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Abstract: In this paper, we consider the age-structured model for the transmission dynamics of Hepatitis B virus (HBV)

proposed earlier in the article by Zou et al.: An age-structured model for transmission dynamics of hepatitis B. SIAM

J Appl Math 2010; 70: 3121-3139, where a slight modification is made. We consider that the HBV infection processes

act on a time scale different from that of the vital processes. Such a model becomes a multiple time scale model and

thus it often can be significantly simplified by various asymptotic methods. We apply, as in the paper of Banasiak and

M’pika Massoukou: A singularly perturbed age structured SIRS model with fast recovery. Disc Cont Dyn Sys 2014, a

suitable technique of asymptotic analysis, based on the Chapman–Enskog procedure, which allows separation of scales

and aggregation of variables.
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1. Introduction

Hepatitis B virus (HBV) is mainly transmitted through body fluids like blood, semen, and vaginal secretions.

One of the most important factors influencing the probability of developing carriage of HBV is age, involving

mature individuals. Thus, it can be expected that the interplay of the demographic processes with the infection

mechanism will produce a nontrivial dynamics.

In this paper we consider the model for transmission dynamic of HBV introduced in [20], but slightly

modified, which is formulated under the following assumptions:

(1) The latent, acute, and carrier stages are differentiated. Only acute individuals and carrier individuals are

infectious.

(2) All latently infected individuals develop acute hepatitis B first.

(3) Some individuals with acute infection progress towards the carrier state and later develop immunity while

others develop immunity without progressing towards the carrier state.

(4) Since the disease-induced death rate is relatively low, it is ignored.

(5) There is a possibility for treatment (or recovery) during both the acute stage of infection and the carrier

state of infection.
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The population is divided into six subclasses: susceptible individuals, infected individuals but not yet

infectious (latent), acutely infectious individuals, carrier individuals, individuals who have recovered from

infection and are now immune, and vaccinated immune individuals, and we denote by s(a, t), l(a, t), i(a, t),

c(a, t), r(a, t), and v(a, t) the corresponding density functions for these epidemiological age-structured classes,

respectively.

Let β(a) and µ(a) be the age-specific fertility and the age-specific mortality (or natural mortality rate)

of the population, which we suppose are not affected by the disease; σ is the rate moving from latent to acute,

γ1 is the rate moving from acute to carrier, γ2(a) is the rate moving from carrier to vaccinated, p(a, t) is the

vaccination rate against HBV, (1 − ω) is the proportion of births with successful vaccination, ω ∈ [0, 1], q(a)

is the probability an individual fails to clear an acute infection and develops to carrier state, ψ is the rate of

waning vaccine-induced immunity, and Λ is the infection rate (or force of infection).

We consider the following separable intercohort constitutive form for the force of infection [7]:

Λ(a, i(·, t), c(·, t)) = k(a)

a+∫
0

[h1(a)i(a, t) + h2(a)c(a, t)] da, (1)

where h1(a) and h2(a) are the age-specific infectiousness corresponding to acute stage and chronic stage,

respectively, k(a), the age-specific contagion rate; here we assume that the two stages have the same contagion

rate and a+ is the maximum age of an individual. We assume that h1(a), h2(a), and k(a) satisfy the following

conditions:

hj , k ∈ L∞([0, a+]), hj(a), k(a) ≥ 0 a.e. in [0, a+]. (2)

We assume that there is no proportion of perinatal infected (from carrier mothers) newborns, there is

a proportion of births with successful vaccination, there is a proportion of susceptible newborns, and that an

individual may become infected through contact both with acute hepatitis B individuals and chronic hepatitis

B individuals. Then the dynamics of the age-structured epidemiological model for the transmission of HBV can

be described by the following initial boundary value problem:

∂ts(a, t) = −∂as(a, t)− µ(a)s(a, t) + ψv(a, t)− s(a, t)Λ(a, i(·, t), c(·, t))

− p(a, t)s(a, t),

∂tl(a, t) = −∂al(a, t)− µ(a)l(a, t)− σl(a, t) + s(a, t)Λ(a, i(·, t), c(·, t)),

∂ti(a, t) = −∂ai(a, t)− µ(a)i(a, t) + σl(a, t)− γ1i(a, t),

∂tc(a, t) = −∂ac(a, t)− µ(a)c(a, t)− γ2(a)c(a, t) + q(a)γ1i(a, t),

∂tr(a, t) = −∂ar(a, t)− µ(a)r(a, t) + γ2(a)c(a, t) + (1− q(a))γ1i(a, t),

∂tv(a, t) = −∂av(a, t)− µ(a)v(a, t)− ψv(a, t) + p(a, t)s(a, t),

(3)
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with boundary conditions

s(0, t) = ω

a+∫
0

β(a) [s(a, t) + l(a, t) + i(a, t) + r(a, t) + v(a, t) + c(a, t)] da,

l(0, t) = i(0, t) = c(0, t) = r(0, t) = 0,

v(0, t) = (1− ω)

a+∫
0

[s(a, t) + l(a, t) + i(a, t) + r(a, t) + v(a, t) + c(a, t)] da,

(4)

and initial conditions

s(a, 0) =
o
s(a), l(a, 0) =

o

l(a), i(a, 0) =
o
i(a),

c(a, 0) =
o
c(a), r(a, 0) =

o
r(a), v(a, 0) =

o
v(a).

(5)

Note that in building the age-structured (epidemiological) model (3), which takes into account both the

vital and infection dynamics, we must be careful as many diseases act on different time scales than the vital

process. Since we are dealing with a human population, the death and birth rates are measured in units 1/70

years, where 70 is considered to be the average life-span in the population.

Regarding the numerical values for the parameters in the model (3) provided in [19, 20], we see that

β = 0.0121, µ = 0.00693, µ1 = 0.002, ψ = 0.1, Λ ≈ 0.16, σ = 6/year, γ1 = 4/year, and γ2 = 0.025/year.

Using 70 years as unit of time in the model (3), the numerical values for σ , γ1 , and γ2 should be multiplied

by 70 and this results in σ = 420, γ1 = 280, and γ2 = 1.75. This shows that the processes induced by σ and

γ1 are faster than those induced by β , µ (demography processes), ψ and Λ, while the process induced by γ2

is slightly faster than those induced by β , µ (demography processes), ψ and Λ. Here we consider the model

where the duration of carriage is of the same time-scale as the duration of latency and acute infection such that

these processes are faster than those induced by β , µ (demography processes), ψ , and Λ. Thus we consider

∂tuϵ = Suϵ +Muϵ + F(uϵ) +
1

ϵ
Cuϵ,

uϵ(0, t) = B [uϵ(·, t)] ,

uϵ(a, 0) =
o
u,

(6)

where uϵ = (sϵ, lϵ, iϵ, cϵ, rϵ, vϵ), S = diag{−∂a,−∂a,−∂a,−∂a,−∂a,−∂a} on D (S) = W1,1
(
[0, a+],R6

)
,

M(a) =


−µ(a) 0 0 0 0 ψ

0 −µ(a) 0 0 0 0
0 0 −µ(a) 0 0 0
0 0 0 −µ(a) 0 0
0 0 0 0 −µ(a) 0
0 0 0 0 0 −µ(a)− ψ

 ,

on D (M) = {u ∈ L1
(
[0, a+],R6

)
;µu ∈ L1

(
[0, a+],R6

)
} and ϵ is a small parameter reflecting the ratio

of the typical time scales of the vital and epidemiological processes. Moreover, the bounded operator B :
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L1
(
[0, a+],R6

)
→ R6 is defined by

Bu =

a+∫
0

B(a)u(a) da,

with

B(a) =


b11 b12 b13 b14 b15 b16
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
b61 b62 b63 b64 b65 b66

 ,

b1k = ωβ(a) and b6k = (1− ω)β(a), k = 1, . . . , 6,

[F(u)] (a) =


−s(a)p(a)− s(a)Λ(a, i, c)

s(a)Λ(a, i, c)
0
0
0

s(a)p(a)


and

[Cu] (a) =


0 0 0 0 0 0
0 −σ 0 0 0 0
0 σ −γ1 0 0 0
0 0 q(a)γ1 −γ2(a) 0 0
0 0 (1− q(a))γ1 γ2(a) 0 0
0 0 0 0 0 0

u(a).

