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Abstract: Recently, various forms and improvements of Opial dynamic inequalities have been given in the literature.
In this paper, we give refinements of Opial inequalities on time scales that reduce in the continuous case to classical

inequalities named after Beesack and Shum. These refinements are new in the important discrete case.
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1. Introduction

In 1960, Olech [13] extended an inequality of Opial [14] and proved the following result.

Theorem 1.1 (Opial Inequality) If f € C([0,h],R) with h > 0 satisfies f(0) =0, then

h , h h , 9
[roraa<g [ o’ (1)

This inequality has generated a lot of research, both in the continuous and the discrete cases (see the
monograph [3] and the references therein). In 1962, Beesack [4] refined Theorem 1.1 as follows (see also [15,
Theorem 3]).

Theorem 1.2 (Beesack Inequality) If f € C1([0,h],R) with h > 0 satisfies f(0) =0, then

h h h
[ireroias [ 4a< g [Cirw?a (12

where

olt) =2 / F@F () dr - (F#)2 > 0.

We note that Theorem 1.2 implies Theorem 1.1.
In 2001, Bohner and Kaymakcalan [6] extended Theorem 1.1 to an arbitrary time scale and proved the

following.
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Theorem 1.3 (Dynamic Opial Inequality) Let T be a time scale with 0 € T. If f € CL([0,h]r,R) with
h >0 and h €T satisfies f(0) =0, then

h h 9
/ ()2 ()] At < h/ (£21)" At. (1.3)
0 0

For extensions and generalizations of (1.3), we refer the reader to the recent monograph [2]. Here we will
not give an introduction to time scales calculus but instead refer the reader to [9, 10]. We only remark that the
delta derivative is the usual derivative if T = R and the forward difference if T = Z, and the delta integral is
the usual integral if T = R and a sum if T = Z, and that the theory can be applied to any nonempty closed
set T C R, the so-called underlying time scale. We note that plugging T = R in (1.3) results in (1.1).

Below, in Section 2, we prove the following generalization of Theorem 1.3.

Theorem 1.4 (Dynamic Beesack Inequality) Let T be a time scale with 0 € T. If f € CL([0,h],R)
with h >0 and h € T satisfies f(0) =0, then

h oA h & h A 9
/0 |(f?) (t)‘At+h-/g(0) ta(t)AtSh_/o (f2(@1)" At, (1.4)

where

olt) == / (/)2 (1) Ar - (F(1)* > 0.

We note that Theorem 1.4 implies Theorem 1.3. We also note that Theorem 1.4 implies Theorem 1.2
since, for T =R, we have o(t) =1t for all ¢ € R.

The main objective of this paper is to present a time scales version of the following 1972 extension of
Theorem 1.2 due to Shum (see [15, Theorem 4 and (15)] and also [12, Theorem F and Theorem G]).

Theorem 1.5 (Shum Inequality) Assume that a,b € R, a < b, p > 0, and s € C([a,b],(0,00)) is
nonincreasing. If f € C'(la,b],R) satisfies f(a) =0, then

b —ar [P _ap [P )
[ swisarirmas CogE [Fo0 0 < CUE Fan popt ar (15)

p+1 p+1

where
t

9(t) = (p+1)/ s(r)F@P 1 () dr = s(t) [f(B)]"T = 0.

a

We note that Theorem 1.5 implies Theorem 1.2 by choosing
a=0, b=h, p=1, and s(t)=1forallt e [a,b].

