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Abstract: Following the study on volume of indicatrices in a real Finsler space, in this paper we are investigating some
volume properties of the indicatrix considered in an arbitrary fixed point of a complex Finsler manifold. Since for each
point of a complex Finsler space the indicatrix is an embedded CR-hypersurface of the punctured holomorphic tangent
bundle, by means of its normal vector, the volume element of the indicatrix is determined. Thus, the volume function
is pointed out and its variation is studied. Conditions under which the volume is constant are also determined and
some classes of complex Finsler spaces with constant indicatrix volume are given. Moreover, the length of the complex
indicatrix of Riemann surfaces is found to be constant. In addition, considering submersions from the complex indicatrix

onto almost Hermitian surfaces, we obtain that the volume of the submersed manifold is constant.
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1. Introduction

The study of the unit tangent sphere, or indicatrix, in real Finsler spaces is one of interest ([15, 19, 21, 22], etc.),
mainly because it is a compact and strictly convex set surrounding the origin. For example, the indicatrix plays
a special role in the volume definition of a Finsler space. However, in the present paper, based on some ideas
from the real case, the volume element and volume function of the indicatrix in a complex Finsler manifold
(M, F) are introduced and several of their properties are obtained.

First we recall some basic notions about complex Finsler geometry in Section 1. By taking z € M as an
arbitrary point, the punctured holomorphic tangent bundle T.M can be locally viewed as a Kéahler manifold
and the complex indicatrix, considered in the fixed point z, can be approached as a CR-hypersurface of T/ M .
Thus, regarding the volume element of a complex Finsler space, in Section 2 we establish the volume element of
complex indicatrices. In Section 3 we will then be able to express the volume function of the complex indicatrix
and obtain its variation by the z variable. Thus, some conditions under which the volume of complex indicatrices
is constant (i.e. it does not depend on the choice of z € M ) are given. Even so, these conditions do not offer
much information about the type of the complex Finsler spaces, but for certain classes of complex Finsler
manifolds, as complex Berwald manifolds, the constant volume property is verified. Furthermore, by taking the
particular case of Riemann surfaces, we study the length of the indicatrix and we obtain that it has constant

value, equal to the unit circle value. This contrasts sharply with the situation from two-real-dimensional Finsler
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geometry, where the indicatrix length is in general a function of z. In the last section, using an example of a
submersion from the indicatrix I, M onto the complex projective bundle P, M and the result presented in [23],
we state that the volume of any Hermitian manifold, on which exists a submersion from the complex indicatrix,

has constant value.
Now we provide a short overview of the concepts and terminology used in complex Finsler geometry (for

more see [1, 20]). Let M be an n-dimensional complex manifold, with z := (2¥), k = 1,..,n, the complex
coordinates on a local chart (U,¢). The complexified of the real tangent bundle TcM splits into the sum
of holomorphic tangent bundle 7'M and its conjugate T" M, ie. TcM = T'M ® T"” M. The holomorphic
tangent bundle 7'M is in its turn a 2n-dimensional complex manifold and the local coordinates in a local chart

inu€T'M are u:= (2F,9%), k=1,...n.

Definition 1 A complex Finsler space is a pair (M, F), with F : T'"M — R*, F = F(2,n) a continuous

function that satisfies the following conditions:
i. F is a smooth function on T'M :=T'M \ {0};
it. F(z,m) >0, the equality holding if and only if n=10;
iti. F(z, n) =|\F(z,n), VAeC;
1. The Hermitian matriz (gij(z, n)) is positive definite, where g;; = % is the fundamental metric tensor,

with L := F? the complex Lagrangian associated to the complex Finsler function F .

The positivity from the fourth condition is equivalent to the convexity of L and to the strongly pseudo-
convex property of the complex indicatrix in a fixed point I.M = {n | g;; (z,m)n'n? =1}, for any z € M. It
also ensures the existence of the inverse (gﬁ), with gﬁgifC = 6%.

Moreover, condition iii represents the fact that L is homogeneous with respect to the complex norm,

L(z, ) = A\L(z,n), ¥\ € C, and by applying Euler’s formula we get that:

8[/ 8L _ agi_' 892_ _ i_i
37,37’“ = a?knk = L; 877; n* = 377,;’77’“ =0 and L=ggn'y. (1)

The geometry of complex Finsler spaces consists of the study of geometric objects on the complex manifold

T'M endowed with a Hermitian metric structure defined by g;;. A first step represents the analysis of the

sections on the complexified tangent bundle Tc(T'M) = T'(T"M) & T"'(T'M), where T.)(T'M) = T!(T'M).
Let V(T'M) = span{a%k} C T'(T'"M) be the vertical bundle and the complex nonlinear connection, briefly
(c.n.c.), is the supplementary complex subbundle to V(T'M) in T/(T"M), ie. T'(T'M) = H(T'M)®V(IT'M).