We aim to investigate the behavior of the solution (sϵ, lϵ, iϵ, cϵ, rϵ, vϵ), of (6), as ϵ→ 0. We shall note that

if (sϵ, lϵ, iϵ, cϵ, rϵ, vϵ) satisfies (6) then, by summing the equations in (6), it results that the total population,

n(a, t) = sϵ(a, t) + lϵ(a, t) + iϵ(a, t) + cϵ(a, t) + rϵ(a, t) + vϵ(a, t),

satisfies

∂tn(a, t) = −∂an(a, t)− µ(a)n(a, t),

n(0, t) =

a+∫
0

β(a)n(a, t) da,

n(a, 0) =
o
n(a),

(7)

and is independent of ϵ . It follows from [8] that there exists a dominant eigenvalue λµ ≤ β − µ , defined as the

unique real solution to

a+∫
0

e−λaβ(a)Πµ(a) da = 1, (8)
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where, see [2, 8, 16],

Πµ(a) := e
−

a∫
0

µ(s) ds
(9)

is the probability of survival of an individual until age a , and a constant M such that

∥n(t)∥ ≤Meλµt∥o
n∥, (10)

where λµ is negative, zero, or positive if and only if the net reproduction rate Rµ =
a+∫
0

β(a)Πµ(a) da is,

respectively, smaller than, equal to, or greater than one. As we mentioned earlier, the considered scaling is

realistic for models in which there are no significant changes in the total population. Hence, throughout the

paper we will assume

Rµ ≤ 1, (11)

that is, β ≤ µ .

Let w be the solution to the McKendrick–von Foerster problem

∂tw(a, t) = −∂aw(a, t)− µ(a)w(a, t),

w(0, t) = 0,

w(a, 0) =
o
w(a) =

o

l(a) +
o
i(a) +

o
c(a) +

o
r(a),

(12)

and v be the solution to the McKendrick–von Foerster problem

∂tv(a, t) = −∂av(a, t)− µ(a)v(a, t)− ψv(a, t)

− p(a, t)v(a, t) + p(a, t)(n(a, t)− w(a, t)),

v(0, t) = (1− ω)n(0, t),

v(a, 0) =
o
v(a).

(13)

2. Notation, assumptions, and well-posedness results

In the sequel we consider the state space X = L1
(
[0, a+],R6

)
. We denote by X+ = L1

(
[0, a+],R6

+

)
the positive

cone of X and ∥ · ∥ the suitable norm in L1 . If necessary, the notation ∥ · ∥X will be used for the norm in a

specific space X . In addition, for any measurable function η on [0, a+] , we introduce the notation

η = ess sup
a∈[0,a+]

η(a), η = ess inf
a∈[0,a+]

η(a)

and we make the assumptions

A1: µ ∈ L1
loc ([0, a+)),

a+∫
0

µ(s) ds = ∞ with µ > 0;

A2: β ∈ L∞ ([0, a+]) ;
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A3: q, γ2 ∈ W1,∞ ([0, a+]) with q > 0, γ2 > 0;

A4: p ∈ C ([0, a+]× [0, T ]) .

We make the biologically realistic assumption on the maximum age, a+ , such that a+ < ∞ , meaning

that no individual can live indefinitely. This requires the survival probability Πµ , defined by

Πµ(a) := e
−

a∫
0

µ(s) ds
, (14)

to satisfy Πµ(a+) = 0, which accounts for the nonintegrable singularity in A1. Hence, µ cannot be assumed

bounded as a → a−+ while it could be bounded in the case a+ = ∞ . This justifies the fact that most authors

[9, 11, 14, 15, 18] consider an infinite maximum age, a+ = ∞ , though without any biological significance, in

order to be able to handle µ after being assumed bounded. In some papers, e.g., [10], the unboundedness of

µ , in the case a+ < ∞ , was circumvented by assuming that there is a maximum reproductive age ar < a+ ,

so that the birth rate satisfies β(a) = 0 for a > ar , and hence ignoring the postreproductive population by

performing the analysis for a ∈ [0, ar] , which causes the loss of the conservativeness of the model. The analysis

of the model without any simplifying assumption in the scalar linear case was done in [8] by reducing it to

an integral equation along the characteristics. It is known that the solutions obtained in this way generate a

strongly continuous semigroup on L1 ([0, a+]) ; see [3, 17] (though in [17] it is assumed that a+ = ∞ .)

The technical details required to handle the unbounded µ , on [0, a+] with a+ < ∞ , in the problem at

hand can be found in [12]. In particular, it follows that the realization of the operator A := S + M on the

domain
D(A) = {u ∈ D(S) ∩D(M); u(0) = Bu} (15)

generates a positive C0 -semigroup, denoted by
(
etA

)
t≥0

. Since, for a fixed ϵ , (7) is a quadratic perturbation of

the linear system, a standard argument, see [5, 12], shows that if
o
u = (

o
s,

o

l,
o
i,

o
c,

o
r,

o
v) ∈ X+ , then there exists a

unique global positive mild solution t→ uϵ(t) = (sϵ(t), lϵ(t), iϵ(t), cϵ(t), rϵ(t), vϵ(t)) ∈ C ([0,∞),X) to (7). This

solution becomes a classical solution if
o
u ∈ D(A). In such a case we obtain, in particular, that uϵ is continuous

on [0, a+]× [0, T ] for any 0 ≤ T <∞ , uϵ ∈ D(S) ∩D(M) and (7) is satisfied termwise almost everywhere on

[0, a+]× [0, T ] . Standard calculations, see e.g. [10], show that
(
etA

)
t≥0

satisfies the estimate

∥etA∥ ≤ e(β−µ)t. (16)

This estimate can be improved. In fact, as mentioned earlier, if (sϵ(t), lϵ(t), iϵ(t),

cϵ(t), rϵ(t), vϵ(t)) is a classical solution to (6), then n(a, t) = sϵ(a, t)+lϵ(a, t)+iϵ(a, t)+cϵ(a, t)+rϵ(a, t)+vϵ(a, t)

is a classical solution to (7). We denote by (A,D(A)) the generator of the semigroup
(
etA

)
t≥0

for (7), with

domain defined analogously to (15). Hence, since
o
u ≥ 0 yields uϵ(t) = (sϵ(t), lϵ(t), iϵ(t), cϵ(t),

rϵ(t), vϵ(t)) ≥ 0, we see that each component of uϵ is controlled by the ϵ-independent solution n of (7):

0 ≤ sϵ(a, t) ≤ n(a, t), 0 ≤ lϵ(a, t) ≤ n(a, t), 0 ≤ iϵ(a, t) ≤ n(a, t),
0 ≤ cϵ(a, t) ≤ n(a, t), 0 ≤ rϵ(a, t) ≤ n(a, t) and 0 ≤ vϵ(a, t) ≤ n(a, t)

(17)

for each t ≥ 0 and almost every a ∈ [0, a+] thus satisfying the inequality (10).
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3. Formal asymptotic expansion

Following the general approach of the asymptotic analysis, see e.g. [4, 6], we are looking for the so-called

hydrodynamic space V of the singularly perturbed equation (6), which, in this case, is given by the null-space

of C . Since, in this context, a is treated as a parameter, we perform the calculations for a fixed a . Then we

have

V = {u ∈ R6; u = (u1, 0, 0, 0, u5, u6), u1, u5, u6 ∈ R} = span{e1, e2, e3},

where e1, e2, e3 are an approximate basis for V . The complementary spectral space W , called the kinetic

space, corresponding to the eigenvalues λ4 = −σ , λ5 = −γ1 , and λ6 = −γ2(a), respectively, is spanned by e4 ,

e5 , and e6 given by



0
1

− σ
σ−γ1

σq(a)γ1
(σ−γ1)(σ−γ2(a))

γ1
σ−γ1 · (1−q(a))σ−γ2(a)

σ−γ2(a)
0


,



0
0
1

− q(a)γ1
γ1−γ2(a)

− (1−q(a))γ1−γ2(a)
γ1−γ2(a)

0


and


0
0
0
1
−1
0

 ,

respectively. To come up with the decomposition u = c1e1+c2e2+c3e3+c4e4+c5e5+c6e6 in the hydrodynamic

and kinetic space, we have to find the coefficients ci, i = 1, . . . , 6, which yield the aggregated variables.

