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Abstract: We investigate the approximation of analytic functions of several variables in polydiscs by the sequences of

linear k-positive operators in the Gadjiev sense.
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1. Introduction
The approximation of analytic functions of complex variables by linear k-positive operators was first tackled
in the work of Gadjiev [5]. He introduced k-positive operators and formulated theorems of Korovkin’s type
for these operators in the space of analytic functions on the unit disc. He proposed a method of proving such
theorems, applied further on in many other articles (e.g., [1,3,6-13,15,16]). Some of the results from [1,5-7]
were included in a monograph [2,14].

In his recent article [12], Gadjiev proved very general results on convergence of the sequences of linear
k-positive operators on a simply connected bounded domain within the space of analytic functions.

In this article we extend some of the result of Gadjiev to the approximation of analytic functions of

several complex variables by sequences of linear k-positive operators.

2. Preliminaries

Let N and Z, be the respective sets of positive and nonnegative numbers and C be the space of complex

numbers. For n € IN let
Spi={z=(21,...,20) €C": |z| <1,i=1,2,--- ,n}

be a polydisc in €™ and A(S,,) be the space of analytic functions on S, .

According to [12] let k; € Zy for i =1,2,--- ,n, such that the system of powers zfﬂzé”, .o+, zFn forms

r n

a basis of A(S,) in the sense that any function f € A(S,) can be expanded into a series in base as follows.

k= (ki,kay....kn), k+1=((F1+1Lkat1,...0kn+1), |k|l=k1+k+...+k,
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zk:zfloz§2~~zfl";dz:dzl~d22~~~dzn, and for any r, 0 <r <1

//f(z)dz:/ / f(Zl,ZQ,,Zn)d21d22dZn
|z|=r |z1|=r |2n|=r

Then any function f € A(S,) can be expanded into a series

@)= f (2.1)

|k|=0

1 f(2)dz
= Gy /ll_/ik)ﬂ (2.2)

Thus, for any linear operator T on A(S,,), we have

with

Tf(z)= > 2" Temfm:

|k|=0 |m|=0

where T}, ,, € C for multiindex k& and m.

Let AT be the subspace of functions f € A(S,,), having nonnegative Taylor coefficients.

Definition 2.1 Linear operator T : A(S,) — A(S,) will be called k-positive if TAT C AT .

We will study the convergence of the sequences of k-positive operators

N
Tnflz)=> 2" Y 1N (2.3)
|k|=0  |m|=0
where N is a natural parameter.

If Ty is a k-positive operator for any N € IN, then erz\:o T,gf:gfm >0 for all f € AT and k. From

this we obtain T,gNm) > 0 for all k,m. Indeed, if T,EIL)O < 0 for any mgo = (mo1,mo2, - .., Mon), we take the
function f € A* with the nonnegative coefficients

fm—{ 0 5 [m|# [mol

L5 m] = |mol.

Then for the function f we obtain Zmlzo T,gjyn) fm = T,ijjn)

, <0, but this is a contradiction to the k-positivity
of T . This gives T, ,E]:Q > 0 as the necessary and sufficient condition for k-positivity of operators (2.3).

We will study the approximation properties of linear k-positive operators in the space A(S,). In this
space, the concept of the norm can be introduced in different ways, but all these norms are equivalent and
therefore A(S)) is a Frechet space (see [4]). We denote

[fllacs,).r = max{[f(2)]: 2= (21, -+ 20), |25] <75 = 1,2+, n)
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Then, obviously, the sequence (fn(z)) of functions in A(S,,) tends to zero in A(S,) if and only if for each
0<r<i1

li =0.
J v llacs.r

The following criterion of convergence is important (for the one-dimensional case, see [4]).

Lemma 2.2 Let (fn(z)) be the sequence of functions in A(S,) such that

In(z) = Z fyez®, limsup|fa| ™ = 1.

[k|=0 |k| =00

Then fn(z) tends to zero in A(S,) as N — oo if and only if there exist sequences of positive numbers ey and

On tending to zero as N — oo such that

el < en(1+0n)H. (2.4)
Proof If (2.4) holds then for any r < 1

1

max |fN(Z)| < EN Z T'kl(l—l-(SN)‘k' = SN(m

|z;]<r — i

|k|=0
since for any given r < 1 we can take dy < % — 1, which is possible because dy — 0 by the conditions of the
lemma. Therefore, fy(z) = 0 as N — oo in A(S,).