The horizontal distribution H,(T'M) is locally spanned by {52 = agk - Ng%}, where Nj(z,71) are the

coefficients of a (c.n.c.). Then we will call the adapted frame of the (c.n.c.) the pair {d; := %, O = a%k}’
with the dual adapted base {dz*, én* := dn* + NFdz7}.
One basic (c.n.c.) of a complex Finsler space is the Chern-Finsler (c.n.c.) ([1, 20]), with NJ’.C =

gmk %nl. By means of the adapted base determined by the Chern—Finsler (c.n.c) it can be determined
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a Hermitian connection D of (1,0)-type, named in [1] the Chern-Finsler linear connection. In notations
from [20] it is DI'N = (L%, LY, Ch,,C%), locally given by the next set of coefficients L%, = gl_iék(gj;),
Ciy = g"Ok(g;0), Lt =0, C2 =0, with Dy, 6; = L, 6;, D5, d; = Liy0;, Dy 05 = Ciyd;, Dy, 85 = Ciy6y, et

and Cln/ = Clin® =0 from (1). Further we will use the notation 7/ =: 77 to denote a conjugate object.

In the terminology of [1], the complex Finsler space (M, F) is strongly Kdhler iff T;k = 0, Kdhler iff
Thn' =0, and weakly Kahler iff g;T}n'n' = 0, where T}, := L}, — Lj;. However, the notions of strongly
Kéhler and Kéahler actually coincide (cf. [14]). A complex Finsler space that is Kéhler and L;k = L;k(z)
is named a complex Berwald space [3]. An extension of this is the generalized Berwald space, which has the
coefficients of a complex spray G* = %N}nj holomorphic in 7, i.e. 9;G' =0 [7].

Cauchy—Riemann (CR) submanifolds of almost Hermitian manifolds, introduced by Bejancu[10-12], were
extended to the Finsler geometry by Dragomir in [16, 17]. A real submanifold M of an almost Hermitian Finsler
space (M, g), is a CR-submanifold if it carries a pair of complementary Finslerian distributions D and D+ of
TM , such that D is invariant, J(D,) = D,, and Dt is antiinvariant, J(DY) c (T,M)*, for each u € M,
where J is an almost complex structure on M. Any real hypersurface M of M is a CR-submanifold, with

D- = J(T,M)*+ and D the complementary orthogonal distribution of D=,

2. The volume element of the complex indicatrix

Consider T/M the corresponding holomorphic tangent space of a complex Finsler manifold (M, F) and F,
the Finsler metric in an arbitrary fixed point z € M. Then (T.M, F.) can be regarded as a locally complex
n-dimensional Minkowski space, with (n?) its complex coordinate system, n = (') = ni%|z. Let g be
the Hermitian structure on T” (m ) associated to F., which is usually extended in Hermitian geometry

to a complex bilinear form G by G(Z, W) = g(Z,W), G(Z,W) = G(Z,W) = 0, G(Z,W) = G(Z,W),
VZ,W € T'(T.M). Thus, G defines a Hermitian metric on 1/’2]\/4 , which is smooth at 7 = 0 if and only

if F, is a Hermitian norm and has the explicit form:

P2 F?

7 ooy

dn’ ® dn* = g;z(z,m)dn’ @ dif”. (2)

For a fixed point z € M, the unit sphere in (7.M, F.), also called the complex indicatriz in z, is:
I.M={neT.M| F(z,n) =1}.

I.M is a strictly pseudoconvex submanifold and since it has only one defining equation, which involves the
real valued Finsler function F, it is a real hypersurface of the holomorphic tangent bundle 7/ M , and thus a
CR-hypersurface, for any z € M.

Let (ul,...,u?"1) be local coordinates on I,M and 1/ = n’(u!,..,u?""1), Vj € {1,..,n} the equations

of inclusion I, M < 7/;’\]\/4 [17]. Then F(z,n(u)) =1 yields by derivation after u variables to

oy’ onl .
lj%—Flj%:O, 06{1,...,27’1—1}7jE{L...,n}, (3)
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where [; = 2% = gj,;lE, with ¢/ = Ln/. Since the inclusion tangent map i, : Tr(I.M) — Tc(m) acts on

!
z

tangent vectors of I, M as

(O _y o oo
\oux ) T Quxonk T Que ok’

where X, is a tangent vector of the complex indicatrix expressed in terms of tangent vectors of T (T'M), from
(3), we set

N =19; + 179, (4)
and thus we obtain Gr(X,, N) =0, where G is the Riemannian metric applied to real vector fields as

Gr(X,Y)=ReG(X",Y"). (5)

Here X', Y’ are the holomorphic, respectively, the antiholomorphic part of tangent vectors X and Y of the
complexified tangent bundle of T’ M , obtained by X' = %(XfiJX), Y = %(YJriJY)7 i = 4/—1. Consequently,
N € Tr(I.M)* and Gr(N,N) =1, so that N is the unit normal vector of the indicatrix bundle.

