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Abstract: This paper is concerned with the existence and stability of critical traveling waves (waves with minimal speed
¢ = ¢« ) for a nonmonotone spatially discrete reaction-diffusion equation with time delay. We first show the existence
of critical traveling waves by a limiting argument. Then, using the technical weighted energy method with some new
variations, we prove that the critical traveling waves ¢(z + c«t) (monotone or nonmonotone) are time-asymptotically

stable when the initial perturbations are small in a certain weighted Sobolev norm.
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1. Introduction
This article is devoted to the stability of critical traveling waves for the following spatially discrete reaction-

diffusion equation with time delay

(1.1)

% =Aw(t,z) —v(t,xz) + glv(t —7,x)), t>0,2€R,
v(s,x) =wvo(s,z), (s,z)€[-7,0] xR,

where 7 > 0 and
Ayo(t,z) =v(t,z+1) — 2v(t, z) + v(t,z — 1).

Equation (1.1) describes the spatiotemporal evolution of a single-species population [8, 13], where v(t,x)
represents the mature population at time ¢ and location z, and 7 is the maturation delay. The function

g :[0,00) = (0,00) is called the birth rate function, which is assumed to satisfy the following assumptions:
(H1) g(0)=¢g(K)— K =0, ¢'(0)>1 and ¢'(K) < 1.

(H2) There exists v, € (0,K) such that g(-) is increasing in [0,v,] and decreasing in [v,, +00), which also
implies ¢’(0) > 0 and ¢'(K) < 0.

(H3) g€ C?0,00), |¢'(v)] < ¢'(0) for v € [0,00).

A specific function g(v) = pve™® with p > 0 and a > 0, which has been widely used in the mathematical

biology literature, satisfies the above conditions for a wide range of parameters p and a. The assumption (H1)

*Correspondence: zhanggb2011@nwnu.edu.cn
2010 AMS Mathematics Subject Classification: 34K12, 35K57, 92D25.

655



TIAN et al./Turk J Math

shows that 0 and K are two equilibria of (1.1), and 0 is unstable and K is stable. Hence, (1.1) is a monostable
system. (H2) is a unimodality condition and implies that g(v) is not monotone for v € [0, K].

For the spatially discrete reaction-diffusion equations like (1.1), there has been growing interest in the
last decade; see Chen and Guo [2], Chen et al. [1], Guo and Zimmer [5, 6], Ma and Zou [13], and Wu and Zou
[19] for the traveling wavefronts and Guo and Morita [4] and Guo [7] for the entire solutions. As we know, the
study of traveling waves is important in many applications, since it can describe certain dynamical behavior of
the studied problem. A traveling wave of (1.1) connecting with two steady states 0 and K is a special solution
u(t,xz) = ¢(x + ct) satisfying

{C¢’(§) — D19(8) + 6(6) = 9((€ — e7)), 12)

¢(7OO) = 07 ¢(+OO) = K?

where £ =z +ct, ' = d%, and c¢ is the wave speed. Moreover, if ¢(£) is monotone in £ € R, then it is called a

traveling wavefront. The existence of traveling wavefronts of (1.1) was first proved by Ma and Zou [13] under
the assumption that g(u) is increasing on the interval [0, K]. The methods they used are the upper-lower
solutions and Schauder’s fixed-point theorem. Recently, Yang et al. [20] studied the traveling waves of equation
(1.1) when g(u) is not increasing on the interval [0, K]. They obtained the existence of traveling wave solutions
with speeds ¢ > ¢, by constructing two auxiliary discrete reaction-diffusion equations with quasi-monotonicity.
We need to point out that the existence of traveling waves with speed ¢ = ¢, is unknown so far. Hence, in the
first part of this paper, we prove the existence of traveling waves with speed ¢ = c,. In addition, the precise
asymptotic behavior of traveling waves at positive infinity is obtained.

Our main goal in this paper is to show the stability of critical traveling waves of (1.1). The stability of

traveling waves for the following delayed reaction-diffusion equation,

du(t,z)  O*v(t,x)
o Ox?

