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Abstract: In this paper, conditions for K-contact, Sasakian, and cosymplectic structures to be invariant under gauge
transformation are found. Moreover, the same question is studied for 3-Sasakian, 3-almost contact, and 3-cosymplectic
manifolds. Finally, it is shown that a slant submanifold of an almost contact metric manifold is invariant by gauge

transformation.
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1. Introduction

Gauge transformation of a contact metric manifold was introduced by Tanno [12]. He obtained a contact metric
structure invariant under gauge transformation. Sakamoto and Takemora introduced the gauge transformation
of an almost contact metric manifold in [9]. The study of gauge transformation has been considered by several
authors (see for instance [7, 8, 11]).

In this paper, we find conditions in which k-contact structures, Sasakian structures, and cosymplectic
structures are invariant under gauge transformation and we see that if the gauge transformation of a Sasakian
manifold is k-contact then it is Sasakian. We study gauge transformation of 3-Sasakian structures, almost
contact 3-structures, and 3-cosymplectic structures and take conditions in which these structures are invariant
under gauge transformation. Finally, we study gauge transformation of slant submanifolds of almost contact

structures. We see that these submanifolds are invariant under gauge transformation.

2. Preliminaries

An almost contact metric manifold is an odd-dimensional manifold M that carries a field ¢ of endomorphisms of
the tangent spaces, a vector field &, called characteristic or Reeb vector field, a 1-form 7 satisfying ¢? = —I+n®¢
and n(§) =1, where I : TM — TM is the identity map [3]. From the definition it also follows that ¢& =0,
nop = 0 and the (1, 1)-tensor field ¢ has a constant rank 2n. It is well known that any almost contact manifold

(M, p,€&,m) admits a Riemannian metric g such that

9(pE, F) = g(E, F) — n(E)n(F), (1)

holds for all E, F € I'(T'M). The metric g is called compatible and the manifold M together with the structure

(p,&,m, g) is called an almost contact metric manifold. As an immediate consequence of (1), one has n = g(+,§).
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The 2-form ® on M defined by ®(E,F) = g(E,pF) is called the fundamental 2-form of the almost
contact metric manifold. An almost contact metric manifold (M, ¢, &, 7,g) is said to be normal when the tensor
field N = [, @] + 2dn ® £ vanishes identically, where [p, ¢] denotes the Nijenhuis tensor of . Almost contact
metric manifolds such that dn = 0 and d® = 0 are called almost cosymplectic manifolds. A normal almost

cosymplectic manifold is called a cosymplectic manifold. Almost contact metric manifolds such that dn = ® are
called contact metric manifolds. A contact metric manifold is called K-contact if the tensor h = %f ¢y vanishes
[1]. Finally, a normal contact metric manifold is said to be a Sasakian manifold [10].

Let M be an immersed submanifold of M, TM the Lie algebra of vector fields on M, and TM~ the
set of all vector fields normal to M. For any X € TM , we write

©X =TX + NX,

where T'X is the tangential components of the tangent bundle and N is a normal-bundle valued 1-form on the
tangent bundle.

The submanifold M is said to be invariant if N is identically zero, that is, ¢ X € T'M for any X € TM.
On the other hand, M is said to be an anti-invariant submanifold if T' is identically zero, that is, ¢X € T+ M,
for any X € TM. According Lotta’s definition, M is slant if #(X) € [0, 7] and the angle between pX and
Tm]\;[ is a constant that is independent of the choice of x € M and X € Tz]\;[— <& > 4]

A gauge transformation of a contact metric manifold (M?"*1 . & n,g) is a contact metric manifold
(M?"*+, 5. €,77,9) defined by

n=1fn E=f%+2Z ¢=9p-01®¢Z,

g=fo+ f(f+1ZP —-neon— fPnege(Z,.) - f9(Z..) @n,

with Z =2 f72p(V f), for f € C®(M), f>0.
A gauge transformation of an almost contact metric manifold (M, ,&,n,g) is an almost contact metric
manifold (M?2"*1 5 €7, 3) defined by

n=¢e’n, dip=e€"(dp+dnAn), E=e(+pA), e=p+n®A,

g=e*(g—n®g(pA,.) = g(ed, ) @n+g(A An o),
where o € C*°(M) and A is a vector field in which dn(¢A, X) = do(hX), where hX is the projection of X in
kern.
An almost 3-contact manifold is a (4n + 3)-dimensional smooth manifold M endowed with three almost

contact structures (¢1,&1,m1), (92,82, m2), (¢3,&3,13) satisfying the following relations, for every «, 8 € {1, 2, 3},

3 3

3
PaPp — 1B 0 fa = Z €aByPy — 504,8[’ Wafﬁ = Z 6&,6”y£'yv Na0Pp = Z €aByTly, 770((55) =0, (2)
y=1 y=1 y=1

where €3, is the totally antisymmetric symbol. This notion was introduced by Kuo [6] and, indepen-

dently, by Udriste [13]. In [6] Kuo proved that given an almost contact 3-structure (¢a,&a, "), there exists a
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Riemannian metric g compatible with (¢, &q, M) and hence we can consider almost contact metric 3-structures.