Remark. A similar result of the complex indicatrix normal vector was obtained in [24] by considering T/ M as
a 2n-dimensional vector space Vi, via the diffeomorphism Z : Vg — T/M, (z*,y*) — (n¥) = (2% + /—1y").

Then ¢ induces a Riemannian metric on Vg\{0}, defined by
Gu(X,Y) := Regz(v)(Z+(X), Z.(Y)), VX,Y € T,Vg, v # 0, (6)

where Re(7) = 1(7 4 7), for any given form 7 € AP4(M). Set the indicatrix Ig :==Z ' (I.M), T-'(n) = (v*),
with (v¥) taken as v?*~! := 2% and v?* := y* the coordinates of Vg and let X(t), t € (—¢,€) be a smooth
curve on Ig with X (0) = vk%. Then, by taking X (0) = d%:%hzo, a tangent vector of the curve, and using
gTL,C = gkjnj, it is obtained that gx (o) (X(0),X(0)) = 0. Hence, | = X(0) = vka% is the normal vector
to the indicatrix, which expressed in terms of the I, M tangent vector field is exactly N = n? % + 7 a%j if
n € I, M, or, equivalently, N = lj% + ljaiﬁj for an arbitrary n € 7/’?]\/4
By considering the volume form of (T.M, F,) induced by the Hermitian metric G as
2
dp = ! <ﬁ ﬂdnl/\df/\../\dn"/\dﬁl/\dr_)2/\../\d77”

n
- (—
— (Y SgeaindiP) =
nt \ g Ja ”) on

with g = det(g;;), we get the volume element of the induced metric on I.M by a contraction of dy with the

outward-pointing normal N = 3j +1J 35 (restricted to I, M) in the first slot [9], i.e. the interior product with

respect to N. Thus, we have

V|, = du (nﬂ'é)j +070;, ) = un(dp) =
n2 —
= (7 (ijl(fl)jflnjdnl A A A Adgt Adit A LA di A+
+ 2 ()M T dnt AL N dpt N ARt A NN A dﬁ") ,
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where ¢ is the interior product operator and by dn? we denote absence of the dn’ term in the exterior product

above. Using that 74+ 7 = 2Re(r) for any given form 7, we obtain:

Proposition 1 For each n € I, M, the volume element of the complex indicatriz is

n

n2

Re[(—1)'T S (1)t n'dnt Ao AdiP Ao Adn AT A A diT"].

=1

g
AVl = 5o

Considering that I,M is the unit sphere in (T.M, F,), we take the map r : Zf/’;\]\//l — LM, r(n) = w5

and define a form ©, on W by O, := r*dV,. Then, without any constraint on the 7/s, the normal vector

is N = ljéj + 1-755, and for any n € @7\/4 the 2n — 1 form O, has the expression

g n2 - i—1, 1 /\z n = -n
= WRe[(—l) z Z(—l) Ynfdnt A Adnt AN dn™ AdRt A LA Y, (7)

=1

O:ly

for any n € @\J_\/J The ©, form has an important role in calculating the local degree of a holomorphic vector

field at a nondegenerate zero.
We also notice that the same form of volume element dV, and the ©, form were obtained in [24],
Proposition 3.1 and Proposition 3.3, respectively, by taking dV, := Z~!* [t(n)dp;], where dpg is the Riemannian

volume form induced by the Riemannian metric § from (6).

3. Some properties of the indicatrices volume

In this section we study the volume of unit tangent spheres I, M in complex Finsler manifolds (M, F'), using
the volume form obtained in the previous section in Proposition 1. Thus, we obtain conditions for a space
to have indicatrix of constant volume, i.e. independent of the position variables z € M, and we study this
property for several cases of complex Finsler spaces.

The volume function of the indicatrix I, M is considered to be

Vol(z) :==Vol(I,M) = / dv. (8)
M
This definition is natural since the indicatrices volume of Hermitian manifolds is always equal to the volume of

unit Euclidean sphere S?»~1 in R?" = C", as we can see from the following example.

Example 1. The Euclidean norm, F|, = ||-||, i.e. |7l := [n|> = 357", on the complex Minkowski space
(T.C",F|,) considered in an arbitrary point z € C™. Since the volume element dV is independent of the
choices of (n%) coordinates and the Hermitian structure satisfies g(éi, 8J) = 0;5, so that g = 1, and by applying

(8) and Proposition 1, we have

2
_ln n ] ) —
Vol(z) = / Re(~5,— S (=1 gty AL Adyt AL Ady AdRt AL AR,
llnll=1

i=1
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2n
By taking each nf = v2*~1 + /=Tv2* | we obtain ||5]|> = 3. (v*)2 and the integrand volume form w =
k=1

2?21(—1)i_lvidvl A AU A A dv®", which is exactly the volume element of a (2n — 1)-sphere with radius

R =1. Thus, we obtain that Vol(z) = Vol(S*"1).