Using standard results from linear algebra, see e.g. [6], ci = fi · u/fi · ei , where fi are left eigenvectors

of C corresponding to the eigenvectors as ei, i = 1, . . . , 6. Here the context is more complicated as V

is three dimensional and we have to choose its basis in an appropriate way. Since f1 = (1, 1, 1, 1, 1, 1) is

a left eigenvector of C corresponding to the zero eigenvalue and f1 · u = u1 + u2 + u3 + u4 + u5 + u6 ,

it should play a significant role in the analysis due to (7). Then, for the convenience of calculations, we

take e2 = (−1, 0, 0, 0, 0, 1) ∈ V , which is orthogonal to f1 . We have some freedom in selecting f3 : taking

f3 = (0, 0, 0, 0, 0, 1) yields e1 = (1, 0, 0, 0, 0, 0) ∈ V and e2 = (−1, 0, 0, 0, 1, 0) ∈ V . Finally f4 = (0, 1, 0, 0, 0, 0),

f5 = (0, σ/(σ − γ1), 1, 0, 0, 0), f6 = (0, σq(a)γ1/(σ − γ2(a))(γ1 − γ2(a)), q(a)γ1/(γ1 − γ2(a)), 1, 0, 0) so that

u = (u1 + u2 + u3 + u4 + u5 + u6)e1 + (u2 + u3 + u4 + u5)e2 + u6e3 + u2e4

+

(
σ

σ − γ1
u2 + u3

)
e5 +

(
qγ1

γ1 − γ2
· σ

σ − γ1
u2 +

qγ1
γ1 − γ2

u3 + u4

)
e6.

(18)

Then we use this decomposition to change variables in (6). Accordingly, we define n = sϵ+ lϵ+ iϵ+ cϵ+ rϵ+vϵ ,

wϵ = lϵ + iϵ + cϵ + rϵ , zϵ =
σ

σ−γ1 lϵ + iϵ , xϵ =
qγ1
γ1−γ2 zϵ + cϵ and leave lϵ, vϵ unchanged. This yields the system
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of equations

∂tn(a, t) = −∂an(a, t)− µ(a)n(a, t),

∂twϵ(a, t) = −∂awϵ(a, t)− µ(a)wϵ(a, t) + Λ(a, lϵ(·, t), xϵ(·, t), zϵ(·, t))

× (n(a, t)− wϵ(a, t)− vϵ(a, t)),

∂tzϵ(a, t) = −∂azϵ(a, t)− µ(a)zϵ(a, t)−
γ1
ϵ
zϵ(a, t)

+
σ

σ − γ1
Λ(a, lϵ(·, t), xϵ(·, t), zϵ(·, t))(n(a, t)− wϵ(a, t)− vϵ(a, t)),

∂txϵ(a, t) = −∂axϵ(a, t)− µ(a)xϵ(a, t)−
γ2(a)

ϵ
xϵ(a, t)−

γ1
ϵ

· σq(a)
σ − γ1

lϵ(a, t)

+
q(a)γ1

γ1 − γ2(a)
· γ

′

2(a)

γ1 − γ2(a)
zϵ(a, t) +

σ

σ − γ1
· q(a)γ1
γ1 − γ2(a)

× Λ(a, lϵ(·, t), xϵ(·, t), zϵ(·, t))(n(a, t)− wϵ(a, t)− vϵ(a, t)),

∂tlϵ(a, t) = −∂alϵ(a, t)− µ(a)lϵ(a, t)−
σ

ϵ
lϵ(a, t)

+ Λ(a, lϵ(·, t), xϵ(·, t), zϵ(·, t))(n(a, t)− wϵ(a, t)− vϵ(a, t)),

∂tvϵ(a, t) = −∂avϵ(a, t)− µ(a)vϵ(a, t)− ψvϵ(a, t)− p(a, t)vϵ(a, t)

+ p(a, t)(n(a, t)− wϵ(a, t)),

(19)

n(0, t) =

a+∫
0

β(a)n(a, t) da,

wϵ(0, t) = xϵ(0, t) = zϵ(0, t) = lϵ(0, t) = 0,

vϵ(0, t) = (1− ω)n(0, t),

(20)

and

n(a, 0) =
o
n(a) =

o
s(a) +

o

l(a) +
o
i(a) +

o
c(a) +

o
r(a) +

o
v(a),

wϵ(a, 0) =
o
w(a) =

o

l(a) +
o
i(a) +

o
c(a) +

o
r(a),

zϵ(a, 0) =
o
z(a) =

σ

σ − γ1

o

l(a) +
o
i(a),

xϵ(a, 0) =
o
x(a) =

q(a)γ1
γ1 − γ2(a)

· σ

σ − γ1

o

l(a) +
q(a)γ1

γ1 − γ2(a)

o
i(a) +

o
c(a),

lϵ(a, 0) =
o

l(a), vϵ(a, 0) =
o
v(a),

(21)
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where

Λ(a, lϵ(·, t), xϵ(·, t), zϵ(·, t)) = k(a)

a+∫
0

[
− σ

σ − γ1
h1(a)lϵ(a, t) + h2(a)xϵ(a, t)

+

(
h1(a)−

q(a)γ1
γ1 − γ2(a)

h2(a)

)
zϵ(a, t)

]
da.

Therefore, the triplet (n,wϵ, vϵ) ∈ V and the triplet (zϵ, xϵ, lϵ) ∈ W . We see that the total population

n decouples from the system, it is unnecessary to approximate it, and it can be treated as a known function.

Therefore we shall focus on the quintuplet (wϵ, zϵ, xϵ, lϵ, vϵ). Let (w, z, x, l, v) be the bulk approximation of the

quintuplet (wϵ, zϵ, xϵ, lϵ, vϵ), we note that (wϵ, zϵ, xϵ, lϵ, vϵ) ≈ (w, z, x, l, v), where w and v are defined by (12)

and (13), respectively, and the approximate equality symbol ≈ accounts for the fact that we only consider the

first terms of the asymptotic expansion. Following the Chapman–Enskog procedure, we only expand the kinetic

part of the bulk approximation such that

z = z0 + ϵz1 + · · · , x = x0 + ϵx1 + · · · , l = l0 + ϵl1 + · · · . (22)

Inserting (22) into the last four equations in (19), we get

∂tz0 + ϵ∂tz1 = −∂az0 − ϵ∂az1 − µz0 − ϵµz1 −
γ1
ϵ
z0 − γ1z1 +

σ

σ − γ1

×
(
Λ(l0, x0, z0) + ϵΛ(l1, x1, z1)

)
(n− w − v) +O(ϵ2),

∂tx0 + ϵ∂tx1 = −∂ax0 − ϵ∂ax1 − µx0 − ϵµx1 −
γ2
ϵ
x0 − γ2x1

+
1

ϵ
· qγ21
γ1 − γ2

z0 +
qγ21

γ1 − γ2
z1 −

qγ1
γ1 − γ2

· qγ
′

2

γ1 − γ2
z0

− ϵ
qγ1

γ1 − γ2
· qγ

′

2

γ1 − γ2
z1 −

q

ϵ
· σγ1
σ − γ1

l0 −
σqγ1
σ − γ1

l1

+
qγ1

γ1 − γ2
· σ

σ − γ1

(
Λ(l0, x0, z0) + ϵΛ(l1, x1, z1)

)
× (n− w − v) +O(ϵ2),

∂tl0 + ϵ∂tl1 = −∂al0 − ϵ∂al1 − µl0 − ϵµl1 +
(
Λ(l0, x0, z0) + ϵΛ(l1, x1, z1)

)
× (n− w − v)− σ

ϵ
l0 − σl1 +O(ϵ2).