—v(t,z) + glv(t — 1, 2)), (1.3)

has been widely studied by many authors [12, 14-17]. Recently, Huang et al. [9], Huang et al. [10], and Zhang

and Ma [21] respectively studied the stability of traveling waves of (1.3) with 82(;;21-) replaced by J*v—wv, and

nonlocal nonlinearity. To the best of our knowledge, previous works on the stability of traveling waves to discrete
reaction-diffusion equations like (1.1) treated only the monotone case, which allowed the use of the comparison
principle, e.g., see [2, 6]. For our equation (1.1), the comparison principle does not hold. More recently, Yang
et al. [20] proved that all noncritical traveling waves ¢(z + ct) with the wave speed ¢ > ¢, , including monotone
or nonmonotone ones, are time-exponentially stable, by the technical weighted-energy method. However, the
stability of the critical traveling waves ¢(x+c.t) still remains open. In the second part of this paper, we present
a solution for this open problem. We should point out that using the method in [20] directly cannot obtain the
stability of critical traveling waves. One crucial step for the stability proof in [20] is to get an energy estimate

for the perturbed equation in a weighted L2 -space, that is
t
@ + [ [ Apul€w©r?(s.€)dgds
0o JR

<Cllwo(0) ]2 +O(1) / / w(E)[o(s,&)|[o(s — 7, — cur)|PdE ds. (14)
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In (4.10) of [20], the authors estimated the function A, ,,(§):
Ay w(€) >Cr>0 for £€R, c¢>c,

where (' is some positive constant. This estimate allows us to control the nonlinear term on the left-hand side
of inequality (1.4) when the initial perturbation is small enough and makes us derive the exponential decay for

the perturbed solution. However, when ¢ = c,, we can only obtain
Apw()>Cr =0 for c=c,,

which seems not enough to control the nonlinear term.

We remark that the stability of traveling waves for nonmonotone delayed reaction-diffusion equation
(1.3) has been studied recently; see, e.g., [3, 11, 18]. In particular, Chern et al. [3] proved the stability of
nonmonotone critical traveling waves of (1.3) by the weighted energy method with some development. It is
natural to ask if the method in [3] can be extended to the discrete delayed reaction-diffusion equation (1.1).
We shall give an affirmative answer. More precisely, by using the technical weighted energy method with some
new variations, we shall prove the asymptotic stability of critical traveling waves of (1.1), including monotone
and nonmonotone ones. It is remarked that there are some differences between equations (1.1) and (1.3) in

9*v(t,x)
0z2

operator Ajv(t,z) = v(t,z+1)—2v(t,z) +v(t,z — 1) for obtaining the energy estimates in weighted space. We

obtaining the stability of critical traveling waves. First, is more convenient than the discrete diffusion
shall take Young’s inequality to overcome the difficulties caused by the discrete diffusion operator A;. Second,
in order to obtain that the solution of the perturbed equation for (1.3) belongs to X,.(0,7), the fundamental
solution of the perturbed equation plays an important role; see [3]. However, (1.1) and its perturbed equation
(3.1) do not have fundamental solutions. Motivated by the classical transport equation, we give new forms of
solutions of (3.1). It can help us to get the estimate in C'- norm and the uniform limit of solutions.

Our paper is organized as follows. In Section 2, we establish the existence of critical traveling waves
of (1.1). Section 3 is devoted to proving the stability of the critical traveling waves of (1.1), which is divided
into three subsections. In Subsection 3.1, we obtain the global existence and uniqueness of the solution for
the perturbed equation, where the initial perturbation can be allowed to be arbitrarily large. In Subsection
3.2, when the initial perturbation is suitably small, the solution of the perturbed equation can be proved to be
uniformly bounded by the antiweighted energy method. Based on the uniform boundedness, we shall further

prove asymptotic stability in Subsection 3.3.