Now, taking a null sequence dy such that ey = max, 1 |fn(2)] = 0 as N — oo, we have
N

o 1 fN(Z)
fN,k = (27TZ)” /|Z|— 1 / Zk+1 dz.

TToy
Then
el < LN/ / |z - |dza] -+ |dza
; (2m)k o= |2y [FrHL - Jzg|Ratl .oz, [Fntl
- (;\r)k(l +5N)|k|+nm < en(1 4 ox)H
and the proof is complete. -

3. Main theorems
In this section we give three theorems on approximation of analytic functions belonging to A(S,) by the

sequences of linear k-positive operators.

Definition 3.1 A,(S,) be the subspace of functions f(z) € A(Sy), for which
|fk| S]\4g|k|7 k:(k17k27"'3kn) (31)
where fr are the Taylor coefficients of function f andM is a constant, depending on f only and g, > 1

increasing sequences for r € Z.4, such that limsup /g, = 1.
T—00
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Let, for any r € IN,
Ag(r) == min{\/gr1 — VGr; VIr — VIr—1}- (3.2)
Obviously AZ(r) < g

Now we assume that the condition

lim (g, — /g1 =1 (3.3)
holds and consider the functions
w() =D g5 (3.4)
|k|=0
and
pw,j(2) = i kYZE j=1,2,...,n. (3.5)
|k|=0

Theorem 3.2 Let g,(z) and p, j(z) be the functions defined in (3.4) and (3.5) and Ty be the sequences of
linear k-positive operators acting from A(Sy,) to A(S,). If

||TNgU(Z) - gV(Z)HA(Sn),T = 07 V= Oa la 27 (36)

lim
N —oco
Nli_r}rloo TN pw,j(2) =t (2)llas,yr =0, v=1,2; j=1,2,...,n, (3.7

then
Jim [T f(2) — £ lagsr = 0
for each function f € Ag(S,).
Proof Let f € A(S,). Then by the definition of norm in A(S,,), for each r <1

T f(2) = F2)lase < D ™S TN f = fil

|k|=0  |m|=0

+ 3 AL ST T 1) = Iy + I (3.8)
|k|=0 |m|=0

From condition (3.6) with ¥ =0 and Lemma 2.2 it follows that
ST TN 1 <en(1 4 oy)"
|m|=0

and therefore I, — 0 as N — co.

Consider I} . Since f € A4(S,) we can write by (3.1) and the properties of g, the estimate

|f = fel < 2Mgmgie) < AM g (Vaml — VIR + 9i)
_ 2
< anagy (VI VIR )

AL
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where A2 is defined in (3.2). Therefore, if |m| # [k| we can write

— 2
|fm_fk|§8Mg|2k\( gITZQ(|k|§]|k) .
g

If |m| = |k| and m # k then there exists at least one number j, for which (m; — k;)? > 1. Therefore, if
Im| = [kl

[ fmn = frl < 2M g g1 < 2M g}, Z(mj — k)%
j=1

The last two inequalities for |f,, — fx| gives us that for all k£ and m

| fn = Sl < 8Mg,2k|{(@2 Wg”“ + Z; (3.9)
=

Using (3.9) in the definition of I} in (3.8) we can write

0 2 o'}
k (N) 2
I;V < 8M Z r! l{A2(|k|) Z Tk,m(vglm\ 7\/9%\)
|k|=0 9 |m|=0
20 > Thm k)%,
j=1|m|=0
The conditions (3.6) and Lemma 2.2 give
o0
N
> (Vam - VI TN < 4en (1 + 6n) gy
|m|=0

and the conditions (3.6) in ¥ =0 and (3.7) in view of Lemma 2.2 give

ST (my — kP < en( 4 0n)Fin(1 + k)2
J=1|m|=0
Therefore,
g
Iy < 32Mey Z S I (14 [K)2),
2 INI)
and from the properties on gy, it follows that Iy — 0 as N — oo. The proof is complete. O

Now we give a second theorem on approximation of functions in the subspace A,(S,) by k-positive

operators under the condition that g, > 1 for all k.
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Consider the following test functions. Let

po(z) = Zg\k\2k7

k=0
oo
p1i(z) = Z k:jg‘k|zk, j=12--- ,nm
k=0
o0
p2,i(z) = Z k?—g|k|zk, i=12--,n.
k=0