Comparing coefficients at like powers of ϵ and using Λ(0, 0, 0) = 0 we get z0 = x0 = l0 = 0, z1 = x1 = l1 = 0.

Hence we arrive at the (formal) bulk approximation

(n,w, z, x, l, v) = (n,w, 0, 0, 0, v).

Note that by substituting lϵ ≈ l = 0, xϵ ≈ x = 0, zϵ ≈ z = 0 in the second equation in (19) we arrive at

the system, (12). Furthermore, substituting w into the last equation in (19) leads to (13). The error of the

approximation,

(n,wϵ, zϵ, xϵ, lϵ, vϵ) ≈ (n,w, 0, 0, 0, v),
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denoted by

E = (ew, ez, ex, el, ev) = (wϵ − w, zϵ − z, xϵ − x, lϵ − l, vϵ − v)

= (wϵ − w, zϵ, xϵ, lϵ, vϵ − v),
(23)

satisfies

∂tew = −∂aew − µew − Λ (el, ex, ez) (ew + ev) + Λ (el, ex, ez) (n− w − v) ,

∂tez = −∂aez − µez −
γ1
ϵ
ez −

σ

σ − γ1
Λ (el, ex, ez) (ew + ev)

+
σ

σ − γ1
Λ (el, ex, ez) (n− w − v) ,

∂tex = −∂aex − µex −
γ2
ϵ
ex −

1

ϵ
· σγ1
σ − γ1

el +
qγ1

γ1 − γ2
· γ

′

2

γ1 − γ2
ez

− σ

σ − γ1
· qγ1
γ1 − γ2

Λ (el, ex, ez) (ew + ev)

+
σ

σ − γ1
· qγ1
γ1 − γ2

Λ (el, ex, ez) (n− w − v) ,

∂tel = −∂ael − µel −
σ

ϵ
el − Λ (el, ex, ez) (ew + ev)

+ Λ (el, ex, ez) (n− w − v) ,

∂tev = −∂aev − µev − (p+ ψ)ev − pew,

(24)

with the boundary condition

ew(0, t) = ez(0, t) = ex(0, t) = el(0, t) = ev(0, t) = 0, (25)

and the initial condition

ew(a, 0) = 0, ez(a, 0) =
σ

σ − γ1

o

l(a) +
o
i(a),

ex(a, 0) =
qγ1

γ1 − γ2(a)
· σ

σ − γ1

o

l(a) +
qγ1

γ1 − γ2(a)

o
i(a) +

o
c(a),

el(a, 0) =
o

l(a), ev(a, 0) = 0.

(26)

We see that the initial condition is of order 1; therefore the error cannot be of order ϵ . To remedy the situation

we have to introduce layer corrections that will take care of the transient phenomena occurring close to t = 0,

namely the initial layer.

We carry out the initial layer correction by blowing up time according to τ = t/ϵ and looking for the

approximation

(wϵ(t), zϵ(t), xϵ(t), lϵ(t), vϵ(t)) ≈ (w(t), z̃(τ), x̃(τ), l̃(τ), v(t)),

where we anticipate that it is unnecessary to introduce the initial layer for wϵ and vϵ as w and v satisfy the

exact initial condition. We insert the formal expansion

z̃ = z̃0 + ϵz̃1 + · · · , x̃ = x̃0 + ϵx̃1 + · · · , l̃ = l̃0 + ϵl̃1 + · · ·
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and rescale time, due to ∂t = ϵ−1∂τ , in the third, fourth, and fifth equations in (19).

Comparing coefficients at like powers of ϵ , the equations for the terms at ϵ−1 level are

∂τ z̃0 = −γ1z̃0, ∂τ l̃0 = −σl̃0,

∂τ x̃0 = −γ2(a)x̃0 −
σγ1
σ − γ1

l̃0

which, subject to the initial condition

z̃0(0) =
σ

σ − γ1

o

l +
o
i, l̃0(0) =

o

l,

x̃0(0) =
q(a)γ1

γ1 − γ2(a)
· σ

σ − γ1

o

l +
q(a)γ1

γ1 − γ2(a)

o
i +

o
c,

yield

z̃0(a, t/ϵ) =

(
σ

σ − γ1

o

l(a) +
o
i(a)

)
e−

γ1
ϵ t, l̃0(a, t/ϵ) =

o

l(a)e−
σ
ϵ t,

x̃0(a, t/ϵ) =

(
q(a)γ1

γ1 − γ2(a)
· σ

σ − γ1

o

l(a) +
q(a)γ1

γ1 − γ2(a)

o
i(a) +

o
c(a)

)
e−

γ2(a)
ϵ t

+
σ

σ − γ1
·

o

l(a)

σ − γ2(a)

(
e−

σ
ϵ t − e−

γ2(a)
ϵ t

)
.

(27)

The new error is given by

Ẽ = (ẽw, ẽz, ẽx, ẽl, ẽv) = (wϵ − w, zϵ − z̃0, xϵ − x̃0, lϵ − l̃0, vϵ − v)

= (ew, ez − z̃0, ex − x̃0, el − l̃0, ev).
(28)

Since
o

l,
o
i,

o
c,

o
v ∈ W1,1 ([0, a+]) and µ

o

l, µ
o
i, µ

o
c, µ

o
v ∈ L1 ([0, a+]) , the error equation for Ẽ can be obtained from

(24), (25), and (26) by expressing ew , ez , ex , el , and ev in terms of ẽw , ẽz , ẽx , ẽl , and ẽv , according to (28).

We get

∂tẽw = −∂aẽw − µẽw − Λ(ẽl, ẽx, ẽz) (ẽw + ẽv)− Λ(l̃0, x̃0, z̃0) (ẽw + ẽv)

+ Λ(ẽl, ẽx, ẽz) (n− w − v)− Λ(l̃0, x̃0, z̃0) (n− w − v) ,

∂tẽz = −∂aẽz − µẽz −
γ1
ϵ
ẽz −

σ

σ − γ1
Λ(ẽl, ẽx, ẽz) (ẽw + ẽv)

− σ

σ − γ1
Λ(l̃0, x̃0, z̃0) (ẽw + ẽv) +

σ

σ − γ1
Λ(ẽl, ẽx, ẽz) (n− w − v)

− σ

σ − γ1
Λ(l̃0, x̃0, z̃0) (n− w − v)− ∂az̃0 − µz̃0,
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∂tẽx = −∂aẽx − µẽx −
γ2
ϵ
ẽx −

1

ϵ
· σγ1
σ − γ1

ẽl +
qγ1

γ1 − γ2
· γ

′

2

γ1 − γ2
ẽz

− σ

σ − γ1
· qγ1
γ1 − γ2

(
Λ(ẽl, ẽx, ẽz) + Λ(l̃0, x̃0, z̃0)

)
(ẽw + ẽv)

+
σ

σ − γ1
· qγ1
γ1 − γ2

(
Λ(ẽl, ẽx, ẽz)− Λ(l̃0, x̃0, z̃0)

)
(n− w − v)

+
qγ1

γ1 − γ2
· γ

′

2

γ1 − γ2
z̃0 − ∂ax̃0 − µx̃0,

∂tẽl = −∂aẽl − µẽl −
σ

ϵ
ẽl − Λ(ẽl, ẽx, ẽz) (ẽw + ẽv)− Λ(l̃0, x̃0, z̃0) (ẽw + ẽv)

+ Λ(ẽl, ẽx, ẽz) (n− w − v)− Λ(l̃0, x̃0, z̃0) (n− w − v)− ∂a l̃0 − µl̃0,

∂tẽv = −∂aẽv − µẽv − (p+ ψ)ẽv − pẽw,

(29)

with boundary condition

ẽw(0, t) = 0, ẽz(0, t) = −z̃0(0, t/ϵ), ẽx(0, t) = −x̃0(0, t/ϵ),

ẽl(0, t) = −l̃0(0, t/ϵ), ẽv(0, t) = 0,
(30)

as we assumed that the initial condition for the original problem satisfies

(
o
s,

o

l,
o
i,

o
c,

o
r,

o
v) ∈ D(A), and initial condition

ẽw(a, 0) = ẽz(a, 0) = ẽx(a, 0) = ẽl(a, 0) = ẽv(a, 0) = 0. (31)