It is well known that in any almost 3-contact metric manifold the Reeb vector fields &1, &2, &3 are orthonormal

with respect to the compatible metric g. Moreover, by setting H = ﬂizl kermn, one obtains a 4n-dimensional
distribution on M and the tangent bundle splits to the orthogonal sum TM = HP < £1,&2,&3 >.

When the three structures (pq4,&a,"a,9) are contact metric structures, we say that M is a 3-contact
metric manifold and when they are Sasakian, that is when each structure (@u,&n,7a,g) is also normal, we
call M a 3-Sasakian manifold. Indeed as it has been proved in 2001 by Kashiwada [5], every contact metric
3-structure is 3-Sasakian. A manifold with an almost contact 3-structure (p,&,n,g) is called an almost 3-
cosymplectic manifold if each almost contact structure is an almost cosymplectic structure. If each almost
contact structure is a cosymplectic structure the manifold is a 3-cosymplectic manifold.

Theorem 2.1 [2] Any almost 3-cosymplectic manifold is 3-cosymplectic.

3. Gauge transformation of almost contact metric manifolds

In this section we investigate some conditions under which K-contact manifolds, Sasakian manifolds, and

cosymplectic manifolds are invariant under gauge transformation.

Lemma 3.1 Let (M?"* . &,n,9) be a contact metric manifold and 0 < f € C®°(M) and € = f~Y¢ + Z be
the Reeb vector field of 1= fn; then

X(f)==2%9(X,0Z) +&(fm(X), Z(f)=0. (3)
Proof By using (1) we can write
=g(\/ £.X)
e(\/ ), 0(X) +n(X)n(\/ f)
=2129(Z,0X) +n(X)g(\] £,€)
= =2f%9(X, pZ) + £(f)n(X),

setting X = Z we have Z(f) = 0. O
In the following theorems we find some conditions for which the gauge transformation of a K-contact manifold

(Sasakian resp) is K-contact (Sasakian resp) as well.

Theorem 3.2 The gauge transformation of a K-contact manifold (M, ¢,&,n,9) is also K-contact manifold iff
(£29)X = g(X, Z)¢ for all X € x(M).

Proof Let (M,p,£&,n,g) be a K-contact manifold and (M, @,€,7,3) the gauge transformation by f. Since
(.;5’5@)5: 0, it is enough to check hX =0 for any X € x(M). We see

= olX, ) + olX, Z) - [ eX, €] - [0X, Z] — X ()¢
= [T £ep)X + (£20)X — X (71,
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now using (3) we have

eX(fh) ==X (f) =9(X,2).

Then (M, ®,&,7,9) is also K-contact iff (£z0)X — g(X,Z)¢ =0. O

Theorem 3.3 Let (M?"1 p,&,n,9) be a Sasakian manifold. The gauge transformation defined by f is also
Sasakian iff p(£z9)X =0 for all X € x(M).

Proof Let (M?"*! o & n,g) be a Sasakian manifold. Since we can write T,M =Do < € >, it is sufficient
to prove for the following cases:

For all X,Y belonging to D we have
[0, 61(X,Y) = @*[X,Y] + [pX, pY] - ¢[pX,Y] - @X, 5V,

but we can see
@Q[va] = 902[X’ Y] +ﬁ[X’ Y]Za [SZ’X) SZ’Y] = [QOX, ‘PYL

oleX, Y] = olpX, Y] —ij[oX,Y]eZ, ¢[X,eY]|=9¢[X,eoY]|—0X,oY]pZ;

therefore

(5, PI(X,Y) = —2di)(X, Y)E.

For all X belonging to D we have

[0, (€, Y) = *[€, Y] + @€, @Y ] — plE, Y] — @lE, Y,
if we set £ = f71¢ 4+ Z and X = X — 7XpZ in the above equation, we see
(2, 21(€, X) = —2di(€, X)€ + p(Lzp)X.