The main result of this paper is the following Shum-type inequality, which improves Theorem 1.5 to an
arbitrary time scale.
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Theorem 1.6 (Dynamic Shum Inequality) Let T be a time scale. Assume that a,b € T, a <b, a > 1,

and s € Cl ([a,b]r, (0,00)) is nonincreasing. Let
K(t):=(t—a)* ' foral tc]la,blr.
If f € CL([a,blr,R) satisfies f(a) =0, then

tOERD90) N e /bs(t)|fA(t)‘aAt, (1.6)

b
a\A TN~ (1))
/as(t)!(f) WA+ KO) | woreao™ S a

where

t
g(t) := / s(T)|(f)2 ()] AT = s(t) |F(1)]" > 0.
We note that, with p = o — 1, Theorem 1.6 implies Theorem 1.5 since, for T = R, we have

K1)  _pt—a)™t _ p

KOKG@D)  (t—aP  ({—ap

We also note that Theorem 1.6 implies Theorem 1.4 by choosing
a=0, b=h, a=2, and s(t)=1forallt € [a,b].

The proof of Theorem 1.6 is given in Section 3 below. While Shum [15] combined Beesack’s method [4]
with that of Benson [5] and employed some integral inequalities involving partial derivatives of a function of two
variables, our method of proof follows the elementary approach of our proof of Theorem 1.4 without making it
necessary to first develop Benson’s integral inequalities involving partial delta derivatives of a function of two
time scales variables.

The set up of this paper is as follows. Section 2 features an easy and elementary proof of Beesack’s
inequality on time scales, Theorem 1.4. Next, some recently established Opial-type inequalities are used in
Section 3 to present the proof of Shum’s inequality on time scales, Theorem 1.6. Section 4 contains discrete
versions of Beesack’s inequality and of Shum’s inequality.

2. Beesack’s inequality on time scales

In this section, we prove Beesack’s inequality on time scales, Theorem 1.4. Throughout this section, we assume
that the assumptions of Theorem 1.4 hold and put

K@) =t and o(t) ;:/0 (F2)2 ()| AL, € [0, hlx.

Lemma 2.1 For any c € (0, h]r, we have

o) o) ()20 A2 A2
h +/C <to(t) sm  TUT@) A< /O (f20)” At (2.1)
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Proof Let 0 <c¢ <h with ¢ € T. Note that Theorem 1.3 asserts

@g/ (f2(1)" At.

(&
¢ 0
Using the time scales quotient rule [9, Theorem 1.20 (v)] (note that the notation K¢ means K o o) and the
additivity property of time scales integrals [9, Theorem 1.77 (iv)], we obtain

v(h v
o .

)
) (2) @+ [ r2)” ac
(

Il
T

h UA . AU c )
| (S ) o+ [ r20)* ar
PR 0 s [ sartar g
B /C <U(t) t (t))At“L/O (f2()" At /C (F2(1)" At
A0 ane v P
- /C ( @ (f2m) to(t))At+/0 (F2(0)° At,

which proves (2.1). O

Lemma 2.2 We have

f 2 }(f Z)A‘ A2
N S (2.2)
Proof Using the time scales product rule [9, Theorem 1.20 (iii)] and the “simple useful formula” [9, Theorem

1.16 (iv)], we get

() =21+ 1207 =22+ u (%)
where p = o — K is the graininess of the time scale. Thus, we have
K[(f22] = 2= KK (%) = K20/ +u(/2)| = 1 = oK (1)’
< 2K |fFA] 4 pK (12) — 12— ok (f2)
= 2K |ffA] - - K2 (£2)
= —(Ifl-K[f2)° <0

on (0, h]r, which proves (2.2). O

Using Lemmas 2.1 and 2.2, we may now complete the proof of Theorem 1.4.
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Proof [Proof of Theorem 1.4] First, using the definition of the time scales integral [9, Definition 1.71] and the

triangle inequality for time scales integrals [9, Theorem 1.77 (viii)], we obtain

oft) = / (/22 ()| Ar > / (/)2 (r)Ar

which shows that
g:vff2 >0 on [0,hA]r.

