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Abstract: We consider the existence of positive solutions of the nonlinear first order problem with a nonlinear nonlocal

boundary condition given by

() = T(t)ﬂ?(t)Jeri(t#f(t)), t€[0,1]
Az(0) = x(1)+ZAj(Tj7x(Tj))v 7; € [0,1],

where 7 : [0,1] — [0,00) is continuous, the nonlocal points satisfy 0 < 71 < 72 < ... < 7, < 1, the nonlinear functions
fi and A; are continuous mappings from [0, 1] X [0,00) — [0,00) for ¢ =1,2,...,m and j = 1,2,...,n respectively, and
A > 1 is a positive parameter. The Leray—Schauder theorem and Leggett—Williams fixed point theorem were used to

prove our results.
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1. Introduction

Consider the first order boundary value problem (BVP) with nonlinear nonlocal boundary condition

2 (t) =r(t)z(t) + Zfi(t,x(t)), tel0,1] (1.1)

n

Az(0) =z(1) + Y Aj(r, 2(ry)), 75 € [0,1], (1.2)
j=1
where r : [0,1] — [0,00) is continuous, f; : [0,1] x [0,00) — [0,00),% = 1,2,--- ,m, and the nonlocal points

A; 2 [0,1] x [0,00) = [0,00),j = 1,2,...,n are continuous with 0 < 74 < 7» < ... < 7, < 1, the nonlinear
functions A; satisfy

0<Aj(t,z) <a¥,(t,z), te(0,1], x € [0,00) (1.3)
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for some positive continuous functions ¥, : [0,1] x [0,00) — [0, 00), and the scalar A satisfies

A> 1+§ijﬁj exp (/Olr(n)dn), (1.4)

where

.= . (t 1.5
B; omax j(t, ) (1.5)

for some real constant c.
The BVP (1.1)-(1.2) was first studied by Anderson [1], who used the Leggett—William multiple fixed

point theorem to obtain three positive solutions of the BVP (1.1)—(1.2). The results obtained by Anderson [1]
are motivated by the results obtained for time scales in [2, 5-9, 12, 16-19]. Recently, Padhi et al. [15] used the
Leggett—Williams multiple fixed point theorem to establish a sufficient condition for the existence of at least
three positive solutions of the BVP (1.1)—(1.2), and improved the results in [1].

Motivated by the work by Anderson [1], Cetin and Topal in [3] used monotone iteration and established
an iterative scheme for the existence and approximation of two positive solutions of the nonlinear nonlocal

first-order multipoint problem with sign changing nonlinearities
() +rt)zt) = Y filt,x(t), te0,1]
i=1
2(0)=2z(1) + Y gi(tj,x(ty), = €[0,1],
j=1

where 7 : [0,1] — [0,00) is continuous, f; : [0, 1] x [0,00) = (—00,00), 4 =1,2,--- ,m, and the nonlocal points
g; : [0,1] x [0,00) — [0,00),7 = 1,2, ...,n are continuous, and satisfy 0 <¢; <ty <...<t, <1.

This work has been divided into three sections. Section 1 is the Introduction, which contains the basic
notations and the fixed point theorems used in this paper. Statements of two theorems, namely the Leray—
Schauder theorem and Leggett—Williams multiple fixed point theorem, are given in this section. In Section 3, we
give an example to show that the use of the Leray—Schauder theorem is not sufficient to have a complete study
on the existence of positive solutions. This forces us to use the Leggett—Williams multiple fixed point theorem
in the example to find the number of positive solutions. Thus, we have applied the Leray—Schauder theorem
and Leggett—Williams multiple fixed point theorem in Section 2 to obtain three theorems on the existence of
positive solutions of the BVP (1.1)—(1.2). In Section 3, all these three theorems are applied to an example to
get a complete study on the existence of positive solutions. The motivation for the study of this example for
a particular case came from [4] and [14]. An extensive use the Leggett—Williams fixed point theorem can be
found in [13] for the existence of positive periodic solutions of first order functional differential equations.

We shall use the following notations for our use in the sequel: Let X be a Banach space. For any cone
K on X, we denote K, = {z € K : ||z]| <a}, K, = {z € K : ||z|| < a} and

K(4,b,¢) = { € Ki3(x) > band ||| < c}

for any constants a > 0,b > 0, and ¢ > 0. With the above notations, we now state the following fixed point
theorems.
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Theorem 1.1 ([10], Leray—-Schauder) Let K be a convex subset of a Banach space X, 0 € K, A: K - K
be a completely continuous operator. Then either (i) A has at least one fixed point in K, or (ii) the set

{r € K:x=pAz,0 < p <1} is unbounded.