2. Existence of critical traveling waves
This section is devoted to the existence of critical traveling waves. The characteristic function for (1.2) with

respect to the trivial equilibrium 0 can be represented by

Ple,\) =ch—(ed+e ™ —2)+1— g (0)e . (2.1)
Then the following result holds:

Lemma 2.1 Assume that ¢'(0) > 1. Then there exist A\, >0 and c. > 0 such that

0

P(C*,)\*) = 0, a

P(cey A)|azr, = 0. (2.2)
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Furthermore, if ¢ > ¢, then P(c,\) =0 has two distinct positive real roots A1(c) and Aa(c) with Ai(c) < A <
Xa(e), and P(c,\) >0 for A € (A1(c), A2(c)).

Proof Denote

Ge(N) =chA—(er+e?=2)+1, H(N\) =g (0)e .

It is easy to see that

Furthermore, we have
GI/(\) = — (6)\ + e#‘) <0,
H!(\) = (e7)%¢'(0)e™ 2" > 0.
Hence, there exists a unique ¢, = ¢,(7) > 0 such that the two graphs of G, and H,. are tangent at A,
Ge. (M) = He, (M), Gi_ (M) = H (M),
namely,

P(C*,)\*) = C*)\* — (6)\* + 67)\*) + 3 — g/(O)ef)\*C*T _ 0,

5%7’(0*’ Mo, = e = (€ = ™) + e,rg (0)e 7 = 0.

Then we have that for ¢ > ¢, there exist two numbers 0 < A1(c) < Az2(c) satisfying
cAi(e) — (eAi(C) + eiAi(C)> +3 =g (0)e T for j =1,2

and

eA(c) — (e*@ + e*A@) +3> ¢ (0)e M for A(c) € (A1(c), Az(c)).

The proof is completed. O
We assume that there exists K* > K such that K* > max{g(u)[0 < u < K*}. Let

K, :=inf = inf < > 0.
wt {ue =t {o(o)la(s) < 5}

Clearly, K, is well defined and g(u) > u for all u € (0, K).
By constructing two auxiliary discrete reaction-diffusion equations with monotonicity, Yang et al. [20]
proved the existence of noncritical traveling waves (waves with speeds ¢ > ¢.) when g is a nonmonotone

function. That is,

Lemma 2.2 Assume that (H1) — (H3) hold. Let c, > 0 be defined as in Lemma 2.1. Then for every ¢ > ¢,
(1.1) admits a traveling wave solution v(t,x) = ¢(x + ct) satisfying ¢(—o0) =0 and

0< K, < lgiminfd)(ﬁ) < limsup ¢(&) < K*.

—+o0 E—+o0
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Proof Although the lemma was proved in [20], for the completeness of this paper, here we still give the proof.
Since K, > 0, then there eixsts a small g € (0, K,) such that K, —e > 0 for every ¢ € [0,&0].

For any € € (0,¢¢), define two monotone continuous functions as follows:

() = min{g’(0)u, K*}, for u e [0, K*],
g | max{K*,g(u)}, foru> K*

and
aw) = {infne[u’K*]{g(n),K* — ¢}, foruel0,K*],
. min{g(u), K, — ¢}, for u > K*.
Consider the following two auxiliary wave profile equations:
c¢'(§) — A1p(§) + (&) = g™ (¢(§ — c7)) (2.3)
and
c¢'(§) — Ar1g(§) + ¢(&) = g:(d(§ — e7)). (2.4)

It is easy to obtain that for each ¢ > ¢,, (2.3) and (2.4) have strictly increasing traveling waves ¢*(x+ct)
and ¢.(z + ct), respectively, satisfying

¢"(=00) = ¢u(=00) =0, ¢*(+00) = K*,  ¢u(+00) = K. —¢

and
lim ¢*(£)e ™8 = lim ¢, (€)e MO8 =1, (2.5)

£——o0 £——o0

Let a3 > 0 be such that e* (991 >3 Then

lim ¢*(§+ al)e—kl(c)ﬁ = M(m > 3.
E——o0

Therefore, there exists M; > 0 such that
(€ +a1)e MO8 > 25 6 (£)e™M @8 forall € < M. (2.6)
Since ¢*(4+00) = K* > K, — & = ¢.(+00), we choose as > 0 sufficiently large so that
O" (x + az) > ¢.(§) forall &£ > —M,. (2.7)
Let ap = max{aj,az}. Since ¢*(-) is nondecreasing, it follows from (2.6) and (2.7) that
O (E+ ap) > ¢ (&) forall £ €R.