Now let ¢ € (0, h|r be arbitrary. Using (2.2) in (2.1), we find
o(h) " gt b2
_— < . .
. +/c to(t)At_/O (f2(1)" At (2.3)

If 0 € T is a right-scattered point of T, i.e. ¢(0) > 0, then (2.3) holds for ¢ = ¢(0). If 0 is a right-dense point
of T, i.e. o(0) =0, then, by passing in (2.3) to the limit as ¢ — 07, (2.3) holds for ¢ =0 = ¢(0) and

" g(t)
0§/0 mAt<oo

since the other two occurring integrals in (2.3) are finite and do not depend on ¢. Hence, in either case, (2.3)
holds for ¢ = ¢(0). This proves (1.4).

Example 2.3 Opial’s inequality has many nice applications to differential and difference equations, e.g.,
uniqueness of solutions of initial value problems or boundary value problems, upper bounds for solutions, dis-
focality, and disconjugacy. So far, no such applications of Shum’s inequality or Beesack’s inequality have been
studied. For disfocality/disconjugacy, two different weight functions are required, while Shum’s inequality is
only valid for the same weight function on each side. Here, we present a simple example of an application of
Beesack’s inequality. Note again that this is the first such example in the literature, even for T = R. This

example is related to the application of Opial’s inequality in [3, Example 6.5.1]. Define

b LA AT - (y(s))?

As
o(0) SJ(S)

5(t7 y) =

and consider the initial value problem
A _ 42 2 _
Yy~ =t +t&(t,y) +y* on [0,1]NT, y(0)=0,

where we assume that 0,1 € T and (0,1)NT # Q. Then, for all 0 <t <T <1, using Theorem 1.4, we have

A A ¢ g(s) ! A
|y (t)| = y (t)t2+t/g(0) SU<S>A5+/O(y2) (s)As
2 ¢ g(s) ! 2\A
<1 +t/0(0) SU(S)AS+/O I(52)2(s)| As
2 N 2A6
< et [ pPera
< T{t+/0 (yA(s))QAS} =: R(t),
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and thus
RA) <T{1+ y*1)*} <T 1+ (R(t))?).

From here, we may derive an upper bound for R and hence for y, e.g., if T=R, as in [3, Example 6.3.1],
t
y(t) < / tan(s%)ds.
0

3. Shum’s inequality on time scales

In this section, we prove Shum’s inequality on time scales, Theorem 1.6. Throughout this section, we assume
that the assumptions of Theorem 1.6 hold and put

b
K(t):=(t—a)®' and wv(t) ::/ s(t) |(f*)2 ()| At,  t € [a,b]r.

First, the generalization of Lemma 2.1 is needed for the current situation. However, in the first line of
the proof of Lemma 2.1, Theorem 1.3 was used, so we first need to establish a generalization of Theorem 1.3
for the current situation. To do so, we use a recently published result [8, Corollary 3.2] (see also [1, 7]), which

we recall as follows.
Theorem 3.1 (See [8, Corollary 3.2]) Let T be a time scale. Assume that a,b €T, a<b, a>1,
r,s € Cra([a,blr, (0,00)), and f € CLi([a,d]r,R).
If f(a) =0, then
b

[ solurolse<ar [Frwlrof (3.1)

where
with

Using Theorem 3.1 with r = s, we now prove the following new result, which will be used in place of
Theorem 1.3.

Theorem 3.2 Let T be a time scale. Assume that a,b € T, a < b, a > 1, and s € Cyq([a,b]r, (0,00) is
nonincreasing. If f € Cly([a,b]T,R) satisfies f(a) =0, then

b b
/as(t)‘(fa)A(t)‘Atg(bfa)“’l/a s(t) | A1) At. (3.2)
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Proof Using the time scales chain rule [9, Theorem 1.90] and the nonincreasing character of r = s, we obtain

(RM)™(t) = aR™() /01 (R(t) + hu(t)RA(£)) " dh

! ! tAT hu(t) )a_l
. — + . dh
o </ )T )