Theorem 1.2 ([11, Theorem 3.3]) (Leggett—Williams fized point theorem) Let X = (X,||.||) be a Banach space
and K C X be a cone, and c4 > 0 be a constant. Suppose there exists a concave nonnegative continuous
function v on K with v (z) < ||z|| for x € K., andlet A: K., — K., be a continuous compact map. Assume
that there are numbers ci,co, and c3 with 0 < ¢y < ¢y < c3 < ¢4 such that

(1) {z € K(¥,ca,c3);¢(x) > ca} # ¢ and P(Azx) > co for all x € K(¢, o, c3);

(ii) ||Az|| < c1 for all z € K,;

(1i) Y(Ax) > co for all © € K(3, ca,cq) with ||Az| > cs.

Then A has at least three fized points x1,x2, and x3 in K.,. Furthermore, we have 1 € K., , 2o € {x €

K1, ca,c4) 1 (x) > o}, and x5 € K., \{K (¥, ca,c4) UK, }.

Remark 1 According to the localization of the fixed points in Theorem 1.2, one of them is possibly a zero
(namely x1 € K., ). Thus, the operator A, stated in Theorem 1.2, has at least two positive fized points and a
zero fized point as can be easily observed. Accordingly, the BVP (1.1)-(1.2) has two positive T -periodic solutions

and a possible trivial solution (if the conditions of Theorem 1.2 are satisfied).

2. Main results
Clearly, the BVP (1.1)—(1.2) is equivalent to the integral equation

oot exp( [y (n) dn) 30—, Aj(7j, (7))
= G (s, d J .
"0=3 | Gtantsate)as+ T STy (21)
where G(t,s) is Green’s kernel, given by
exp( [ r(n) dn) A L if0<s<t<l
G(t,s) = s , 2.2
h9) (A — exp(f, r(n) dn)) ) {exp(folr(n) dn); if0<t<s<l 22)
Theorem 2.1 Let
fo= tmsup 20 _g i—192..m (2.3)

z—0+,0<t<1 &

hold. Then the BVP (1.1)—(1.2) has at least one positive solution.

Proof Let X = C]0,1]; then X is a Banach space endowed with the sup. norm. From (2.3), there exist
constants € and B > 0 such that

filtbz) <ex for0<a< B, 0<t<land1<i<m
holds, where € > 0 is chosen such that it satisfies

A= (14352, 85 ) exo (fy r(n) dn)
xm [} exp(fL(r(n)dn)ds)

0<e< (2.4)
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On X, we define a convex set K by

K = {z(t);z(t) € X, z(t) > 0,z(t) is nondecreasing, z(t) < B,0 <t < 1},

and an operator A: K — X by

m

(>\ — exp(fy r(n) dn))

where G(t,s) is Green’s kernel given in (2.2). The operator A in (2.6) can be rewritten as

Nexp( [, r(n)dn)
i(s,z(s))ds
Z/ _expfo oy )

+Z / exp( [y (1) dn) exp( [ (1) dn)

— €xp fo dﬁ))

exp( [y (1) dn) S Aj(Tj,x(Tj)).
A —exp fo )dn)

fi(s,x(s)) ds

Z/ Gt, ) fi (s, (s)) ds + —> (Jy r(n) dn) S5y Ayl 2(7)))

(2.5)

(2.6)

Let x € K. Then the positivity of f;, ¢ = 1,2,...,m and A;, j = 1,2,...,n shows that (Az)(t) > 0 for all
€ [0,1]. Now we show that the fixed points of the operator A are the solutions of the BVP (1.1)-(1.2). In

fact, if = Ax, then from (2.7), we have

Aexp( [, r(s)ds)
i(s,x(s))ds
Z/ A —exp fo ds))f( (s))

\ Z; 1 A7, 2(75))
(A — exp( [, r(n) dn))

/ Nexp( [, r(n) dn)
o (A —exp(fy r(n)dn))

fi(s,z(s)) ds

i=1

_ exp fO 7]) - AT (T
ool fo ) 2 0 )