As we could expect, indicatrices of complex Finsler manifolds have different properties from those
considered in real Finsler manifolds. For instance, if for real Finsler manifolds the volume of the indicatrix
can never exceed Vol(S"~1) if the real Finsler metric is positively homogeneous of degree 1, with equality for
the case of the Euclidean norm (cf. [8], Proposition 14.9.1), in the complex Finsler case this result cannot be

generalized, as we can see from the next example.

Example 2. Take the complex version of the Antonelli-Shimada metric,
Fis = Las(zw;p,q) == ¢ (Ip|* + |g|*)?, with p,q #0,

on a domain D from 1/“’\]\7[, dime M = 2, such that its metric tensor is nondegenerated. Here, z,w, p, q represent

a relabel of the local coordinates 2!, 2%, n',n?, respectively; the exponent o(z,w) is a real valued function; and

|n*|? :==n*nk, nk € {p,q}. A direct computation leads to (cf. [7])

2eto (=) |p|2|g|2

& = detlg;r) = g

and by taking n = 2 in Proposition 1, the volume element of the complex indicatrix becomes
1
dv, = Zg(pdq/\dﬁ/\dq’— gdp ANdp A dq+ pdg A dp A dg — @dp A dp A dg).

If we consider the algebraic form of the complex coordinates p = z + iy, ¢ = v +iv, i = /—1, we obtain the

volume function

Vol(z):/g(:z:dy/\du/\dv—ydm/\du/\dv—i—udm/\dy/\dv—vdx/\dy/\dv), (9)
)

where g = 2e37(*%) (22 + y?)(u? + v?) and the indicatrix condition F(z,7) = 1 becomes the equation of the
surface ¥ 1 (22 +1y2)% + (u? +0v?)? = e 47 | If we denote 7 = e~7(*%) | the coordinates of ¥ can be changed

using a type of Hopf coordinates: x = rcosavsinf, y = rsinavsinf, u = rcos Svcosf, v = rsin v cos¥b,
where 6 € [0,5], a, 8 € [0,2n]. Thus, we easily obtain that Vol(z) = Vol(S?).

However, in the general case Vol(z) does vary with z, as can be verified by the following example.

Example 3. Consider the case n =2, M = C?, of local coordinates z = (2%, 22) and 1 = (p,q), and we define

F(z,n) = \/A(Z)(\pl2 +1a?) + VIpl* + lal*,

where A is an arbitrary smooth nonnegative function of the z variables only and |n*|? := n¥n*, n* € {p,q}.

When A = constant the Minkowskian structure is obtained. It can be checked that L = F? is actually a smooth
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function on 7'M and F is a complex Finsler function. Calculations give

At lp|*(|p[*+2]a|") _ _ palpl®lal®
(9:) = (Ipl*+1q]*)3/2 (Ipl*+1q|*)3/2
v __ palp®lal® P lal®2lpl*+1q]*)

(Ip[*+lql*)?/2 (Ip[*+1q|*)3/2

Hence,

(Ipl* + 11*)® = IpI*la(IpI* + 191*) | 2Ip|*|q|?
(Ip[* + |q|*)3/? Ip|* + |q]*

g = det(g;7) = A + A

If we consider the algebraic form p = z +1iy, ¢ = u+iv, i = /—1, we obtain volume function (9), with

Y@ + v 4+ u? 4 02) 4+ /(22 + 42)2 + (u2 +0v2)2 = 1. By changing the coordinates of ¥ as

Ccos

%) : _ ] sin 0
14+ (cos 0+sin 0) sin &, u = 14+A(cos 0+sin ) cos ﬁ’
cos 6 _ ] sin 6 :
14+ (cos 0+sin 0) cos &, v= 1+ X (cos 0+sin 0) Slnﬁ’

with 0 € [0, 5], a, B € [0,27], the volume function of the complex indicatrix will have the form

w/2

in 26 do
Vol(z) = 272 /[/\2 + Mcos O+ sinf)(1 + 20
0

sin 260 .
) +sin20] [1 4 A(cosf + sin 6)]?

It can be seen that the result depends on A(z) and thus Vol(z) is nonconstant.

In the following, using the ideas from [9], we study the condition under which a complex Finsler space
has indicatrix with constant volume. Thus, we take n — o(n) a Minkowski norm on C™. Since the restriction
of F to TM gives a Minkowski norm F,, any Finsler manifold may be viewed as a smoothly varying family of
Minkowski spaces {(T/M, F.)}. Thus, if we assign the same o to each tangent space of C™, identifiable with
C™ itself, every Minkowski space (C™, o) is a Finsler manifold and the resulting Finsler manifold is an example
of locally Minkowski space.

