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Abstract: In this note, we study topologically transitive and hypercyclic composition operators on Cp(X) or Ci(X).
We prove that if G is a semigroup of continuous self maps of a countable metric space X with the following properties:
(1) every element of G is one-to-one on X, (2) the action of G is strongly run-away on X, then the action of G on
Cp(X) is topologically transitive and hypercyclic. If G is the set of all one-to-one and continuous self maps of R\ Z,
then the action of G on Cy(R\ Z) is hypercyclic. We also show that the action of G on Cp(w1) is not hypercyclic.
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1. Introduction
Recall that a map T on a topological space X is called topologically transitive if for every pair of nonempty
open subsets U,V of X, there exists some n > 1 such that T"(U)NV # 0. A map T on X is called hypercyclic
if there exists € X such that {T™(z) : n > 1} is dense in X . During the last decade hypercyclicity has been
thoroughly investigated by several authors. We refer to the recent monograph [6].

If X is a Tychonoff space, then let C(X) denote the set of all continuous functions from X into R,
where R is the set of real numbers with the natural topology. Any continuous self map ¢ : X — X gives rise

to a composition operator Cy, defined by

Co(f)=1Fog, feC(X).

The topology under consideration on C'(X) is the point-open topology or the compact-open topology. The space
C(X) with the point-open topology is denoted by C,(X). Given a point x of X and an open subset U of R,
let [z, U] denote the set of all functions f € C'(X) such that f(z) € U. Then {[z,U]: 2 € X and U is open in
R} is a subbase for C,(X). The space C(X) with the compact-open topology is denoted by Cy(X). If K is a
compact subset of X and U is an open subset of R, we let [K,U] = {f € C(X): f(K) C U}. Then {[K,U]: K
is a compact subset of X and U is open in R} is a subbase for Cy(X). We study topologically transitive and
hypercyclic composition operators on Cp(X) or Ci(X). Let G be a semigroup acting as continuous functions
on a topological space X . Let idx denote the identity map of X, i.e. idx(z) =« for all z € X. We say the

action of G on X is topologically transitive, if for every pair of nonempty open subsets U,V of X, there exists
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f € G such that f(U)NV # (0. Similarly, the action of G on X is hypercyclic, if there exists * € X such that
the G-orbit of z, i.e. {f(x): f € G} is dense in X [§].

Composition operators on different function spaces have been extensively investigated; see [1, 7, 9].
In [4, 5], composition operators on spaces of real analytic functions were studied. Dynamical properties of
topological transitivity and hypercyclicity of a composition operator C, on certain subspaces of C(X) have
also been extensively studied in connection with the topological properties of the underlying map ¢; see [2, 9].

In [3], Bonet and Domanski characterized when composition operators Cy : A(£2) — A(2) are topologi-
cally transitive, where A(Q) is the space of real analytic functions defined on an open subset 2 of R?. They
proved that topological transitivity, hypercyclicity, and sequential hypercyclicity of Cy : A(Q2) — A(Q) are
equivalent when ¢ is a self map on a simply connected complex neighborhood U of R, U # R.

Recently, Javaheri in [8] proved that if X is a separable locally compact metric space, G is a semigroup
of continuous self maps of X with the following properties: (i) every element of G is one-to-one on X, (ii)
the action of G is run-away on X (G is called run-away on X if for every compact subset K C X, there

exists some ¢ € G such that ¢(K) N K = ), then the action of G = {Cy : ¢ € G} on Ci(X) is topologically
transitive and hypercyclic. We discuss characterizations of the action of G on Cy(X) or Cj(X) under which
X is not a locally compact space. We prove that if G is a semigroup of continuous self maps of a countable
metric space X with the following properties: (1) every element of G is one-to-one on X, (2) the action of G
is strongly run-away on X , then the action of G on Cp(X) is topologically transitive and hypercyclic. If G is
the set of all one-to-one and continuous self maps of R \ Z, then the action of G on Ci(R \ Z) is hypercyclic.
We also show that the action of G on C,(w;) is not hypercyclic.

The sets of real, rational, and integer numbers will be denoted by R, Q, and Z, respectively. N denotes

the set of positive integers. The set NU {0} is denoted by w. In this note, we let (Q,d) be a subspace of R
with the nature topology.

2. Main results

Inspired by the definition of run-away, we define a notion of strongly run-away.

Definition 1 Let (X,d) be a metric space. Suppose that G is a semigroup of continuous self maps of X, G
is called strongly run-away if there exists some § > 0 such that for every compact subset K of X, there exists
some ¢ € G such that d(¢(K),K) > 0.