= Ay(m.a(m). 7€ .1)
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Hence the boundary condition (1.2) is satisfied. Again differentiating (2.7) with respect to ¢, with Az = x, we

obtain
0= 5 x};p i T Y= RTERPAL
+Z/ t) exp fo_ o ?Z) exp({?))(n) dn) fi(s,2(s)) ds
i i o —pr;{fn iy 0+ 5 gg i Z M)
[Z / ixfxp T ;n))fxs,x(s))ds]
+r(t) Z [ Uy _exi"fjxp;{i;)? fz(&w(S))dS]
+r(t) o iX:XL{OIO ZA 75, 2(75) ]Jrg;fi(t,x(t))

=r(t (t)+Zfi(t,af(t)), (using (2.1)),

which shows that x(t) satisfies (1.1). Moreover, (Az)'(t) = r(t)z(t) + > vy fi(t,z(t)), t € [0,1] shows that Az
is nondecreasing, t € [0,1].

Next, for 0 < x < B, we have

m .1 ex 1 (75, 2(7;
(Az)(t) <||Ax|| = Az(1) =) /0 G(L,3) (s, a(s) ds + — fO(A nﬁ? d(n)) =
= — ex 0
explfy rmdn) |\ Vdn) (s, 2(5)) ds + 2(0) S 2.8
_()\—exp(fol r(n) dn)) i Z/ P / SR ) ot ;ﬁj o

(A —exp(J, r(n)dn))
Bexp fo 77)

< Aem ex )dn) ds i

<ol mdn) | [ = [ ronan +leﬁ]

<B. (2.9)

eXp(fo 7’1(77) dn) )‘EZ/ exp(— / n)dn)||z| ds + ||x]| Zﬂj]

This proves that A(K) C K. One may verify that A is completely continuous.
In order to use Theorem 1.1, we consider = € K with x(t) = pu(Az)(t), 0 < p < 1. Then, using (2.9), we

have

z(t) = p(Az)(t) < (Az)(t) < B,

354



PATI and PADHI/Turk J Math

which implies that the set
{reK:z=pAz,0< p<1}

is bounded. Hence, by Theorem 1.1, the operator A has a fixed point in X, which is a positive solution of the
BVP (1.1)—(1.2). This completes the proof of the theorem. O

Theorem 2.2 Let

fico = limsup fi =0,i=1,2,--,m (2.10)
r—00,0<t<1 x

hold. Then the BVP (1.1)-(1.2) has at least one positive solution.
Proof Let X = C[0,1]; then X is a Banach space endowed with the sup. norm. From (2.10), there exist

positive constants € and N such that
filt,x) <ex forx >N, 0<t<land1l<i<m,
where € is chosen such that (2.4) is satisfied. Let

= max i(t, ).
0§t§1,0§m§N,1§i§m'fl(7 )

Then
filt,x) <ex+v forx>0,0<t<land1<i<m.

For the above choice of € and 7, we consider a constant B by

B> Xym [, exp( [} r(n) dn) ds |
A= (1 + Z?zl 5]) €xXp (fol 7‘(77) d77) — Xem fol exp(fsl r(n) d77) ds

(2.11)

Now we define a convex set K on X by (2.5) and an operator A : K — X by (2.6), where G(t,s) is
Green'’s kernel given in (2.2). One may verify that A is completely continuous. Proceeding as in Theorem 2.1,
we can prove that a fixed point of the operator A in the cone K is equivalent to the existence of a positive
solution of the BVP (1.1)—(1.2), (Az)(¢t) > 0 and Az is nondecreasing for 0 < ¢t < 1. Now we show that
Az < B for 0 <t <1, where B is defined in (2.11). For 0 < = < B, from (2.8), we have

(A — exp(f, (1) dn))

j=1

oty <2 T ) )\Z/O exp(—/osr(n)dn)(elxﬂ+'y)ds+||x||25j

exp(f, r(n) dn)
~ (A —exp(fy r(m)dn) |

<B. (2.12)

)\m(eB—i-’y)/O exp(— /OS r(n)dn) ds—l—BZﬁj

This proves that A(K) C K.
Next suppose that € K with z(¢) = p(Ax)(¢), 0 < p < 1. Then, using (2.12), we have

z(t) = p(Az)(t) < (Az)(t) < B,
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which, in turn, implies that the set