In each z € M the indicatrix of F' is strongly convex and o : C" ~ T/M — R, o(n) = F(z,n), is

a strictly convex function, cf. [1], p. 167. The embedding ¢, : I — LM, ¢.(n',...,n") = n' aazi , with

I={neC":0(n) =1} the indicatrix of the Minkowski space (C", o) and image just I, M, allow us to switch

the integrating domain in the volume function (8) over to I. Thus,

Vol(z) = / dv, :/godez.

I.M I

Using Proposition 1 and the tangential map ¢}, we can express Vol(z) as

n

1 n2 L —~
Vol(2) = 5 /gRe[(—l)T S (=Dt AL Adyt AL Ady Adit A LA d. (10)
i i=1

Therefore, the volume of the indicatrix is independent of z or Z variables if the variational formula for Vol(z)

vanishes:

br(z,z)a%fz) ~0 and br(z,z)a%fz) ~0 (11)
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for any vector fields b" azr and b" 827' on M, where the 0" = b"(z, Z)s are functions of z and Z only on M.

Since we work in local coordinates (z%) and their induced global coordinates (n?) on each tangent space T/ M
and the domain of integration is thus I, which does not vary with z or z, using (10) the conditions from (11)
become

g
e

b’"(z,Z)ﬁz() and b"(z,2)

0.
o0z"

By applying the Jacobi formula for the determinant of the positive definite Hermitian matrix (gﬁ (z, 17)), the

above equalities are rewritten as

b (z,2)gll, =0 and b"(z,2)gll. =0,

r

with T = g™ %%im and Il = g™i%:m  Since g # 0, Vol(z) = const. if and only if b (2, 2)T%, = b" (2, 2)['%. =

0. Moreover, we can state:

Theorem 1 Let (M, F) be a complex Finsler manifold, z € M an arbitrary point, and Vol(z) the volume

function of the complex indicatrixz I,M . Then, for any vector fields b" 8‘; and b"% on M, with b" =b"(z,2),

we have

b (2, 2) ) - L (e T Re[(—1)% S, (—1)i~tnidyt A .. Adii
I
A Adn™ Adit A ... A di™]

and, respectively,

; 22 n i—1,i Y
b (2,2) 2B — L [ eb T Rel(—1) Y1, (1) hidnt A Adn
I
A Adn™ Adit A ... A dip™]

i — ,mi0gim i _ o miOgim
where 1", = g"" &2 and T = S

Corollary 1 Let (M, F) be a complex Finsler manifold. If T':. =Tt =0, the volume function Vol(z) of the

complex indicatrix is constant.

Remark. Any local Minkowski metric verifies the corollary’s conditions; thus, Vol(z) is constant (see Example
1 and Example 2 with o a constant function). However, in Example 2, Vol(z) is constant for any function
o(z,w) and thus there are other types of complex Finsler metrics with constant Vol(z). For instance, further we

will provide an example of a pure Hermitian metric (i.e. g = g(z)) for which we obtain Vol(z) = Vol(§*"1).
Example 4. A pure Hermitian metric. Take M = C? endowed with a purely Hermitian metric
F2(2,m) = a(z,w)|p* + b(z,w)|q|?,

with a,b real valued functions and local coordinates z = (z,w), n = (p,q). It can be easily verified that
911 = a(z,w), g13 = goi = 0, g25 = b(z,w), such that F represents a pure Hermitian metric, and thus
g = ab. Considering the algebraic form p = = + iy, ¢ = u + iv, we obtain the volume (9) with the surface

Y :a(z? +y?) + b(u? +v?) = 1. Taking z = a= /% cosasind, y = a~/?sinasinf, u = b"/?cosfcosf, v =
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b='/2sin 3 cos @, where 6 € [0, 2], a, B € [0, 27], we easily obtain Vol(z) = Vol(S®). The same result is obtained

—1/2 1/2

if we choose to use the spherical coordinates x = a sinacos B, u=b"2?sinasin S cos,

v ="b"12sinasin Bsind, with 6 € [0,7], o, B € [0, 27].

cosa, y=a~

By generalizing to an n-dimensional complex manifold M, take the purely Hermitian metric F2(z,n) =
> ai(2)|n'?, with a;(z)s real valued functions and g = [[/_, a;(z). Using 7/ = 2 +iy’, condition F =1
i=1

is equivalent to Y. ; a;(x* +y*) = 1. If we apply an adapted form of the spherical coordinates as z! =

—-1/2 1 —1/2 . 2  —1/2 . . 2  —1/2
aj "“cosay, y' = a] "“sinag cosag, 2* = ay '“sinagsinag cosas, y? = a,

., ot = aﬁl/Q sin .. sin gy 2 cosag,—1 and y" = a;1/2
ai, .., a,—2 € [0,27], we obtain that Vol(z) = Vol(S?"~1).