Finally [@,@](X,Y) = —2di(X,Y)¢ for any X,Y € x(M) iff o(£7¢)X = 0. O

Corollary 3.4 Let (M**1 0, & n,9) be a Sasakian manifold and f be a function on M such that 0 < f;

then the gauge transformation of this structure by f is Sasakian if the structure is K-contact.

Now we find a condition for a cosymplectic structure to be invariant under gauge transformation.

Theorem 3.5 Let (M?" 1 ¢, £ n,9) be a cosymplectic manifold. The gauge transformation defined by e is
also cosymplectic iff

doAN® =0, doAn=0 , @(£,ap)=0.

Proof Let (M?"*! & 1, g) be a cosymplectic manifold. We have
dij = €7 (dn + do A ),

1277



MIRMOHAMMAD REZAII and ZANDI/Turk J Math

Since dn =0, di =0 iff do An =0. Now since dn =0 and d® = 0 we have
d® =e*’[do AP —do A (n® g(A,.)) +do A(g(4,.) @n)]
=e27[—do A (n A g(A,.)) +do A D]
=2 [—(do An) Ag(A,.) +do AP,
and so (@,&,7,9) has an almost cosymplectic structure iff do A ® = 0 and do An = 0. If this new almost
cosymplectic structure is normal it will be a cosymplectic structure. Since we can write T,M = D@ < £ >, it

is sufficient to prove for the following cases:

For all X,Y belonging to D we have
[5,01(X,Y) = ¢*[X, Y] + [¢X, 5] — ¢lpX, Y] - ¢[X, 5Y],

but we can see
QQ[X’Y} :@2[X7Y]+77[X7Y](PAv [@X,@Y} = [‘anQOY])

@[@Xz Y] = <P[§0X7 Y] - ﬁ[@Xr Y]A’ @[X’ @Y] = (p[X, <PY] - 'F][Xa @Y]A;

therefore since dn = 0 we have

[95’ @](va) = 72d77(X; Y)S_ =0.

For all X belonging to D we have

(2, 21(6,Y) = @*[€, Y] + [2€, 7Y - o€, V] = Bl¢, oY,
if we set &€ =e (¢ +pA) and ¢X = pX + (X)A in the above equation, we see

[957 @} (5_7 X) = @(”gépA‘p)X

Finally [p, ¢](X,Y) = —2dn(X,Y){ =0 for any X,Y € x(M) iff p(£,49)X =0. O

Corollary 3.6 Let (M?*"1 p,&,n,9) be an almost cosymplectic manifold. The gauge transformation defined
by e? is also almost cosymplectic iff
doN® =0, doAn=0.

4. Gauge transformation of almost contact 3-structures

Now we are in a position to investigate the gauge transformation of almost contact 3-structures. First, let
(M3 04, €0, Ma, g) be a 3-Sasakian manifold. If we set 7, = fn, for a € {1,2,3} where f is a positive

function on M, we have three new contact structures:
No = fmuf; = f_lg(x +ZasPa = Pa —TNa @ Pala,
o = fg+f(f+f2|Za|2 — D)o @ 1o — [ Na ® 9(Zay-) — f2g(Zo”~) & N s
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where Z, = % F20a(V f). We say that this transformation is a gauge transformation of a 3-Sasakian manifold.

These new contact metric structures have a 3-Sasakian structure if \/ f € (kern,. Since 17,(£3) =

', (V f)=0iff V f € kern,. Thus we have the following theorem:

Theorem 4.1 The gauge transformation of a 3-Sasakian manifold has a 3-Sasakian structure iff \J f €
M kerng .

Remark 4.2 If we set 1, = fafa, we will see from (2) that this transformation of a 3-Sasakian structure

cannot carry a 3-Sasakian structure unless f1 = fo = f3. Thus we can use theorem /j.1.

Lemma 4.3 If we set 77 = fn for a € {1,2,3} where f is a positive function on M and \] f € (kern, then
we have §g(Zo, Zg) =0 and |Zo| = |Zg| ¥V o, B € {1,2,3}.
Proof We have

9(Zas Z5) = [ 9(0a ] Froa L ) = 4900, V 1V ) =0,

and

9(Za Za) = F*9(\] £ £

since V f € H we have |Z,| = |Z3| for all o, 8 € {1,2,3}. O

Theorem 4.4 The compatible metric with gauge transformation of a 3-Sasakian manifold is

9(X,Y) = fg+ S0 i[f(f + P21 Zal? = Ve @ na = P10 © 9(Zay ) = [29(Zas ) @ 1. (4)
Proof Tt is sufficient to prove g(@aX,@.Y) = §(X,Y) — o (X)74(Y). From (4) we have
9X.Y) = g1+ Zons[f (f + FPlZal? = Ve @ e — 210 © 9(Za, ) = F29(Zas ) @ 11a),
Therefore we have
9(@1 X, 01Y) = 1(X,Y) = (X)m(Y)
+ (4 P12 = Ona(X)ns(Y) = fP0a(X)9(Z3,Y) = [g(Zs, X)ns(Y)
+ [+ L2123 = Dma(X)me(Y) = [P02(X)g(Z2,Y) = [2g(Za, X)na(Y).