{reK:x=pAz,0<pu<1}

is bounded. Hence, by Theorem 1.1, the operator A has a fixed point in X, which is a positive solution of the
BVP (1.1)—(1.2). This completes the proof of the theorem. O

Remark 2 Theorems 2.1 and 2.2 require at least one of the conditions (2.3) or (2.10) to guarantee the existence
of a positive solution of the BVP (1.1)-(1.2). In Section 3, we give an example, that is the BVP (3.1)-(5.2),
where both Theorems 2.1 and 2.2 are applicable, guaranteeing the existence of a positive solution independently.
Therefore, now we are confronted with a question regarding the number of positive solutions admitted by the
BVP (3.1)-(3.2). In this case, we shall use the following theorem regarding the number of positive solutions
admitted by the BVP (3.1)-(5.2).

Theorem 2.3 Suppose that the conditions (2.3) and (2.10) are satisfied, and there exists a positive constant
c2 > 0 such that

ot ! > i N7y, 2(75) !
ex r(n)dn)fi(s,x(s))ds J oA —ex r(n)dn)], co <x < Aeo (2.13
2_:/ o[ ) dn) i) ! ol [ ) )] (2.13)

for 0 <t <1 holds. Then the BVP (1.1)-(1.2) has at least two positive solutions.

Proof Let X = C]0,1] be a Banach space endowed with the sup. norm. On the space X, we define a cone
K by

K ={z € X;z(t) > 0,z(t) nondecreasing, t € [0,1]}
and an operator A : K — X by (2.6), where G(t,s) is Green’s kernel given in (2.2). Proceeding as in the lines

of Theorem 2.1, we can show that A(K) C K and : K — K is completely continuous. Further, the existence

of a positive solution of the BVP (1.1)-(1.2) is equivalent to the existence of a fixed point of the operator A in
K.
First we consider (2.10). Then there exist constants € > 0 and N > 0 such that

filt,z) <ex forx >N, 0<t<land1l<i<m,
where ¢ > 0 is chosen so that it satisfies the property (2.4). Let

= max (T, ).
T o<i<a o<x<N,1§igmfZ(’ )

Then
filt,z) <ex+~ forz>0,0<t<land1l<i<m.

Choose a constant ¢4 > 0 such that

Aym fol exp(fs1 r(n)dn)ds
A= (1252 85 ) exo (fy r(n) dn) = Aem f; exp(f, 1) dn) ds

€4 > < Aca,
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For z € K., , we have

m

(Az)(t) <[[Az|| = Az(1) = Z/O G(1,5)fils, 2(s)) ds +

i=1

exp( [y (1) dn) S5y Aj(rj, (7))
(A — exp(f, (1) dn))

m

exp( o Tl(n)dn) /\Z/ exp(— / n)dn) fi(s, x(s)) ds + x(t Z ]

(A =exp( [, r(n)dn))

exp(o r(n) dn) AZ / exp(— / n) dn) (e ||w|+7)d5+||x||25y}

B ()‘ - exp(fo 7"(77) dn)) j=1

exp(fo (1) dn) Am(ecy + ) /0 exp(— /os i dnds e Z ﬁj]
=1

~ (A —exp([, 7(n) dn))

§C47

that is, A: K., — K.,

Next we consider (2.3). Then there exist constants € and ¢; € (0, ¢z) such that
filt,z) <exfor0<zxz<c¢;,0<t<land1l<i<m,

where e satisfies the property (2.4).

For z € K., , we have

exp(fy r(n) dn) 5y Ay (. (7))
(Az)(t) <||Az|| = Az(1 Z/ G(1,3)fi(s, x(s)) ds + O o) dn)

exp( o rl(n)dn) )\Z/GXP / 1) dn) fi(s,2(s)) ds + x(t) Z ]

(A —exp(f, r(n)dn)) =

exp( rl(n)dn) Aez/exp / )dn)||x|ds+||x|ZBJ]

(A —=exp(fy 7(n) dn)) =1

@1 exp fO ) dn) )\em/ exp(— / n)dn) ds + Z 5)]

B ()‘ — €xp fo dﬁ))

<Cq.

This proves the condition (ii) of Theorem 1.2.