Define
H*[¢](§) == A1g(§) — d(§) + g7 (d(€ —c1)) + cv9(§), § ER,

and

H.[¢](§) := A19(§) — ¢(§) + 9:(0(§ — c7)) + ey0(§), E€R,
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where v > 3+g76/(0). Then for any ¢,v € C(R, [0, K*]) with ¢(§) > (&), £ € R, we have

H*[9](§) = H*[¢](€) and  H.[¢](§) = H.[¢](§) forall § € R. (2.8)

For any A € (0, min{A1(c), A2(c)}), let

X, = {gb € C(R,R)

sup $(€)le ¢ < *"O} 1B = sup lo(©)]e .
§ER £eR
Then (X, | - |lx) is a Banach space. Since ¢.(&) < ¢*(£ + ag) for all £ € R, it is easy to see that the set

= {¢ € C(Ra [OvK*])

(1) (&) < P(€) < " (£ +ag) for all € € R; }
(i)[@(&1) — d(&2)| < 29K*[&1 — &o| for all §1,&2 € R

is nonempty, convex, and compact in X .
Define F': T' — C(R, [0, K*]) by

where

H[¢)(§) = A19(&) — ¢(§) + 9(d(€ — c7)) + 79(§), SR (2.9)
Clearly, for any ¢ € I € C(R, [0, K*]), it follows from (2.8) that
0 < H.[9](&) < H[](§) < H[9](§) < —K" + g"(K") + ey K™ = ey K™ (2.10)

for all £ € R. Then we further obtain

K* +oo
0< PO < T [ e 9y~ ke,
3

and hence, F : I' — C(R, [0, K*]) is well defined. Furthermore, it is easily seen that a fixed point of F is a
solution of the first equation of (1.2).
For any ¢,¢ € I', we have

|H([¢] — H[i)]]e¢
=|A1(¢ =) = (¢ =) + (9(9)(€ — e7) — g(W) (& —e7)) + ey(¢p — )|
=@ +1) = P(E+ 1) + ($(€ — 1) = (€ = 1)) + (e7 = 3)((€) — (&)
+(9(9)(€ = e7) — g() (€ — er))[e
<[(G(E+1) = P(E+ 1)) +[(A(€ - 1) — (= 1))]e
+ (e = 3)6(&) = (E)|e ™ + g'(0)]B(§ — er) — (& —er)|e ™

<[(er+er=2) =1+ 40 + ] Sup |6(€) — (€)™

<Lll¢ = ¥llx,
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where L := ¢(A + 7). Therefore, we have

[F(9)(€) = F(w)(€)le™

+oo
1 / OO (H[g)(y) — H[Y)(9))dy| e,
3

c

e

+oo
< / 19| H{g|(y) — H](y)| dy
£

Cc

L [T
<L / =19 dy|lp — |
3

c
L

=—lléo =¥l
¢y

which implies that F': T' — C(R, [0, K*]) is continuous.
Next, we shall show that F(I') CT'. Since ¢, (&) is the solution of (2.4), we have

+oo
6= [ eIy, (2.11)
3

For any ¢ € T', we have 0 < ¢.(§) < ¢(§) < ¢*(§ + ag) < K* for all £ € R. Therefore, it follows from
(2.8)~(2.11) that

=1 [ oy
> %/ VO H,[6)(y) dy
> 1/ e, [0.] ) dy
NG

Since ¢*(€+ag) is a solution of (2.3), by using a similar argument, we can show that F(¢)(£) < ¢*(+ag) for
all £ e R. For any ¢ € I' and &,& € R with & < &, it follows from (2.10) that

[F(¢)(&1) — F(9)(&)]