However, the variational formula of Vol(z) does not offer much information about classes of complex

sin arp sin g sin aig cos ayy

sin o .. sin g9 Sin a1, with ag,—1 € [0, 7],

Finsler manifolds that may verify the constant volume conditions. The following result slightly improves the

one from [24].

Proposition 2 Let (M, F) be a weakly Kdihler manifold, with L}, = L}, (z). Then Vol(z) is constant.

Proof Since (M, F) is a weakly K&hler manifold, according to [1], p. 101, Corollary 2.4.2, for any p € M
and X, € 1/“;7\/47 there exists a unique geodesic v through (p, X,,), such that (0) = p and 4(0) = X, € I, M.
Thus, given p and ¢ in M, we can take (¢), ¢t € [0,1] as a unique geodesic such that v(0) = p and (1) = ¢,
which for the weakly Kéahler metric and its Chern—Finsler connection D satisfies ([1], p. 101, [20], p. 79)

D;Yth,Th’.Yh = 07

with 4 the tangent map of v and 4" = I"(5(t)) the horizontal lift of the vector #(¢). In local coordinates it

becomes
5" + 47 Ly (v, 9)3410: = 0. (12)
Let P, : TyM — T,’Y(t)M7 4(0) — 4(t), be the parallel translation induced by (12). By taking the Chern—Finsler
horizontal coefficients L; . to be dependent only on the position z, the parallel translation P; is a complex
linear isomorphism and an isometry, so we have ||¥(t)|| = F(y(t),%(t)) = F(p,7(0)) = ||7(0)|].
Set (2%,n%), (£%,¢%) local coordinates on M, T,’Y(t)M, respectively. In a local chart consider 4(0) =

dy’ (O) o

7-(0) 527 1+(0) and denote Xi = dd—"f(O) and by {e;}i=1,, the natural basis {%}izl,n in the fixed point p. If

we take F;(t) = Pi(e;) to be the translated basis for 17, M, there exists a nonsingular matrix (A(t)) such

4ty = XGE;i(t) along vy, where X'(t) = dii(t), the

that E;(t) = Al(t)72 . If we consider #(t) = Xi(t)% dt

o€

condition from (12) becomes % + XjLék(f, X§Al (t)%)X’C = 0. We observe that, in general, the coefficients

L; . are dependent on the translated frame, but in the considered case, Lé- . depending only on position, that

does not happen. Thus, by applying it to E,,(t), we obtain

dAi

Al Ak T
T ] AR L)

mjk
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Now we follow the same steps as in [24]. Since (! = A}nj , the tangent and cotangent application of P, satisfies

0 _ ja * 770 A ]

Relative to the Hermitian metric G from (2), using the last three relations, it can be easily checked that

% |on (P P )| = 5 [0 0.3 0)4045] <o
This implies Gp, () (Prs(0i), Pos (07)) = Gy(0i,05), det[Gs sy (Pru(0;), Pru(05))] = det[G, (0;, 95)].

Take By )(r) == {¢ € T}y M : F(y(t),¢) < r}, Byw)(r) = Byo)(r), and using Stokes’ formula, the
above results, and the fact that d(dV,) = 2ndpl|, for any z € M, we get Vol(y(t)) = Vol(p). If t = 1, we
obtain that Vol(p) = Vol(q), for any p,q € M. O

Recall that, cf. [3], a complex Finsler space is Berwald iff it is K&hler and L; . depends only on position.

Since the Kéhler condition implies weakly Kéahler, we can state:

Corollary 2 Let (M, F) be a complex Berwald manifold. Then Vol(z) is constant.

Remark. There are two senses regarding the definition of a complex Berwald space. The first definition of the
complex Berwald manifold was introduced by Aikou in [2], as a complex Finsler manifold whose Chern—Finsler
coefficients L;k are functions of position (2?) alone. However, in a later paper, [3], Aikou approached this
problem again and considered the complex Finsler spaces having L;k(z) as being modeled on a Minkowski
space, and by a complex Berwald manifold, he defined a complex Finsler manifold modeled on a Minkowski
space, together with the Kéhler condition of its associated Hermitian metric (which is equivalent to the Kéhler
condition of the complex Finsler function). The latter one is the sense that we are using in this paper, while
the first one leads to the generalized Berwald spaces according to [4, 5].

We remark that conditions from Proposition 2 are only sufficient. Next, we want to exemplify this.

First, if we take into consideration that in Example 2 according to [7] the L;  honzero coeflicients of the

Chern—Finsler connection of the Antonelli-Shimada complex metric are

do do

Lh = L%l = 2&3 L%z = L%z = 2%7
we observe that the local coefficients L; . depend only on z and w, but the metric L 45 is not Berwald, because
in general, it is not Kahler. However, the metric L g is one generalized Berwald, since the spray coefficients
G* = (g—‘;n—l— g—gﬁ)n and G¥ = (%‘;n—%— 3—3)9)9 are holomorphic in 1. Thus, we found an example of a generalized

Berwald manifold for which Vol(z) is constant, another one being given in the following example.