We see that at the boundary we still have terms that are of order lower than ϵ except for ẽw(0, t) = 0

and ẽv(0, t) = 0. Fortunately, to eliminate this initial layer contribution on the boundary, we need to introduce

the corner layer by simultaneously rescaling time and age according to τ = t/ϵ and α = a/ϵ . Unfortunately, the

standard approach to the corner layer, [3], will not suffice here as the corner layer equations will not incorporate

the multiplication by µ . Thus the classical corner layer will not belong to D(M) and we will not be able to

substitute the error terms into the equations, as in (29)–(31). To remedy the problem, we define the corner

corrector to be the solution to

∂tz̆ = −∂az̆ − µz̆ − γ1
ϵ
z̆,

∂tx̆ = −∂ax̆− µx̆− γ2
ϵ
x̆− γ1

ϵ
· qσ

σ − γ1
l̆,

∂t l̆ = −∂a l̆ − µl̆ − σ

ϵ
l̆,

(32)

with boundary condition

z̆(0, t) = −z̃0(0, t/ϵ), x̆(0, t) = −x̃0(0, t/ϵ), l̆(0, t) = −l̃0(0, t/ϵ), (33)

and initial condition

z̆(a, 0) = cϵe
− a

ϵ , x̆(a, 0) = dϵe
− a

ϵ , l̆(a, 0) = hϵe
− a

ϵ , (34)
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where cϵ , dϵ , and hϵ are constants obtained from the equality of the boundary and the initial condition at

(a, t) = (0, 0), such that the classical solvability of the problem with inhomogeneous boundary condition holds.

Hence,

cϵ = −z̃0(0, 0) = − σ

σ − γ1

o

l(0)−
o
i(0), hϵ = −

o

l(0),

dϵ = −x̃0(0, 0) = − q(0)γ1
γ1 − γ2(0)

· σ

σ − γ1

o

l(0)− q(0)γ1
γ1 − γ2(0)

o
i(0)− o

c(0)

(35)

as we assumed that the initial condition for the original problem satisfies

(
o
s,

o

l,
o
i,

o
c,

o
r,

o
v) ∈ D(A).

The necessary estimates of the corner layer solution will be provided later. Here, assuming that it is

sufficiently regular, we consider the new approximation

(wϵ, zϵ, xϵ, lϵ, vϵ) ≈ (w, z̃0 + l̆, x̃0 + ĭ, l̃0 + c̆, v).

The corresponding error,

Ĕ = (ĕw, ĕz, ĕx, ĕl, ĕv)

= (wϵ − w, zϵ − z̃0 − z̆, xϵ − x̃0 − x̆, lϵ − l̃0 − l̆, vϵ − v)

= (ẽw, ẽz − z̆, ẽx − x̆, ẽl − l̆, ẽv),

satisfies the system

∂tĕw = −∂aĕw − µĕw − Λ(ĕl, ĕx, ĕz) (ĕw + ĕv)− Λ(l̆, x̆, z̆) (ĕw + ĕv)

+ Λ(ĕl, ĕx, ĕz) (n− w − v)− Λ(l̃0, x̃0, z̃0) (ĕw + ĕv)

− Λ(l̆, x̆, z̆)w̆ + Λ(l̆, x̆, z̆) (n− w − v)

+ Λ(l̃0, x̃0, z̃0) (n− w − v) ,

∂tĕz = −∂aĕz − µĕz −
γ1
ϵ
ĕz −

σ

σ − γ1
Λ(ĕl, ĕx, ĕz) (ĕw + ĕv)

− σ

σ − γ1
Λ(l̆, x̆, z̆) (ĕw + ĕv) +

σ

σ − γ1
Λ(ĕl, ĕx, ĕz) (n− w − v)

− σ

σ − γ1
Λ(l̃0, x̃0, z̃0) (ĕw + ĕv) +

σ

σ − γ1
Λ(l̆, x̆, z̆) (n− w − v)

+
σ

σ − γ1
Λ(l̃0, x̃0, z̃0) (n− w − v)− ∂az̃0 − µz̃0,
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∂tĕx = −∂aĕx − µĕx −
γ2
ϵ
ĕx −

1

ϵ
· σγ1
σ − γ1

ĕl +
qγ1

γ1 − γ2
· γ

′

2

γ1 − γ2
ĕz

− σ

σ − γ1
· qγ1
γ1 − γ2

(
Λ(ĕl, ĕx, ĕz) + Λ(l̆, x̆, z̆)

)
(ĕw + ĕv)

+
σ

σ − γ1
· qγ1
γ1 − γ2

(
Λ(ĕl, ĕx, ĕz) (n− w − v)− Λ(l̃0, x̃0, z̃0) (ĕw + ĕv)

)
+

σ

σ − γ1
· qγ1
γ1 − γ2

(
Λ(l̆, x̆, z̆) + Λ(l̃0, x̃0, z̃0)

)
(n− w − v)

+
qγ1

γ1 − γ2
· γ

′

2

γ1 − γ2
(z̆ + z̃0)−

1

ϵ
· σγ1
σ − γ1

l̆ − ∂ax̃0 − µx̃0,

∂tĕl = −∂aĕl − µĕl −
σ

ϵ
ĕl − Λ(ĕl, ĕx, ĕz) (ĕw + ĕv)− Λ(l̆, x̆, z̆) (ĕw + ĕv)

+
(
Λ(ĕl, ĕx, ĕz) + Λ(l̆, x̆, z̆)

)
(n− w − v)− Λ(l̃0, x̃0, z̃0) (ĕw + ĕv)

+ Λ(l̃0, x̃0, z̃0) (n− w − v)− ∂a l̃0 − µl̃0,

∂tĕv = −∂aĕv − µĕv − (p+ ψ)ĕv − pĕw,

(36)

with boundary condition

ĕw(0, t) = ĕz(0, t) = ĕx(0, t) = ĕl(0, t) = ĕv(0, t) = 0, (37)

and initial condition

ĕw(a, 0) = 0, ĕz(a, 0) = −cϵe−
a
ϵ , ĕx(a, 0) = −dϵe−

a
ϵ ,

ĕl(a, 0) = −hϵe−
a
ϵ , ĕv(a, 0) = 0.

(38)

4. Corner corrector estimates

Lemma 4.1 Let Mθ = µ+ θ/ϵ , where θ is a constant. If η is the solution of

∂tη = −∂aη −Mθη, η(0, t) = −δ1e−
θ
ϵ t, η(a, 0) = −δ2e−

a
ϵ ,

then there exists a nonzero constant Cη such that

∥η(t)∥ ≤ ϵCηe
− θ

2ϵ t. (39)

Proof The solution of (39) is given by

η(a, t) =


δ2e

− a−t
ϵ

ΠMθ
(a)

ΠMθ
(a− t)

if a > t,

δ1e
− θ

ϵ (t−a)ΠMθ
(a) if a < t,
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where ΠMθ
is defined by (9) with µ replaced by Mθ . Using the above expression of η(a, t), we get

∥η(t)∥ ≤ |δ|

 min{t,a+}∫
0

e−
θ
2ϵ (t−a)ΠMθ

(a) da+ e
t
ϵ

a+∫
min{t,a+}

e−
a
ϵ

ΠMθ
(a)

ΠMθ
(a− t)

da



≤ |δ|e− θ
2ϵ t

 min{t,a+}∫
0

e−
θ
2ϵae

−
a∫
0

µ(τ) dτ
da+ e

t
ϵ

a+∫
min{t,a+}

e
− a

ϵ −
a∫

a−t

µ(τ) dτ

da



≤ |δ|e− θ
2ϵ t

 min{t,a+}∫
0

e−
θ
2ϵa da+ e

t
ϵ

a+∫
min{t,a+}

e−
a
ϵ da


≤ ϵe−

θ
2ϵ t|δ|

(
2

θ
+ e−

min{t,a+}−t

ϵ − e−
a+−t

ϵ

)
= ϵKθe

− θ
2ϵ t,

where |δ| = max{|δ1|, |δ2|} , and we arrive at (39) 2

Now we want to specify (39) to z̆ and l̆ , solution to (32)–(34), where δ1 = δ2 . From Lemma 4.1, we

have the following result:

Proposition 4.2 Let z̆ and l̆ be the solution to (32)–(34) . Then there are constants Kz and Kl , depending

on the coefficients and the W1,1(R+) norm of the initial condition
o
i and

o

l , such that for any t ∈ R+ ,

∥z̆(t)∥ ≤ ϵKze
− γ1

2ϵ t, (40)

∥l̆(t)∥ ≤ ϵKle
− σ

2ϵ t, . (41)

Moreover, we also have the following result:

Proposition 4.3 Let 0 < γ2 < γ2 < γ2 < γ1 < σ . Let x̆1 be the solution to (32)–(34) . Then there is a

constant Kx , depending on the coefficients and on the W1,1([0, a+]) norm of the initial conditions
o
c ,

o
i and

o

l ,

such that for any t ∈ R+ ,

∥x̆(t)∥ ≤ ϵKxe
−

γ2
ϵ t. (42)

Proof Let x̆ be the solution to (32)–(34). We get

x̆(a, t) =


ζ1e

− a−t
ϵ

ΠMγ2
(a)

ΠMγ2
(a− t)

+
ΠMγ2

(a)

ϵ

t∫
0

F (a− t+ τ, τ)

ΠMγ2
(a− t+ τ)

dτ if a > t,

ζ2e
− γ2(a)

ϵ (t−a)ΠMγ2
(a) +

ΠMγ2
(a)

ϵ

a∫
0

F (τ, t− a+ τ)

ΠMγ2
(τ)

dτ if a < t,

where ζ1 = −x̃0(0, 0), ζ2 = −x̃0(0, 0)−
σ

σ − γ1
·

o

l(0)

σ − γ2(0)

(
e−

σ−γ2(0)
ϵ (t−a) − 1

)
and F (a, t) = − σγ1

σ − γ1
q(a)l̆(a, t).
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It follows that

∥x̆(t)∥ ≤ |ζ|

 min{t,a+}∫
0

e−
γ2
2ϵ (t−a)ΠMγ2

(a) da+ e
t
ϵ

a+∫
min{t,a+}

e−
a
ϵ

ΠMγ2
(a)

ΠMγ2
(a− t)

da



+
1

ϵ

min{t,a+}∫
0

ΠMγ2
(a)

 a∫
0

|F (τ, t− a+ τ)|
ΠMγ2

(τ)
dτ

 da

+
1

ϵ

a+∫
min{t,a+}

ΠMγ2
(a)

 t∫
0

|F (a− t+ τ, τ)|
ΠMγ2

(a− t+ τ)
dτ

 da

≤ |ζ|e−
γ2
2ϵ t

 min{t,a+}∫
0

e−
γ2
2ϵ ae

−
a∫
0

µ(τ) dτ
da+ e

t
ϵ

a+∫
min{t,a+}

e
− a

ϵ −
a∫

a−t

µ(τ) dτ

da



+
σqγ1
σ − γ1

min{t,a+}∫
0

e−
γ2
ϵ a

 a∫
0

e
γ2
ϵ τ |l̆(τ, t− a+ τ)| dτ

 da

+
σqγ1
σ − γ1

a+∫
min{t,a+}

e−
γ2
ϵ t

 t∫
0

e
γ2
ϵ τ |l̆(a− t+ τ, τ)| dτ

 da

≤ |ζ|e−
γ2
2ϵ t

 min{t,a+}∫
0

e−
γ2
2ϵ a da+ e

t
ϵ

a+∫
min{t,a+}

e−
a
ϵ da



+
σqγ1
σ − γ1

min{t,a+}∫
0

e
γ2
ϵ τ |l̆(τ, t− a+ τ)|

 min{t,a+}∫
τ

e−
γ2
ϵ a da

 dτ

+
σqγ1
σ − γ1

a+∫
a−t

e
γ2
ϵ τ |l̆(τ, t− a+ τ)|

 a+∫
τ

e−
γ2
ϵ a da

 dτ

≤ ϵe−
γ2
2ϵ |ζ|

(
2

γ2
+ e−

min{t,a+}−t

ϵ − e−
a+−t

ϵ

)
+

2σqγ1
σ − γ1

∥l̆(t)∥

= ϵKγ2e
−

γ2
2ϵ +

2σqγ1
σ − γ1

∥l̆(t)∥,

where |ζ| = max{|ζ1|, |ζ2|} . Using (41), we get

∥x̆(t)∥ ≤ ϵKγ2e
−

γ2
2ϵ t + ϵ

2σqγ1
σ − γ1

Kle
− σ

2ϵ t

≤ ϵ

(
Kγ2 +

2σqγ1
σ − γ1

Kl

)
e−

γ2
2ϵ t = ϵKxe

−
γ2
2ϵ t.

2
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5. Main result

Theorem 5.1 Let the coefficients of the problem (6) satisfy A1–A4 together with (11) , and (
o
s,

o

l,
o
i,

o
c,

o
r,

o
v)

be such that (sϵ, lϵ, iϵ, cϵ, rϵ, vϵ) is a classical solution to (6) . Then there exist constants C1, C2, C3, C4, C5, C6 ,

depending only on the coefficients of the problem and the D(S) ∩ D(M) norm of the initial conditions, such

that for all sufficiently small ϵ > 0

∥sϵ(t)− (n(t)− w(t)− v(t))∥ ≤ ϵC1, (43)

∥lϵ(t)−
o

le−
σ
ϵ t∥ ≤ ϵC2, (44)∥∥∥∥∥∥iϵ(t)−

o
ie−

γ1
ϵ t +

σ
o

l

σ − γ1

(
e−

γ1
ϵ t − e−

σ
ϵ t
)∥∥∥∥∥∥ ≤ ϵC3, (45)

∥∥∥∥∥∥cϵ(t)−
o
ce−

γ2
ϵ t − qγ21

(γ1 − γ2)2

 σ
o

l

σ − γ1
+

o
i

(
e−

γ2
ϵ t − e−

γ1
ϵ t

)

− σ
o

l

(σ − γ1)(σ − γ2)

(
e−

γ2
ϵ t − e−

σ
ϵ t
)∥∥∥∥∥∥ ≤ ϵC4, (46)

∥∥∥∥∥∥rϵ(t)−
w − γ1

o

l

σ − γ1
e−

σ
ϵ t − (1− q)γ1 − γ2

γ1 − γ2

 σ
o

l

σ − γ1
+

o
i

 e−
γ1
ϵ t

− σ
o

l

(σ − γ1)(γ1 − γ2)

(
e−

γ2
ϵ t − e−

σ
ϵ t
)

−

 qσγ1
o

l

(σ − γ1)(γ1 − γ2)
+

qγ1
o
i

γ1 − γ2
+

o
c

 e−
γ1
ϵ t

− qγ21
(γ1 − γ2)2

 σ
o

l

σ − γ1
+

o
i

(
e−

γ2
ϵ t − e−

γ1
ϵ t

)∥∥∥∥∥∥ ≤ ϵC5, (47)

∥vϵ(t)− v(t)∥ ≤ ϵC6. (48)

Proof We shall simplify the notation and subsequent calculations by introducing the rescaled errors ĕw = ϵd ,

ĕz = ϵf , ĕx = ϵg , ĕl = ϵh and ĕv = ϵj ; that is,

wϵ = w + ϵd, zϵ = z̃0 + z̆ + ϵf, xϵ = x̃0 + x̆+ ϵg,

lϵ = l̃0 + l̆ + ϵh, vϵ = v + ϵj.
(49)

This converts the system (36)–(38) into

∂td = −∂ad− µd− (d+ j)F (l̃0, x̃0, z̃0, l̆, x̆, z̆)− ϵ(d+ j)Λ(h, g, f)

