(as+ (1− s)b)

and property (i) in Lemma 1.8, we obtain

(b− a)
ρ1−α

Γ(α)

∫ 1

0

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α
f(as+ (1− s)b) ds = ρIαa+ f̃(b)

and

(b− a)
ρ1−α

Γ(α)

∫ 1

0

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α
f((1− s)a+ bs) ds = ρIαa+f(b).

As a consequence, we have

(bρ − aρ)α

ραΓ(α+ 1)
f

(
a+ b

2

)
≤

ρIαa+F (b)

2
. (2.3)
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Similarly, multiplying both sides of (2.2) by

(b− a)
ρ1−α

Γ(α)

(sb+ (1− s)a)ρ−1

[(bs+ (1− s)a)ρ − aρ]1−α
,

integrating over (0, 1) with respect to s and using property (ii) in Lemma 1.8, we obtain

(bρ − aρ)α

ραΓ(α+ 1)
f

(
a+ b

2

)
≤

ρIαb−F (a)

2
. (2.4)

By adding the above inequalities (2.3) and (2.4), we get

f

(
a+ b

2

)
≤ ραΓ(α+ 1)

4(bρ − aρ)α
[ρIαa+F (b) + ρIαb−F (a)]

and the left-hand side of the inequality (2.1) is established.

Since f is convex, for every s ∈ [0, 1], we have

f(as+ (1− s)b) + f((1− s)a+ bs) ≤ f(a) + f(b). (2.5)

Multiplying both sides of (2.5) by

(b− a)
ρ1−α

Γ(α)

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α

and integrating over (0, 1) with respect to s , we get

(b− a)
ρ1−α

Γ(α)

∫ 1

0

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α
f(as+ (1− s)b) ds

+ (b− a)
ρ1−α

Γ(α)

∫ 1

0

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α
f((1− s)a+ bs) ds

≤ (b− a)
ρ1−α

Γ(α)
[f(a) + f(b)]

∫ 1

0

(sb+ (1− s)a)ρ−1

[bρ − (sb+ (1− s)a)ρ]1−α
ds,

i.e.

ρIαa+F (b) ≤ (bρ − aρ)α

ραΓ(α+ 1)
[f(a) + f(b)]. (2.6)

Similarly, multiplying both sides of (2.5) by

(b− a)
ρ1−α

Γ(α)

(sb+ (1− s)a)ρ−1

[(bs+ (1− s)a)ρ − aρ]1−α

and integrating over (0, 1) with respect to s , we get

ρIαb−F (a) ≤ (bρ − aρ)α

ραΓ(α+ 1)
[f(a) + f(b)]. (2.7)
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Adding the inequalities (2.6) and (2.7), we obtain

ραΓ(α+ 1)

4(bρ − aρ)α
[ρIαa+F (b) + ρIαb−F (a)] ≤ f(a) + f(b)

2
.

The proof is complete. 2

Remark 2.2 Theorem 2.1 is a generalization of Theorem 1.2. Indeed, letting ρ → 1 in (2.1) and using property

(i) in Lemma 1.7, we obtain immediately inequality (1.3). Moreover, in Theorem 2.1 we do not suppose that f

is a positive function, which is required in Theorem 1.2.

Letting ρ → 0+ in (2.1) and using property (ii) in Lemma 1.7, we obtain the following Hermite–Hadamard

inequality for Hadamard fractional integrals.

Corollary 2.3 Let α > 0 . If f is a convex function, then

f

(
a+ b

2

)
≤ Γ(α+ 1)

4
(
ln b

a

)α [Jα
a+F (b) + Jα

b−F (a)] ≤ f(a) + f(b)

2
.

For α > 0 and ρ > 0, let Ξα,ρ : [0, 1] → R be the function defined by

Ξα,ρ(t) = [(ta+ (1− t)b)ρ − aρ]α − [(bt+ (1− t)a)ρ − aρ]α

[bρ − (bt+ (1− t)a)ρ]α − [bρ − (ta+ (1− t)b)ρ]α.

Before stating and proving our next result, we need the following lemma.