@ ! tOAT hu(t) >a_1
. — + < dh
o </ ()T ()T

<
« ! 1 a—1
- o |+ = e ey an

Putting now L(t) =t — a and using the time scales chain rule once more, we find

1
COFT R0 < o[ (t-a ) dn
0

_ A ! A\ @l
al (t)/o (L(t) + hu(t) L2 (1)) dh

= (L)
Thus,
b o
M= { / (s(t))a“1<Ra>A<t>At}
< {/b(LO‘)A(t)At}“
= (L)~ L%(a)" "
= @ee)=
= LY =(b—a) L
Hence, (3.1) implies (3.2). O

We note that Theorem 3.2 implies Theorem 1.3 by choosing
a=0, b=h, a=2, and s(t)=1forallte€ [a,b]r.

We now may continue with the generalization of Lemma 2.1.

Lemma 3.3 For any c € (a,b|t, we have

v(b) /b< E2(0u(t) ()] () 0)]

b
®) ROK©o@) Ko () +s(t) | f2 ()] )Atg/a s(t) | f2 )] At (3.3)
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Proof Let 0 <c¢ <h with ¢ € T. Note that Theorem 3.2 asserts

v(c) ¢ A @
e g/a S [F2 0] At

Iv(((bb)) B (%)

~(x) @+
) <%) /" (0]720]" At

< (%
b v . b X
= [(()  O-swlrrol)ars [ oo a
_ ” VA (1) Ao K@D b e
) <K<0t OIOF - Faiggey) 8+ [ @10l s
which proves (3.3). O

The main difficulty in the proof of Theorem 1.6 now is in establishing the following generalization of
Lemma 2.2.

Lemma 3.4 We have

+[fA% on (a,b]r. (3.4)

CRAp U
KKe — Ke
Proof We consider two cases. First, suppose ¢ € (a, b is such that f(¢) = 0 holds. Then

1
(fH2 () = afA(t)/O (f(t)+hu(t)fA(t))a_ldh

_ A Agme-t [1ac
af @) () f>®)" [ hetan
0

= (u®)" (F20)

and thus
[(f)2 (0] =

(u(t)) ‘“|fA ®|" = K@) |20

= {ew-0"" = (W - a)“—l} A" <.

FOI* = Ko®) [12@)

Hence, the inequality in (3.4) holds at ¢t. Now suppose t € (a, by is such that f(¢) # 0 holds. Put
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Then
A
(20 - Tt O - Klot) |20
— ol ! Aot | K2(1) _ A
= ol [ o+ mwrso) " al - O 10 - ko) 20"

= e [ FAONT Gl D EAO e
= ) { o[ (1+moZ D) an] - R e (t))}
1 A
< Wor foy [ 0 mn " an- T8 ko).
9

Hence, the inequality in (3.4) holds at ¢ provided we can show

K2()
K@ ~OEE®) (3.5)

1
F(x):= ax/ (14 hu(t)z)* " dh —
0
<0 forall z>0.
We now show the following facts about F':
(a) F(0) <0,

(b) Fl(z)>0if 0< o< 1,

(© F (&) =F (&) =0,
(d) F'(z) <0if 2> .

Note that (a)—(d) implies (3.5) and thus immediately completes the proof.
Now, to show (a)-(d), let us put, as in the proof of Theorem 3.2, L(t) =t —a. Then L = 1 and
K = L1, Clearly,

A 1
F(0) = - 0 = —(a— 1)1;10152)/0 (L(t)—&—hu(t)LA(t))aJ dh

_ _O;:a)l /01 <1+hgg)a_2dh<0,

so (a) holds. Next, since

« 1 a-1 al® 1 o1
fnl, (i) @ - T ) o mono)

(L2 () (LL*) (1)

Le(t)y Lot
_ o) + L(Y (o1 (1)
Le(t)
_ K(o(t) | K3
Le(t) K(t)
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we obtain F' (ﬁ) = 0 so that one part of (c) is established. Next, we calculate F”:

1 1
F'(z) = a/o (1+hu(t)m)“*1dh+a/0 (o — Dhp(t)x (1 + hu(t)z)* > dh

—az® 'K (o(t))

1

a/o d% [h (1+ hu<t)x)a—1} dh — az® " (L(t) + p(t) LA ()"~
= {4 u2) ™" = @L) + p)2) T},

from which the remaining part of (c) as well as (b) and (d) follow. O
Using Lemmas 3.3 and 3.4, we may now complete the proof of Theorem 1.6.