+ Λ(h, g, f)G(n,w, v) +
1

ϵ
F (l̃0, x̃0, z̃0, l̆, x̆, z̆)G(n,w, v),
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∂tf = −∂af − µf − γ1
ϵ
f − ϵ

σ

σ − γ1
(d+ j)Λ(h, g, f)− σ

σ − γ1
(d+ j)

× F (l̃0, x̃0, z̃0, l̆, x̆, z̆) +
σ

σ − γ1
Λ(h, g, f)G(n,w, v)

+
1

ϵ

(
−∂az̃0 − µz̃0 +

σ

σ − γ1
F (l̃0, x̃0, z̃0, l̆, x̆, z̆)G(n,w, v)

)
,

∂tg = −∂ag − µg − γ2
ϵ
g − 1

ϵ
· σ

σ − γ1
h+

qγ1
γ1 − γ2

· γ
′

2

γ1 − γ2
f,

− ϵ
σ

σ − γ1
· qγ1
γ1 − γ2

(d+ j)Λ(h, g, f)− σ

σ − γ1
· qγ1
γ1 − γ2

×
(
(d+ j)F (l̃0, x̃0, z̃0, l̆, x̆, z̆)− Λ(h, g, f)G(n,w, v)

)
+

1

ϵ

(
σ

σ − γ1
· qγ1
γ1 − γ2

F (l̃0, x̃0, z̃0, l̆, x̆, z̆)G(n,w, v)

+
qγ1

γ1 − γ2
· γ

′

2

γ1 − γ2
(z̃0 + z̆)− ∂ax̃0 − µx̃0

)
− 1

ϵ2
· σγ1
σ − γ1

l̆,

∂th = −∂ah− µh− σ

ϵ
h− ϵ(d+ j)Λ(h, g, f)− (d+ j)F (l̃0, x̃0, z̃0, l̆, x̆, z̆)

+ Λ(h, g, f)G(n,w, v) +
1

ϵ

(
− ∂a l̃0 − µl̃0

F (l̃0, x̃0, z̃0, l̆, x̆, z̆)G(n,w, v)

)
,

∂tj = −∂aj − µj − (p+ ψ)j − pd,

(50)

with boundary condition

d(0, t) = f(0, t) = g(0, t) = h(0, t) = j(0, t) = 0, (51)

and with initial condition

d(a, 0) = 0, f(a, 0) = −cϵ
ϵ
e−

a
ϵ , g(a, 0) = −dϵ

ϵ
e−

a
ϵ ,

h(a, 0) = −hϵ
ϵ
e−

a
ϵ , j(a, 0) = 0,

(52)

where

F (l̃0, x̃0, z̃0, l̆, x̆, z̆) = Λ(l̃0, x̃0, z̃0) + Λ(l̆, x̆, z̆),

G(n,w, v) = n− w − v.

In the sequel we consider (11), as mentioned earlier. In this case λµ ≤ 0 and n and w satisfy (10).

Furthermore, we shall need the estimate for the v solution to the scalar McKendrick problem (13). For this,
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we first consider the auxiliary problem

∂tϕ = −∂aϕ− µϕ− ψϕ,

ϕ(0, t) = (1− ω)

a+∫
0

β(a)ϕ(a) da,

ϕ(a, 0) =
o

ϕ(a).

(53)

Using the fact that
(
etA

)
t≥0

is a positive semigroup, we get

∥ϕ(t)∥ ≤Me−ψt∥
o

ϕ∥, t ≥ 0. (54)

Next we apply the Duhamel formula to the Equation (13). Taking the norm and using (54) lead to

eψt∥v(t)∥ ≤M∥ov∥+
a+∫
0

 t∫
0

eψs|p(a, s)||v(a, s)| ds

 da

+

a+∫
0

 t∫
0

eψs|p(a, s)|
(
|n(a, s)|+ |w(a, s)|

)
ds

 da.

(55)

Since p ∈ C ([0, a+]× [0, T ]) , see A4, we can find a positive real number δ0 such that if 0 < a + t < δ0 then

|p(a, t)− p(0, 0)| < ϵ0 . We see that

|p(a, t)| ≤ ϵ0 + c0, (56)

where c0 = |p(0, 0)| and hence, from (55), we get

eψt∥v(t)∥ ≤M∥ov∥+ (ϵ0 + c0)

t∫
0

eψs∥v(s)∥ ds

+ (ϵ0 + c0)

t∫
0

eψs
(
∥n(s)∥+ ∥w(s)∥

)
ds.
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This leads, by (10), to

eψt∥v(t)∥ ≤M∥ov∥+ (ϵ0 + c0)

t∫
0

eψs∥v(s)∥ ds

+M(ϵ0 + c0)

t∫
0

eψs
(
∥o
n∥+ ∥ o

w∥)
)
ds,

≤M

1 + (ϵ0 + c0)

t∫
0

eψs ds

 ∥o
n∥

+ (ϵ0 + c0)

t∫
0

eψs∥v(s)∥ ds,

≤M(1 + ϵ0 + c0)e
ψt∥o

n∥+ (ϵ0 + c0)

t∫
0

eψs∥v(s)∥ ds

and the Gronwall inequality gives

∥v(t)∥ ≤M(1 + ϵ0 + c0)

(
1 +

ϵ0 + c0
ϵ0 + c0 − ψ

e(ϵ0+c0−ψ)t
)
∥o
n∥ ≤ Kv∥

o
n∥, (57)

with ψ ̸= ϵ0 + c0 .

Then, (49), by (10) with (17), (27), (40), (41), (42), and (57), yields

∥ϵd(t)∥ ≤ Cd∥
o
n∥W1,1([0,a+]), (58)

∥ϵf(t)∥ ≤ Cf∥
o
n∥W1,1([0,a+])

(
1 + e−

γ1
ϵ t + ϵe−

γ1
2ϵ t

)
, (59)

∥ϵg(t)∥ ≤ Cg∥
o
n∥W1,1([0,a+])

(
1 + e−

γ2
ϵ t + ϵe−

γ2
2ϵ t

)
, (60)

∥ϵh(t)∥ ≤ Ch∥
o
n∥W1,1([0,a+])

(
1 + e−

σ
ϵ t + ϵe−

σ
2ϵ t

)
, (61)

∥ϵj(t)∥ ≤ Cj∥
o
n∥W1,1([0,a+]), (62)

for some constants Cd , Cf , Cg , Ch , and Cj .

For any function of a , or a constant, θ , we consider the following auxiliary problem:

∂tϱ = −∂aϱ− µϱ− θ

ϵ
ϱ, ϱ(0, t) = 0, ϱ(a, 0) =

o
ϱ(a). (63)

Using the fact that
(
etA

)
t≥0

is a positive semigroup, it is easy to see that then

∥ϱ(t)∥ ≤Me−
θ
ϵ t∥oϱ∥, t ≥ 0, (64)
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where, as mentioned earlier, θ = min
a∈[0,a+]

θ(a). Note that the assumption on Rµ is also sufficient here since

ω ∈ [0, 1]. Using this estimate and the Duhamel formula, from (50), we have

∥d(t)∥ ≤M

t∫
0

∥∥∥−(d+ j)F (l̃0, x̃0, z̃0, l̆, x̆, z̆)− ϵ(d+ j)Λ(h, g, f)

+Λ(h, g, f)G(n,w, v) +
1

ϵ
F (l̃0, x̃0, z̃0, l̆, x̆, z̆)G(n,w, v)

∥∥∥∥ ds, (65)

∥f(t)∥ ≤Me−
γ1
ϵ t|cϵ|+M

t∫
0

e−
γ1
ϵ (t−s)

∥∥∥∥−ϵ σ

σ − γ1
(d+ j)Λ(h, g, f)

− σ

σ − γ1
(d+ j)F (l̃0, x̃0, z̃0, l̆, x̆, z̆) +

σ

σ − γ1
Λ(h, g, f)G(n,w, v)

+
1

ϵ

(
−∂az̃0 − µz̃0 +

σ

σ − γ1
F (l̃0, x̃0, z̃0, l̆, x̆, z̆)G(n,w, v)

)∥∥∥∥ ds, (66)