From lemma 4.3 and (2) we can see that this metric is compatible with a new 3-Sasakian structure. O

Now let (M,&q, %0, N0, g) With a € {1,2,3} be a manifold with an almost contact 3-structure. If we set

Na = €77, then we have three almost contact structures:
Mo = € MNa, dila =€U(d77a+d0/\77a)7 Ea :e_a(§a+<pAa)7 Pa = Pa +1® Aq,

Ga = €*7(9 — 10 ® g(9Aa,.) — 9(Aa,.) ®Na + g(A, Ao @ 14a).

We say that this transformation is a gauge transformation of an almost contact 3-structure. In the following
theorem we find a condition in which gauge transformation of an almost contact structure has an almost contact
3-structure.
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Theorem 4.5 A gauge transformation of an almost contact 3-structure has an almost contact 3-structure iff
A=Ay =A3 € H.

Proof We have
ﬁa(gﬂ) = Tla(SOBAﬂ)
= TI’Y(Aﬁ)v
Therefore 7,(é5) = 0 iff A, € H, Vo€ {1,2,3}.
@aé@ = eia(f'y + ‘P'yAB)y

and so %ég = f_,y iff A; = A; = Az. With direct computation we can see that

BPaPp — g @ Ea =Py + 1y ® Aa + 13 ® 0als — 13 ® Pala.

By setting X € kern, and X = &, we see that ¢,@s — s @ Eo = @~ iff Ay = Ay = A3. Therefore, the almost

contact 3-structure is invariant under the gauge transformation iff Ay = Ay = A3 € H. O

Remark 4.6 If we set 1, = e*n,, we will see from (2) that this transformation of an almost contact 3-

structure cannot result in an almost contact 3-structure unless o1 = o9 = o3. Then we can use theorem

4.5
Theorem 4.7 A compatible metric with this new almost contact 3-structure is

§=¢*(g+T31[~1a @ g(pAa,.) = 9(9Aa; ) @ 1o + g(A, A ® 11a)).- (5)
Proof Tt is sufficient to prove g(@aX,@.Y) = §(X,Y) — o (X)74(Y). From (5) we have

G(X,Y) = g1+ €7 (22 o[ ® g(pAa,.) — 9(0Aa,.) ® Na + g(A, A)a @ na)]),

and from (2) and theorem 4.5 we can see that this metric is compatible with the gauge transformation of an

almost contact 3-structure. O

Now with direct computation we have the following theorem

Theorem 4.8 A gauge transformation of a 3-cosymplectic results in a 3-cosymplectic structure iff

VO[G{].,?,?)}, doAng =0, doAN®,=0, A=Ay = A3 € H.

Proof From theorem 2.1 we can see that gauge transformation of a 3-cosymplectic manifold is 3-cosymplectic
iff each structure is almost cosymplectic. Therefore a gauge transformation of a 3-cosymplectic manifold is
3-cosymplectic iff

Va € {1,2,3}, doAn,=0, doA®,=0.
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5. Gauge transformation and slant submanifolds of an almost contact structure

Let M be a slant submanifold of the almost contact metric manifold (M, p,&,7,g) and 6(X) be the angle

between X and T, M . It can easily be seen that the distribution D is invariant under the gauge transformation.

Thus we can prove the following theorem:

Theorem 5.1 Slant submanifolds of an almost contact metric manifold are invariant under gauge transforma-

tions.
Proof We know that X € T,M— < &, > are vector fields in T, M ND. Since the distribution D is invariant
under gauge transformation we have ¢X = ¢ X and therefore TX =TX and NX = NX .
We compute 6(X)
cosf = X, TX) ,
lpX 3T X5

Since g =e* (g —n® g(pA,.) —g(pA,.)@n+g(A, A)n®n), pX € D and TX € D we have
9lpX,TX) = g(0X, TX), |TX|g=|TX|g, |pX]|g=lpX]y

and so
cos0(X) = cosf(X).

Finally since 6 € [0, Z], for any = € M and X € T,M— < £ > we have

Remark 5.2 Invariant and anti-invariant submanifolds are invariant under the gauge transformation of an

almost contact structure since for any X € TM we have X = ¢X .
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