Lemma 2.4 Let α > 0 and ρ > 0 . If f ∈ C1(I̊) , then

f(a) + f(b)

2
− ραΓ(α+ 1)

4(bρ − aρ)α
[ρIαa+F (b) + ρIαb−F (a)] =

(b− a)

4(bρ − aρ)α

∫ 1

0

Ξα,ρ(t)f
′(ta+ (1− t)b) dt. (2.8)

Proof Using integration by parts, we obtain

ρIαa+F (b) =
(bρ − aρ)α

ραΓ(α+ 1)
F (a) +

(b− a)

ραΓ(α+ 1)

∫ 1

0

[bρ − (bs+ (1− s)a)ρ]αF ′(bs+ (1− s)a) ds. (2.9)

Similarly, we have

ρIαb−F (a) =
(bρ − aρ)α

ραΓ(α+ 1)
F (b)− (b− a)

ραΓ(α+ 1)

∫ 1

0

[(bs+ (1− s)a)ρ − aρ]αF ′(bs+ (1− s)a) ds. (2.10)

Using (2.9) and (2.10), we obtain

4(bρ − aρ)α

(b− a)

(
f(a) + f(b)

2
− ραΓ(α+ 1)

4(bρ − aρ)α
[ρIαa+F (b) + ρIαb−F (a)]

)
(2.11)

=

∫ 1

0

[((bs+ (1− s)a)ρ − aρ)α − (bρ − (bs+ (1− s)a)ρ)α]F ′(bs+ (1− s)a) ds.
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Note we have

F ′(bs+ (1− s)a) = f ′(bs+ (1− s)a)− f ′(as+ (1− s)b), s ∈ [0, 1].

Then we obtain ∫ 1

0

((bs+ (1− s)a)ρ − aρ)αF ′(bs+ (1− s)a) ds (2.12)

=

∫ 1

0

((ta+ (1− t)b)ρ − aρ)αf ′(ta+ (1− t)b) dt

−
∫ 1

0

((bt+ (1− t)a)ρ − aρ)αf ′(ta+ (1− t)b) dt

and ∫ 1

0

(bρ − (bs+ (1− s)a)ρ)αF ′(bs+ (1− s)a) ds (2.13)

=

∫ 1

0

(bρ − (at+ (1− t)b)ρ)αf ′(ta+ (1− t)b) dt

−
∫ 1

0

(bρ − (bt+ (1− t)a)ρ)αf ′(ta+ (1− t)b) dt.

Finally, (2.8) follows from (2.11), (2.12), and (2.13). 2

Remark 2.5 Letting ρ → 1 in (2.8), we obtain Lemma 2 in [23].

For α > 0, we introduce the following operator:

Lα(ρ, x, y) =

∫ a+b
2

a

|x− u||yρ − uρ|α du−
∫ b

a+b
2

|x− u||yρ − uρ|α du, ρ > 0, x, y ∈ [a, b].

We have the following result.

Theorem 2.6 Let α > 0 and ρ > 0 . If f ∈ C1(I̊) and |f ′| is convex on [a, b] , then∣∣∣∣f(a) + f(b)

2
− ραΓ(α+ 1)

4(bρ − aρ)α
[ρIαa+F (b) + ρIαb−F (a)]

∣∣∣∣ ≤ Iαρ (a, b)

4(bρ − aρ)α(b− a)
(|f ′(a)|+ |f ′(b)|) , (2.14)

where
Iαρ (a, b) = Lα(ρ, b, b) + Lα(ρ, a, b)− Lα(ρ, b, a)− Lα(ρ, a, a).

Proof Using Lemma 2.4 and the convexity of |f ′| , we obtain∣∣∣∣f(a) + f(b)

2
− ραΓ(α+ 1)

4(bρ − aρ)α
[ρIαa+F (b) + ρIαb−F (a)]

∣∣∣∣
≤ (b− a)

4(bρ − aρ)α

∫ 1

0

|Ξα,ρ(t)||f ′(ta+ (1− t)b)| dt

≤ (b− a)

4(bρ − aρ)α

(
|f ′(a)|

∫ 1

0

t|Ξα,ρ(t)| dt+ |f ′(b)|
∫ 1

0

(1− t)|Ξα,ρ(t)| dt
)
. (2.15)
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Note ∫ 1

0

t|Ξα,ρ(t)| dt =
1

(b− a)2

∫ b

a

|φ(u)|(b− u) du,

where

φ(u) = (uρ − aρ)α − ((b+ a− u)ρ − aρ)α + (bρ − (a+ b− u)ρ)α − (bρ − uρ)α, u ∈ [a, b].

Observe that φ is a nondecreasing function on [a, b] . Moreover, we have

φ(a) = −2(bρ − aρ)α < 0

and

φ

(
a+ b

2

)
= 0.