Remark 2 Let (Q,d) be a topological space with the nature topology. If G is the semigroup of all one-to-one
and continuous self maps of Q, then the action of G on Q is strongly run-away.

Proof Let § > 0. Then there is some ¢ € Q such that ¢ > §. If K is a compact subset of @, then there exist
a,b € Q such that K C (a,b). If ¢ : Q — Q is a map such that ¢(z) = x4+ (b — a) + ¢ for each z € Q, then
the map ¢ is one-to-one and continuous and d(¢(K), K) > ¢ > 4. O

The following theorem is a main result of this note.

Theorem 3 Let (X,d) be a countable metric space. Suppose that G is a semigroup of continuous self maps of
X with the following properties:

(1) Every element of G is one-to-one on X .
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(2) The action of G is strongly run-away on X .

Let G be the semigroup of composition operators induced by the elements of G 1i.e. G= {Cy: ¢ € G},
then the action of G on Cp(X) is topologically transitive and hypercyclic.

Proof Let V and W be open subsets of Cp(X). Let f € V. Then there exists a finite set F; =
{z1,22,...,2,} C X and open subsets Uy,Us,...,U, of R such that f € [z, U] N...N[x,,U,] C V.
Let g € W. There exists a finite set F5 = {y1,%2,...,¥ym}t C X and open subsets Vi, Va,...,V,, of R such
that g € [y1, Vi] N ... 0 [Ym, Vin] C W

Since the action of G on X is strongly run-away, there exists some d > 0 such that for every compact
subset K of X, there exists some ¢ € G such that d(¢(K), K) > J. Let F'= F; UF,. Then there exists some
¢ € G such that d(¢(F),F) > 0.

Define f : Fy U ¢(Fy) — R such that if € Fy then f(z) = f(z). If z € ¢(Fy), f(z) = g(¢~'(z)).
Then f is continuous on Fy U ¢(F3). Since X is normal, there exists a continuous mapping f* such that
f*|F1u¢(F2) — f. This implies f* € V and f*o¢ € W. Thus Cy(V)NW % 0. Thus the action of G on Cp(X)
is topologically transitive.

Since X is countable, let X = {g, : n € N}. If F, = {q1,¢2,---,qm}, then |F,,| <w and F,,, C Fp41
for each m € N. Let F ={h:h: F - Qisamap, F C X,1 < |F| < w}. Since F is countable, denote
F ={hyn :n € N}. For each n € N there exists some m,, € N such that dom(h,) C F,,, , and we assume that
my >my if n>1.

For n = 1, the set dom(hy) C F,,,. By (2), there exists a continuous and one-to-one map ¢; € G
such that d(¢1(Fim,), Fm,) > 0. Let ky = my. For n = 2, there exists some ko > max{ki, ma} such that
(dom(hg) U ¢1(Fy,)) C Fy,. By (2), there exists some continuous and one-to-one map ¢o € G such that
d(¢2(Fk, ), Fiy) = 0.

By induction, there exists a sequence {¢, : n € N} C G of continuous and one-to-one maps on X and
an increasing sequence {k; : ¢ € N} with k; > max{m,, k;—1} if i > 1 such that (dom(h;)U ¢;—1(F,_,)) C Fg,
and d(¢;(Fy,), Fr,) > 6 for each i € N. Thus d(¢;(Fy,), ¢j(Fk,)) > 0 if @ # j. Thus dom(h,) C F, C Fy,
and ¢, (dom(hy,)) N Fy, =0 for each n.

Since {¢,(dom(hy,)) : n € N} is a family of finite sets of X and d(¢,,(dom (hy,)), dm(dom(hy,))) > § if
n # m, the set D = [J{¢n(dom(hy)) : n € N} is closed and discrete in X .

Define f : D — R such that if z € ¢,(dom(h,)) for some n € N then f(z) = h,(¢,'(z)). Thus
f(dn(x)) = hy(x) if 2 € dom(h,) for some n. Hence f is a continuous map on D. Since X is normal and D
is closed discrete in X, there exists a continuous mapping f*: X — R such that f*|p = f.