Example 5. A complex Finsler space with Randers metric.

We adjust the example from [6] and we consider a two-dimensional manifold M = C? a purely Hermitian

metric
o = e HEpf? 4 e tEteteg?, (13)
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and we choose the (1,0)-differential form f as

B =ep. (14)
Then a;; = ez-&-i’ Qo3 = €Z+2+w+w, a3 = as; = 0, det(aﬁ) _ 62(z+2)+w+u7, ail _ 6_(Z+2), aQZ _
e~ (ztatwiw) - q12 — 021 — |82 = e*t%|p|? and thus by = €%, b' = e %, by = 0> = 0, and [|b|| = 1,

where we used b = a’ib: and |[6]|> = a?ib;b-. In addition, we calculate Dy = 2%m — 2%z and we obtain
J J 0z 0z
[i7m = 0, except for the coefficients Ty = —T'g57 = e*T#TWT% £ (0. Thus, metric (13) is not Kéhler.

Now we are able to construct the complex Randers metric

F = \/€z+2|p|2 + extErwto|g|2 4 \/ez+2|p|2, (15)

which is nonpurely Hermitian, since a?|[b||? # |3|?>. Some computations lead to the conclusion that metric (15)

_ o 9bs L\ _obt ob )\
<ﬁlrazj + 5 n ) 0 = (Bllazj +/81771> =0,

satisfies the condition

with Iz = a;n', and so, from [4], Theorem 4.2, this metric is generalized Berwald. However, there exists

FQQTbi = —e*tWT® -£ () and thus the condition T'jz7b™ = 0 cannot be fulfilled, and according to [6] it is not a
complex Douglas metric, even if Q7 =0, m=1,2.

By direct calculus, using a,7|p|? = |8|? and ags|q|? = o® — |B|?, we obtain

aqi F* a1 a1
A R R
g = =g e A,
Gz = Fazi _lazi\Q|2|5|7
Va2 2 a%V/a?
and
g = det(g;7) = I det(a) =1,2.

5 S 75 >0 i
2 a?va?|p|

We obtain the volume function Vol(z) as in (9) for the algebraic form of the complex coordinates
p=x+iy, ¢ =u+iv, i = /=1 and surface = : /a;1(22 + y2) + ags(u® + 02) + /a1 (22 +y2) = 1. If we
denote a;7(z? + y?) + ags(u? +v?) = cos* 0 and a,7(z? +y?) =sin® 0, 0 € [0, Z] , the coordinates of ¥ can be

—-1/2 . -1/2 . . —1/2 -1/2 .
changed as = = a,z /2 cos asin? 0, y=a /2 in o sin? 0, u= azé/ cos BV cos20, v = azé/ sin v/ cos 260, where

0 €10,Z], a, B € [0,2n]. Thus, we easily obtain g = 1 511922 and by direct calculus we get that the volume

cos® §sin? 0

function has constant value Vol(z) = 272,

Remark. In [6] it can be found that any complex Randers-Douglas space of dimension two is a complex

Berwald space, and thus, according to Corollary 2, we can state:
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Corollary 3 Let (M, F) be a complex Randers—Douglas space with dimg M = 2. Then the volume function

Vol(z) of its complex indicatriz is constant.

Application: The length of the complex indicatrix
A Riemann surface is a connected one-complex dimensional analytic manifold, i.e. a two-real-dimensional

connected manifold M, with a complex structure on it. Take the local chart (U, z), the holomorphic tangent
space determined by (z,7), where the 1 coordinate comes from z through n%, and a Finsler complex function
F with g = %. By the (0,0)-homogeneity condition (1) of the metric tensor g, it follows that for the

Riemannian surface (M, F') the complex Finsler metric is Hermitian. Then we consider the indicatrix as a
one-real-dimensional curve of the one-complex-dimensional Finsler space, I = {n € T'M : gnij = 1}, and we

introduce the notion of the indicatrix length as the volume function Vol(z) from (8) with n =1 in Proposition
1.
The Hermitian metric of the Minkowski plane T/M is G = gdn ® dij, which induces G = ReG on I,

N = %773% + %ﬁa%w and the indicatrix volume form dV = #g(ndﬁ — 7jdn). Using it, we define the element
of arc length on the standard unit circle S={n € C: |n|*> = 1}, ds = % Re(indij) and it can be easily verified
that