Set ¢3 = Acz. In order to verify the condition (i) of Theorem 1.2, we set 6(t) = Acy for t € [0,1].
Let 9 (t) = minse[o,1) 2(t) be a nonnegative concave functional on K. Since (0(t)) = mingep,1]0(t) = Acz >
ca; 2 < P(x), |||l = Az, then the set {z € K;co < 9(x), ||| < Aca} is nonempty. Let x € (K, 1, ¢, c3); then
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co <Y(z) <z < ||z|| = (1) = Aca = c3, and hence

n g z"lA-mx(rj))
Ax)(t) = Az(0) = G(0,s)fi(s,x(s))ds 1
U(Ax)(1) = Ax(0) 2_:/ O loale) s+ PSS

_ ! Z / exp / n) dn)fis,a(s)) ds + 3 Ay (73, 2(7;))

()‘ - eXP(fo j=1
Sy N (7,2 (75))
> ex Ydn) fi(s,x ds + J T
(A — exp( fo Z/ Y / VAT 2D st ey dn)

> ¢ (using(2.13))

holds. Thus, the condition (i) of Theorem 1.2 is satisfied.
Finally, suppose that = € K (v, ¢z, c3) with ||Az|| > Acz = ¢3. Then

[Az]]

Y(Az) = (A2)(0) 2 ; (o)1) = BT 5 22—,

implies that the condition (iii) of Theorem 1.2 is satisfied. Hence the BVP (1.1)—(1.2) has at least three solu-
tions. Consequently, the BVP (1.1)—(1.2) has at least two positive solutions. This completes the proof of the

theorem. O

Remark 3 Anderson in [1] and Padhi et al. in [15] applied the Leggett—Williams multiple fized point theorem
[11] to obtain sufficient conditions for the existence of three positive solutions of the BVP (1.1)-(1.2). Although
the conditions of Theorem 2.3 imply the conditions obtained in [15] and [1], the conditions of Theorem 2.3 are

easy to use. We have used Theorem 2.3 to complete the example given in Section 3.

3. A complete example

Consider the first order BVP

(1) =a(t) + 143:7;(7?(15)’ telo,1] (3.1)
Az(0) =z(1) + A(r, z(7)), 7€ [0,1], (3.2)

where \ > 37

1
2 (1 ‘ﬁ) >1
A(t,z)_{él( +e T

% <1,

and m and n are nonnegative integers satisfying the property

n—1

) " forl<n<m. (3.3)

1>(/\—e)/\n_1 m (m—n+1

(e—1) m—n+1 n—1

Here r(t) =1 and f(t,z) = H_%, t €10,1]. Clearly A(t,z) < £ with 8 = 3. Consequently, A > (1+3)e =
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Itz

First we consider the case 0 <n < 1. Then lim,_, ., -

= 0 implies that Theorem 2.2 can be applied
to the BVP (3.1)~(3.2). On the other hand, liminf, o, £&%) = 0 implies that Theorem 2.1 cannot be applied

x

to the BVP (3.1)—(3.2). Hence, by Theorem 2.2, the BVP (3.1)—(3.2) has a positive solution.

Next we consider the case when n > m + 1. Then

t n—1 n—m-—1
lim M: lim x = lim x

£0

implies that Theorem 2.2 cannot be applied to this example. On the other hand,

t n—1
tim L8 gy (3.4)
z—0 €T z—0 1 4+ ™

implies, by Theorem 2.1, that the BVP (3.1)—(3.2) has a positive solution. Note that (3.4) holds for any n > 1.
Thus, for any n > 1, the BVP (3.1)—(3.2) has a positive solution.

Finally, we consider the case 1 < n < m. Since both the conditions (2.3) or (2.10) are satisfied, we shall
use Theorem 1.2 to find the number of positive solutions of the BVP (3.1)—(3.2). For this, we need to find a

constant ¢y > 0 such that

1 n
/0 els% ds > ca(A —e) for e < ||z]| < Aea (3.5)

holds. For z € K and ¢z < ||z]| < Acg, we have

1 n n
1—s 2"(8) Co

ds > —1).

/0 ¢ 14+ a2™(s) s 14+ Amelr (e—1)

This, in turn, implies that (3.5) holds if

(A—e) (1 4+ A"c)
(e—1) 0371

1> (3.6)

l/m m _m
holds. Set ¢y = % ( n—1 ) , which is the minimizer of Ei‘:fg W Then the inequality (3.6) follows
Co

m—n+1

from (3.3). Thus for the case 1 < n < m, the BVP (3.1)—(3.2) has at least two positive solutions.
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