Let g be an arbitrary element of Cp(X), and let W be an arbitrary open neighborhood of ¢ in
Cp(X). Then there exists a finite set F' = {21,22,...,2} C X and a number k € N such that {¢' : ¢’ €
Cop(X),lg'(z5) — g(za)| < B1<i <1} W

For every 1 < i < I, there exists some b; € (g(z;) — £,9(z) + ) N Q. Let & : F/ — Q be a map
such that h'(z;) = b; for every 1 < ¢ < [. Then there exists some n € N such that ' = h,. Thus
dom(h,) = F' C F,,, C Fy, . For every x € dom(h,,), we have f*(¢,(x)) = hy(z). Then for every z € F',
Cor (F)(@) = 9(@)| = I(* © Bn)(@) — 9(@)] = (/" (6n(2)) — 9(@)| = [hn(z) — g(&)| = (&) — g(x)| < +. Hence
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Co, (f*) € W. Thus {Cy, (f*) : n € N} is dense in Cp(X). O
Let n € N and C be a compact subset of Q™, where Q™ is the nth power of (Q,d). Let d' be the

natural metric on Q™. For each 1 < i < n, the set m;(C) is compact in Q, where m; : Q" — Q is the
projection into the ith coordinate. By Remark 2, there exists some § > 0 and a map ¢; € G such that

d(¢i(m:(C)), m;(C)) > 6 for each i < n, where G is the semigroup of one-to-one and continuous self maps of

Q' If ¢ = (¢17¢27 . a¢n) such that d)(x) = <¢)1(x1),¢2(x2), . 7¢n(xn)> for each z = <1'1,332, s axn> € Qna
then ¢ is a one-to-one and continuous self map of Q™. Since C C [[,.;.,, m(C) and d(¢i(m:(C)), mi(C)) > &

for each i < n, then d'(¢(C),C) > \/nd. Thus the action of G* is strongly run-away on Q" if G* is the set of

one-to-one and continuous self maps of Q™.

Corollary 4 Let n € N and G be a semigroup of continuous self maps of Q™ with the following properties:
(1) Every element of G is one-to-one on Q™.
(2) The action of G is strongly run-away on Q™.
Then the action of G on Cp(Q™) is topologically transitive and hypercyclic.

Remark 5 In Theorem 3, every element of G is one-to-one and continuous and the action of G on X is
strongly run-away. By Remark 2, for every § > 0 and every compact subset F of Q, there exists a one-to-one
and continuous self map ¢ of Q such that d(¢(F),F) > &. Thus if G is the set of one-to-one and continuous

self maps of Q, then the action of G on Cp(Q) is topologically transitive and hypercyclic.

Corollary 6 Let n € N. If G is the semigroup of one-to-one and continuous self maps of Q™ , then the action

of G on Cp(Q™) is topologically transitive and hypercyclic.

Corollary 7 Let X be a countable discrete space. If G is the set of one-to-one and continuous self maps of

X, then Cp(X) = Ci(X) and the action of G on Cy(X) is topologically transitive and hypercyclic.

There exists a countable topological space X such that the action of G on Cp(X) is not hypercyclic.

Proposition 8 Let X = {1 :n € N}U{0}. Suppose that G is the set of one-to-one and continuous self maps
of X ; then the action of G on Cp(X) is not hypercyclic.

Proof Let ¢ € G. Since ¢ is continuous and one-to-one, ¢(0) = 0. If f € C,(X) and f(0) = b, then
Cys(£)(0) = (f 0 ¢)(0) = b for each ¢ € G. Then {fo¢: ¢ € G} is not dense in Cp(X). Thus the action of G

on Cp(X) is not hypercyclic. O

If X is a finite topological space, then the set G of one-to-one and continuous self maps is finite. Thus
for each f € Cp(X), the set {Cy(f) : ¢ € G} is a finite subset of Cp(X). Thus {Cy(f) : ¢ € G} cannot be

dense in C,(X). Therefore, we have

Proposition 9 Let X be a finite topological space. If G is the set of one-to-one and continuous self maps on

X, then the action of G on Cp(X) is not hypercyclic.

Since (R,d) is connected, every continuous function f:R — {0,1} is a constant map, where {0,1} is a

discrete space. Thus we have
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Proposition 10 Let (R,d) be the real line with the nature topology. Suppose that G is the set of one-to-one
and continuous self maps of R; then the action of G on Cp(R,2) is not hypercyclic, where Cp,(R,2) ={f: f:
R — {0,1} is continuous} .

Theorem 11 Let X and Y be homeomorphic topological spaces. If G1 and G2 are the sets of one-to-one and
continuous self maps of X and Y, respectively, then the action of G1 on Cr(X) is topologically transitive and

hypercyclic if and only if the action of Go on C(Y) is topologically transitive and hypercyclic.
Proof Let 6:X — Y be a homeomorphism. Define 6 : C(Y) = Cr(X) by

0(f) = fob, feCY).

Now we prove that 6 is a homeomorphism from Cj(Y) to Ci(X). Obviously, 6 is a bijection.