∥g(t)∥ ≤Me−
γ2
ϵ t|dϵ|+M

t∫
0

e−
γ2
ϵ (t−s)

∥∥∥∥∥−1

ϵ
· σ

σ − γ1
h+

qγ1
γ1 − γ2

· γ
′

2

γ1 − γ2
f

− ϵ
σ

σ − γ1
· qγ1
γ1 − γ2

(d+ j)Λ(h, g, f)− σ

σ − γ1
· qγ1
γ1 − γ2

×
(
(d+ j)F (l̃0, x̃0, z̃0, l̆, x̆, z̆)− Λ(h, g, f)G(n,w, v)

)
+

1

ϵ

(
σ

σ − γ1
· qγ1
γ1 − γ2

F (l̃0, x̃0, z̃0, l̆, x̆, z̆)G(n,w, v) +
qγ1

γ1 − γ2

× γ
′

2

γ1 − γ2
(z̃0 + z̆)− ∂ax̃0 − µx̃0

)
− 1

ϵ2
· σγ1
σ − γ1

l̆

∥∥∥∥∥ ds, (67)

∥h(t)∥ ≤Me−
σ
ϵ t|hϵ|+M

t∫
0

e−
σ
ϵ (t−s)

∥∥∥∥− ϵ(d+ j)Λ(h, g, f)

− (d+ j)F (l̃0, x̃0, z̃0, l̆, x̆, z̆) + Λ(h, g, f)G(n,w, v)

+
1

ϵ

(
− ∂a l̃0 − µl̃0 + F (l̃0, x̃0, z̃0, l̆, x̆, z̆)G(n,w, v)

)∥∥∥∥ ds, (68)

∥j(t)∥ ≤M

t∫
0

e−ψ(t−s) ∥−pj − pd∥ ds. (69)

Next, by (59), (60), and (61), we obtain

∥ϵΛ(h, g, f)∥ ≤ k1

(
1 + e−

γ1
ϵ t + e−

γ2
ϵ t + e−

σ
ϵ t + ϵe−

γ1
ϵ t + ϵe−

γ2
ϵ t + ϵe−

σ
ϵ t
)
. (70)
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Further, by (27), (40), (41), and (42),

∥F (l̃0, x̃0, z̃0, l̆, x̆, z̆)∥ ≤ k2e
−

γ2
ϵ t(1 + ϵ)

(
1 + e−

γ1−γ2
ϵ t + e−

σ−γ2
ϵ t

)
. (71)

Next, by (10) and (57),

∥G(n,w, v)∥ ≤ k3. (72)

Finally, by (27),

∥∂a l̃0 + µl̃0∥ ≤ k4e
−σ

ϵ t, ∥∂ax̃0 + µx̃0∥ ≤ k5e
−

γ2
ϵ t, ∥∂az̃0 + µz̃0∥ ≤ k6e

− γ1
ϵ t, (73)

where k4 , k5 , and k6 depend, in particular, on L1 norm of ∂a
o

l and µ
o

l , ∂a
o
x and µ

o
x and ∂a

o
z and µ

o
z ,

respectively; that is, on the D(A) norm of the initial condition.

The error estimates (50)–(52) will be completed below. Firstly, we see that, by (58), (59), (60), (71),

(72), and (73) and by defining H(t) = e
σ
ϵ t∥h(t)∥ , (68) can be written as

H(t) ≤ K1

t∫
0

H(s) ds+Φ1(t),

where K1 is a constant and 0 < Φ1(t) ≤ k7(e
σ
ϵ t + 1), and the Gronwall inequality gives

H(t) ≤ k7(e
σ
ϵ t + 1) +K1k7e

K1t

t∫
0

e−K1s(e
σ
ϵ s + 1) ds ≤ k8e

σ
ϵ t + k9e

K1t

and hence

∥h(t)∥ ≤ k8 + k9e
(K1−σ

ϵ )t ≤ k10. (74)

Secondly, we see that, by (58), (62), (70), (71), (72), (73), and (74) and by defining F (t) = e
γ1
ϵ t∥f(t)∥ ,

(66) can be written as

F (t) ≤ K2

t∫
0

F (s) ds+Φ2(t),

where K2 is a constant and 0 < Φ2(t) ≤ k11(e
γ1
ϵ t + 1), and the Gronwall inequality gives

F (t) ≤ k11(e
γ1
ϵ t + 1) +K2k11e

K2t

t∫
0

e−K2s(e
γ1
ϵ s + 1) ds ≤ k12e

γ1
ϵ t + k13e

K1t

and hence

∥f(t)∥ ≤ k12 + k13e
(K1− γ1

ϵ )t ≤ k14. (75)

Thirdly, we see that, by (27), (40), (41), (42), (58), (59), (62), (70), (71), (72), (73), and (74) and by

defining G(t) = e
γ2
ϵ t∥g(t)∥ , (67) can be written as

G(t) ≤ K3

t∫
0

G(s) ds+Φ3(t),
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where K3 is a constant and 0 < Φ3(t) ≤ k15(e
γ2
ϵ t + 1), and the Gronwall inequality gives

G(t) ≤ k15(e
γ2
ϵ t + 1) +K3k15e

K3t

t∫
0

e−K3s(e
γ2
ϵ s + 1) ds ≤ k16e

γ2
ϵ t + k17e

K3t

and hence

∥g(t)∥ ≤ k16 + k17e
(K3−

γ2
ϵ )t ≤ k18. (76)

Next, we see that, by (27), (40), (41), (42), (70), (71), (72), (73), (74), and (75), (65) can be written as

∥d(t)∥ ≤ k19

t∫
0

e−
γ2
2ϵ s∥d(s)∥ ds+ k20

ϵ

t∫
0

e−
γ2
2ϵ s ds+ k21.

Taking the maximum of t over [0,∞), we get

max
t∈[0,∞)

∥d(t)∥ ≤ k19

∞∫
0

e−
γ2
2ϵ s∥d(s)∥ ds+ k20

ϵ

∞∫
0

e−
γ2
2ϵ s ds+ k21

≤ ϵk22 max
t∈[0,∞)

∥d(t)∥+ ϵk23 + k21,

which implies that max
t∈[0,∞)

∥d(t)∥ ≤ k21 + ϵk23
1− ϵk22

=: k24 <∞ . Hence

∥d(t)∥ ≤ k24. (77)

Finally, we see that, by (56) and (77) and by defining J(t) = eψt∥j(t)∥ , (69) can be written as

J(t) ≤ K4

t∫
0

J(s) ds+Φ4(t),

where K4 is a constant and 0 < Φ4(t) ≤ k25
(
eψt − 1

)
, and the Gronwall inequality gives

J(t) ≤ k25
(
eψt − 1

)
+K4k25e

K4t

t∫
0

e−K4s
(
eψs − 1

)
ds

and hence

∥j(t)∥ ≤ ψk25
ψ −K4

=: k26, (78)

where ψ > K4 . This completes the proof. 2
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6. Conclusion

In this paper we proposed an age-structured epidemiological model for the transmission of HBV; then an

asymptotic analysis of a singularly perturbed for such a model was performed. The Chapman–Enskog procedure,

as an asymptotic method, was used for the mathematical analysis. This asymptotic method was developed in

[1, 3, 6, 12] for age-structured epidemiological models and in [13] for the Carleman model of the Boltzmann

equation, has enabled a systematic aggregation of variables, and has yielded a good approximated formula with

layers correctors, namely initial layer and corner layer correctors. Note that a special corner layer equation was

used instead of the standard one, and since the corner layer corrector decays exponentially fast in both a/ϵ and

t/ϵ , while the initial layer corrector only does so in t/ϵ , this was neglected because of the L([0, a+],R6)-norm

and therefore we obtained the approximation in terms of the initial layer corrector.

In summary, the result obtained shows that the solution of the nonlinear problem (6) can be approximated

by the solution of five scalar linear problems and explicitly given initial layer corrector, uniformly for any time.

The result is very interesting as the error estimates are uniform on the whole infinite time interval, in contrast

to the typical result based on the Tikhonov theorem and classical asymptotic expansions.
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