Proof [Proof of Theorem 1.6] First, using similar estimates as in the proof of Theorem 1.4 and the nonincreasing

character of s, we find
w0 = [ sm]ur @far=s |

/ ()2 (7)
= S0

> s(t) =s(®)[f*() — f*(0)]

which shows
g=v—s|f*>0 on [a,br.

Next, let ¢ € (0, h|r be arbitrary. Using (3.4) in (3.3), we find

K@) /. K(t)K(U(t))AtS/a s(t) (f2(1) At (3.6)

Now, exactly as in the proof of Theorem 1.4 in Section 2, (3.6) holds for ¢ = o(a). This proves (1.6). O

We summarize the important case s(t) =1 for all ¢ € [a, b]r in the following corollary.
Corollary 3.5 Let T be a time scale. Assume that a,b€ T, a <b, and o> 1.
K(t):=(t—a)*' forall tca,b]r.
If f € CL(la,blr,R) satisfies f(a) =0, then

b KAyt

b
A a
WMSK(")/& [FE0] A (3.7)

JRESECIINEYSC

o(a)

where

o(t) == / (F)3 ()] Ar — £ > 0.
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Remark 3.6 It must be noted that the proof of the crucial Lemma 3.4 is very easy in the classical case T = R.

Indeed, when p =« — 1, the inequality in (3.4) is equivalent to
1
PP+ LI 2 e+ DIFF LD
where we used L(t) =t — a, and this follows from the well-known inequality (e.g., [11, Theorem 41])
P 4 pyPt > (p+ Day?  for x,y>0 and p>0.

4. Discrete inequalities

In this section, for completeness, we give the discrete analogues of Theorem 1.4, Theorem 1.6, and Corollary 3.5.
These special cases of the main results of this paper are new in the important discrete setting. Note that below

we use the usual forward difference operator A defined for a sequence g : Ng — R by Ag(k) = g(k+1) —g(k).

Corollary 4.1 (Discrete Beesack Inequality) Let N € N. If f:[0, N]N Ny — R satisfies f(0) =0, then

N —

[

N-1 ( N—
|Af2(k |+NZM+ <N (4.1)
k=0 k:O

,_.

where

n—1

n) =Y [Af(R)| - f*(n) > 0.

k=0
Corollary 4.2 (Discrete Shum Inequality) Assume M,N € Ng, M < N, a>1, and s: [M,N]NNy —
(0,00) is nonincreasing. Let

K(n):=(n—M)*"' forall ne[M,N]NNy.

If f:[M,N]NNy — R satisfies f(M) =0, then

N—

,_.

-1

s(k) |Af*(R) + K(N) Y

=M k=M+1

N—

,_.

(AK(k

(

=M

b
b

where

n—1
s(k) [Af* (k)] = s(n) [f(n)|* =0
k=M
Corollary 4.3 Assume M,N € Ng, M < N, and o > 1. Let
K(n):=(n—M)*"1 forall ne[M,N]NN.
If f:[M,N]NNyg — R satisfies f(M) =0, then
N—-1 N-1

|Af (k)| + K(N)
=M k=M+1

N—

H

(AK(K)g (

KK ( + AFEI (43)

k:M

=
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where

=

=
=

—_
—_

=
2o

=
w

= =
L L - A e =)

66

n—1

g(n) =Y [AF(K) = [f(n)|* > 0.

k=M
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