For any set [K,U] C Ci(X), where K C X is compact and U is an open subset of R. Since 6 is
a homeomorphism, (K) is a compact set in Y. Hence §~Y([K,U]) = [0(K),U] and [#(K),U] is open in
Cr(Y). Thus the map 6 is continuous. Let W = [Ky, U] N [Ka,Us] N ... N [Ky, U,] be an arbitrary element
of the base of Ci(Y), since 6 is a homeomorphism, §~!(K;) is compact in X for 1 < i < n. Therefore,
OW) = (0= (K1), U] N[0~ (Ka), Us]N...N [0~ (K,,), Uy] is open in Cx(X). The map 6 is an open map. Thus
0 is a homeomorphism from Cy(Y) to Cix(X). Then the action of G; on Cj(X) is topologically transitive and
hypercyclic if and only if the action of G on Cj (Y) is topologically transitive and hypercyclic. O

Remark 12 Let Gy be the set of one-to-one and continuous self maps of R. By Theorem 1 in [8], the action
of G1 on Ck(R) is hypercyclic. Let Go be the set of all one-to-one and continuous self maps of (0,1). Since
(0,1) and R are homeomorphic, the action of Ga on Ci((0,1)) is hypercyclic.

Finally, we discuss some properties of hypercyclicity in functional spaces on sums of spaces.

Theorem 13 Let X = @;enX;. For each i € N, suppose that G; is a semigroup of continuous self maps of X;
and G; is the semigroup of composition operators induced by elements of G;. If the action of G; on Cr(X;) is
hypercyclic, then there exists a semigroup G of continuous self maps of X such that the action of G on Cr(X)
s hypercyclic.
Proof For each i € N, since él on Cx(X;) is hypercyclic, there exists a continuous function f; € Ci(X;)
and a countable set A; = {¢;1,¢i2,...} of continuous self maps of X; such that {Cy, . (f;) : j € N} is dense
in Cr(X;).

We first construct a continuous function f € Ci(X). Let f(z) = fi(z) if x € X; for each 7. Then f is

well-defined and continuous on X.
For each n € N, let B,, = {¢: ¢ : X — X such that for each i < n there exists some j € N such that

olx; = ¢i; and ¢(z) = x for each = € X; if ¢ > n}. Then |B,| <w. If B=|J{B, :n € N}, then |B| <w
and B is a subfamily of the semigroup of continuous self maps of X .

Let g € C,(X) be an arbitrary element. Let K C X be an arbitrary compact set and e be an arbitrary
positive number. We prove that there exists ¢ € G such that |Cy(f)(z) — g(z)|x < €. Since X = ®;en X,
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there exists a finite set {ni,no,...,ns} C N such that K C J{X,, : 1 <1 < s} and X,,, N K # 0. Let

Xy, NK = K;. For every | € {1,2,...,s}, let gn, = g|x,, ; then g,, is continuous on X, . Since f|x, = fx,

and {Cy, . (fn,):Jj € N} is dense in Cy(X,,), there exists j; € N such that |Cy, . (fn,)(2) = gn, ()| < € for

all x € K;. By the construction of B, there exists a ¢ € B such that (i)\xnl = ¢n, 5 forevery l € {1,2,...,s}.

Thus we have |Cy(f)(z) — g(z)| < e for all z € K. O
By Theorem 13 and Remark 12, we have the following corollary.

Corollary 14 Suppose that G is the set of one-to-one and continuous self maps of R\ Z; then the action of
G on Cr(R\ Z) is hypercyclic.

It is well known that if f:w; — R is continuous, then there exists some xg € wy such that f(x) = f(x0)

for all > zo. In what follows, we prove that the action of G on Cp(wr) is not hypercyclic. We need the

following lemma.

Lemma 15 If ¢ : w1 — wy is a one-to-one and continuous self map of w1, then for every a € wy there exists

an a, € wy such that ¢(8) > a for every B > aq .

Proof Suppose that there exists some « € wy such that for every a € w; there exists 5, > a with ¢(8,) < «.
If A={f,:a € w}, then A is unbounded in w;. Since ¢(A) C [0,«] and |A| = wy, there are p,q € A

such that p # ¢ and ¢(p) = ¢(g). This contradicts with ¢ being one-to-one. O

Theorem 16 Let X = wy. If G is the set of one-to-one and continuous self maps of X, then the action of G
on Cp(X) is not hypercyclic.

Proof Let f € Cp(X). Then there exists an oy € w; such that f(a) = f(ay) for every @ > ap. Let
{¢n : n € N} C G be any sequence. For each n € N there is an a,, € wy such that ¢, (8) > ay for every 8 > a,

by Lemma 15.

If v =sup{a, : n € N}, then v € wy. For each n € N and for every 8 > v, Cy, (f)(8) = f(¢n(B)) =
f(ay). Then the action of G on C,(X) is not hypercyclic. O
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