As a consequence, we have

{
φ(u) ≤ 0 if a ≤ u ≤ a+b

2 ,
φ(u) > 0 if a+b

2 < u ≤ b.

Hence, we obtain

(b− a)2
∫ 1

0

t|Ξα,ρ(t)| dt = I1 + I2 + I3 + I4,

where

I1 =

∫ a+b
2

a

(b− u)(bρ − uρ)α du−
∫ b

a+b
2

(b− u)(bρ − uρ)α du,

I2 = −
∫ a+b

2

a

(b− u)(uρ − aρ)α du+

∫ b

a+b
2

(uρ − aρ)α(b− u),

I3 =

∫ a+b
2

a

((b+ a− u)ρ − aρ)α(b− u) du−
∫ b

a+b
2

((b+ a− u)ρ − aρ)α(b− u) du,

I4 = −
∫ a+b

2

a

(bρ − (a+ b− u)ρ)α(b− u) du+

∫ b

a+b
2

(bρ − (a+ b− u)ρ)α(b− u) du.

Observe that

I1 = Lα(ρ, b, b) and I2 = −Lα(ρ, b, a).

Using the change of variable v = a+ b− u , we get

I3 = −Lα(ρ, a, a) and I4 = Lα(ρ, a, b).

Thus, we obtain

∫ 1

0

t|Ξα,ρ(t)| dt =
Lα(ρ, b, b) + Lα(ρ, a, b)− Lα(ρ, b, a)− Lα(ρ, a, a)

(b− a)2
. (2.16)
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Similarly, we obtain

∫ 1

0

(1− t)|Ξα,ρ(t)| dt =
Lα(ρ, b, b) + Lα(ρ, a, b)− Lα(ρ, b, a)− Lα(ρ, a, a)

(b− a)2
. (2.17)

Finally, the desired result follows from (2.15), (2.16), and (2.17). 2

Remark 2.7 Letting ρ → 1 in (2.14), we obtain Theorem 1.3.

For α > 0, let us introduce the operator

Wα(x, y) =

∫ a+b
2

a

|x− u|
∣∣∣∣ln u

y

∣∣∣∣α du−
∫ b

a+b
2

|x− u|
∣∣∣∣ln u

y

∣∣∣∣α du, x, y ∈ [a, b].

Letting ρ → 0 in (2.14), we obtain the following result.

Corollary 2.8 Let α > 0 . If f ∈ C1(I̊) and |f ′| is convex on [a, b] , then∣∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

4
(
ln b

a

)α [Jα
a+F (b) + Jα

b−F (a)]

∣∣∣∣∣ ≤ Kα(a, b)

4(b− a)
(
ln b

a

)α (|f ′(a)|+ |f ′(b)|) ,

where

Kα(a, b) = Wα(b, b) +Wα(a, b)−Wα(b, a)−Wα(a, a).
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[23] Sarikaya MZ, Set E, Yaldz H, Başak N. Hermite–Hadamard’s inequalities for fractional integrals and related

fractional inequalities. Math Comput. Modell 2013; 57: 2403-2407.

[24] Sarikaya MZ, Erden S. On the Hermite-Hadamard-Fejér type integral inequality for convex function. Turk J Anal

Number Theory 2014; 2: 85- 89.

[25] Samko SG, Kilbas AA, Marichev OI. Fractional Integrals and Derivatives. Theory and Applications. Yverdon,

Switzerland: Gordon and Breach, 1993.

1230

http://dx.doi.org/10.1016/j.laa.2011.08.050
http://dx.doi.org/10.1016/j.laa.2011.08.050
http://dx.doi.org/10.1016/S0893-9659(98)00086-X
http://dx.doi.org/10.1016/S0893-9659(98)00086-X
http://dx.doi.org/10.1006/jmaa.2000.6769
http://dx.doi.org/10.1006/jmaa.2000.6769
http://dx.doi.org/10.1186/1029-242X-2013-491
http://dx.doi.org/10.1186/1029-242X-2013-491
http://dx.doi.org/10.1007/BF02189414
http://dx.doi.org/10.1016/j.mcm.2011.12.048
http://dx.doi.org/10.1016/j.mcm.2011.12.048
http://dx.doi.org/10.12691/tjant-2-3-6
http://dx.doi.org/10.12691/tjant-2-3-6

	Introduction
	Main results