N I (edy — ydz) —
L= / 5 g2 9(ndi — ndn) / 72 (xdy — ydz) = 2,
S r24+y2=1

where we used the algebraic form of the complex coordinate n =z +1iy, i = v/—1.
Then the length of the indicatrix I is £(2) = [ 52zg(ndij — ijdn). Since from (1) we have F? = gni, the
I

length formula becomes

£e) = | grzndn = ). (16)
F=1

As dV|, = ﬁ(ndﬁ —17jdn) is constant along any complex ray that emanates from the origin, i.e. it is invariant

under rescaling in 7, dV|x, = dV|,, VA € C, we expect its integrals over I and S to give the same answer.
Our intuition is borne out by the fact that the new integrand is a closed 1-form on C* and, together with
an application of Stokes’ theorem, by integrating dV over I and S the same answer of the length function is

obtained. By direct calculus, if we take 7 = x + iy, the formula of the indicatrix length becomes

1
C(Z) = (CB2 +y2)<
9(z,z,y)(x2+y?)=1

xdy — ydz),

cos 6 sin 6

\/g(z,x,y) Y= \/g(z,z,y) ’

and if z = 0 € [0,27), we get L(z) = 2w, as deduced above. Thus, we can state:

Proposition 3 The length of the complex indicatriz of any Riemannian Finsler surface has constant value

equal to 2.
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4. On the volume of submersed manifolds of I,M

In [18] we find that a submersion from a CR-submanifold M of a Kihler manifold M onto an almost Hermitian
manifold M’ is a Riemannian submersion ¢ : M — M’ with: (i) D is the kernel of ¢, ; (i) ¢ : Dy — Ty M’
is complex isometry for every u € M. This definition is given for the case (TM)* = J(D').

Since I,M is a CR-hypersurface of the Kéhler manifold 7.M , from [12], we deduce D+ = span{JN}
on I.M, with N the unit normal vector field from (4), J(d) = i0y, J(J5) = —idf, i := /=1 the complex
structure defined on 7/ M , and D the maximal .J-invariant subspace, such that Tr(I,M) = D@®D+. Then we

take the tangent unit vector
£=JN =i (zkak - z%,;) ,i= /L

Consider then the submersion ¢’ : I,M — M’ onto an almost Hermitian manifold M’, named submersed
manifold, such that ¢, : Tr(I.M) — TrM' fulfills ¢.(§) = 0 and ¢, : D, — Ty, M’ is a complex isometry
for every n € I,M .

Considering that F' =1 on the complex indicatrix, £ =i (nkék — 77’58.,;) is the outward-pointing normal

to any submersed manifold M’ of I,M, with dimg M’ = 2n — 2, and thus the volume element dw of the
induced metric on M’ is given by the contraction of the indicatrix volume form dV, with £ in the first slot
dV,(N,...), as

dw = dV, (i (nkék - 77’58,;) ) = 1e(dV2)

n

g n?41 Gk iokog1 % - non gl n
= G Rel(-) "= S (=1 EginFdnt AL AdnE AN AN dp" Adit A LA dl
J,k=1
ket
(a0 O j+k, Gk 3 1 v non g=1 — n
+(-1)" = (=1 g%yt A A dnpt AL AdYT Adi AN dTE A LA AT
k=1

Since the volume element is quite complicated, it is difficult to calculate its volume. However, we can
construct ¢ : LM — P, M, ¢(n/F) := [n] a submersion onto the punctured complex projective bundle P, M ,

with the tangential map

¢y : TR(I,M) — Tr(P,M), Vo > €q i= Re{(v], — ?nj)@},

where Tr(I,M) = span{va}, vo = %(véaj +07,8;), with v

7, v), 1-homogeneous functions in 7 variables, with

a €{1,..,2n — 1}, which verify Gr(va,vg) = %Re{vivégﬂ;}. We take & = vg,_1, which implies v}, | = i,
vin; =0, vVn; =0, and ¢,(£) = 0. Since the Sasaki type lift of the metric tensor g;; on T/M

G = g;5d2" ® dz" + g;500" @ o
descends on the complex projective space PM = T'M /¢~ to the metric [13]
G = g;5dz' ® dZ7 + (log L) ;500" ® 617,
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we can state that the Hermitian metric on 7,M given by G descends to the metric h = (log L) j,;dnj ® din* on

P, M , which is equivalent to
1

1 ; _
h= (3955 = Tznime)dn’ @ di*.
Therefore, we obtain h(eg,ep) = %Re{v&vggj,;}, so that h(¢s(va), d«(vp)) = Gr(va,vp), Ya,b € {1,..,2n — 2},
i.e. ¢, is an isometry.
Thus, between the tangent bundle of any submersed manifold M’ of I,M and the tangent bundle of

P.M exists the isometry ¢ o ¢, 1. Considering that according to [23] the volume function of the projectivized

tangent bundle P,M is constant, we state:

Proposition 4 Let (M,F) be a complex Finsler manifold with I.M the complex indicatriz. The volume

function of any almost Hermitian submersed manifold from I,M has constant value.
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