Theorem 3.3 If the sequence Ty of linear k-positive operators from A(Sy) to A(Sy) satisfies the conditions
A [ Tvpo(2) = po(2) [ acs,).r =0

and
1\}E>noo ||TNpV,](Z) _p’/7j(z)||A(S—,L)7T :07 V= 1727 .] = 1,27...,717 (310)

then for each function f € Ay(Sy)
A ([ Tn f(2) = f(2)llags,).r = O

Proof By condition (3.10) and Lemma 2.2

oo
[ > g T — gl < en(1+03) " (3.11)
|m|=0

(oo}
| D Mg T, — kigpl] < en(L+63)™

|m|=0

N
> mgglm\Tzim) —k3gu| <en(1+dn)k.

|m|=0
Then we can write
ST S my — k) 2g TN < en(1+83)Fn(1 + [k])2. (3.12)
|m|=0j=1

Since g, > 1, for all m and k and Z?:l(mj —k;j)? > 1 we can write

| fon = fil < 20mygn Y _(my — k). (3.13)
j=1
Now, as in the proof of Theorem 2.2, we can write inequality (3.8).

N
TN f(2) = Fasr < D ST T fon = filgim)

|k|=0  |m|=0

A3 AL TS g TN — g

|k|=0 |m|=0
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Using (3.11) for the estimate of the second term in the right-hand side and (3.13)—(3.12) for the first term, we

obtain

TN f(2) = f()aes,)r < enn Z (14 o3) (1 + |k|)
k=0

+ en Z el fil (1 4 o)™
|k|=0

and therefore
Jim N Thf(2) = £(2)llas,.r =0
—00

for each function f € A,(S,).
The proof is complete. o

Consider now a special case.

Definition 3.4 The subspace A'(Sn) is the set of analytic functions in polydisc S, for which
[fel < M(1+ |k]),

where M is a constant depending on f only.

Let f € A(S,). Then for |m| > |kl

[fm = Sl < M2+ |m|+ k)
< 2M(1+ (Jmf — [k]) + [K])
< AM+ K (Im] = [k])*.

If |m| < |k| then
[ — fil < 2M (1 + |k]) < 2M (1 + [k])(Jm] — [k])*.
Finally, if |m| = |k| and m # k then

n

\fm — il S2MQ+[K]) > (m;

j=1

Thus, the Taylor coefficients fj of any function f € E(Sn) satisfy the inequality
[ frn = fiel < AM L+ k) {(Jm]| — [k])* + Z (3.14)

for all m and k. Using this inequality we can prove the approximation theorem in the space E(Sn)
Let

= Z Kzt |t <2 (3.15)

|k|=0

where kt = kU EE - Kl

n
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Theorem 3.5 Let Ty be the sequence of linear k-positive operators from A(Sy) to A(S,). Then the conditions
im [T (2) — i(2)]|acsn)r =0, [t} <2 (3.16)

N—o0

are necessary and sufficient such that

Jim [T f(2) = £(2) | acs,.r =0

for any function f € X(Sn)

Proof As in the proof of Theorem 2.2 and Theorem 2.3, we can write the inequality

TN f(2) = f(2)llacs),r Z I+l Z M fm — Sl

+Z ¥ ] | Z TN 1] = gy + g (3.17)

|k|=0 |m|=0

Taking in (3.16) ¢t = 0 and using (3.15) we see that by Lemma 2.2

o0
> TN 1] < en(1+ on)H

|m|=0

and therefore limy_ o J% = 0, and it is sufficient to estimate only the first term in (3.17). Using (3.14) we

obtain
gy <aM D7 @ k) ST {(m] - [k])? +Z 2T,
|k|=0 |m|=0
Obviously
= N > N
ST (ml = k2T = 1Y mPT) - (k)
|m|=0 |m|=0

_|_

2|k|[|%] = Z\m\Tk I+ [k ZTk

|m|=0 |m|=0

Using the equality

|m|2:m%+m%+~~~mi+2m1m2+"'+2mn—lmn

we see that

ST = Y w3 mi)

|m|=0 |m[=0 |m[=0

+ 2 Z mlmgT,E )—i— -+ 2 Z mn,lmnT,Esz.
|m|=0 |m|=0
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Taking in (3.15) successively

ti = 2,t;=01ifj#1
to = 2,t;=01ifj#2
t, = 2,t;=0ifj#n
and then
tp, = t2: s andtj:O, j#l,?
to = t3:1, andtj:O, j#2,3
the1 = tp=1, andt; =0, j#n—-1,n
we complete the proof using conditions (3.16) and Lemma 2.2. O
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