+oo +oo
[ [ e e )

<1 &t
T c

&2
/ e VH[B|(y) dy

+oo
H@e =00 [ emHig) dy}

1 &2 +oo
<=sup H[¢](&) { & / e dy| + €762 (1 — eV (E1782)) / e~ dy
C ¢er 1 &2
2 o (Ea—
“(eyK*) le Y(62—&1) _ 1’
cv
29K & — &
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Therefore, we conclude that F(¢) € T for all ¢ € I'. By virtue of Schauder’s fixed point theorem, it follows
that F' has a fixed point ¢ in I' C X, which satisfies

— 1 o e Y= p d
©=; 9l(w)dy
and
$.(&) < ¢(€) < ¢*(E+ag) for all £ €R. (2.12)

Taking the limit £ = —oo and £ — 400 in (2.12), respectively, we get ¢(—o0) =0 and

K, — e <liminf¢(§) < limsupp(§) < K*.

§—+oo E—+oo
Since ¢(¢) is independent of e, taking the limit as e — 0T in the last inequality, we get

K, < lgiminf¢(§) < limsupgp(§) < K*.

—too E—+o0

The proof is completed. O

Now we further show that the traveling wave with critical speed also exists.

Theorem 2.3 Assume that (H1) — (H3) hold. Then (1.1) admits a traveling wave solution v(t,x) = ¢(z+ cit)
such that

0< K, < lgiminfqb(g) < limsup ¢(&) < K*.

—400 £—+4o0

Proof Choose a sequence {¢;};>1 C (¢x, +00) such that lim; , . ¢; = ¢,. By Lemma 2.2, it follows that (1.1)
has a traveling wave v(¢,z) = ¢;(z + ¢;t) such that ¢;(—oc) =0 and

0< K, < léiminf@(f) < limsup ¢;(§) < K*.

—rtoo {—+o0

Without loss of generality, we assume that ¢;(0) = %K* >0, Vi > 1. It is easy to see that ¢ satisfies (1.2) if

and only if ¢ satisfies
0@ = [ e HIE +
0
where H[¢](§) is defined in (2.9). Note that

di(&) = - /000 e ““Hlo;|(§ + x)dx, VEERi>1. (2.13)
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Note that 0 < H(¢)(§) < eyK* for £ € R. Tt follows that for any &,& € R, and i > 1,

19i(&1) — @i(§2)]

1/0Oo e_'Ywa)i](fl + x)dx — % /OOO e_'ny[(bi}(fg + x)da?

C

! / 16 ) (2)da — /6 " o) H ] () da

C 1 c

/ 5 e V@) H[g,) () dx + /

1

c

= eiW(gj*SI)H[(ﬁi](l')d{E _ /00 e*’Y(wfﬁz)H[gﬁi](x)dx

2 2

1 &2 oo

== / 6—7(93—51)H[¢i](x)dx +/ (e—"/(w—fl) _ e—’)’(w—ﬁz)) H[qbl](x)dx
¢ 1 2
1 &2 oo

<3 / f“**mmmM+/]F“““—f”*”Hmmwx
L] e G _ote| [ e

< - 7’67 276 —1‘+|e”1—672| e dx » sup H|[¢;](z)
c Y &2 z€R

< 9K* e~ v(€2=&) _ 1‘ .

Hence, the family of function {¢; : ¢ > 1} is uniformly bounded and equicontinuous in & € R. Thus, there
exists iy — +o0o and ¢ € C(R,R) such that limg_, o @i, (§) = ¢(€) uniformly for £ in any compact subset of
R. Clearly, ¢;(0) = %K* > 0. Let ¢ = i, — 400 in (2.13). Then using the dominated convergence theorem,

we obtain
1>
o) = [ THEEa)ds, VECR,
« Jo
and hence ¢(€ 4 c¢,t) is a traveling wave of (1.1). The proof is completed. O

Theorem 2.4 Assume that (Hy) — (Hg) hold. For any ¢ > c., if equation (1.2) has no other solution W with
O0< K, <W<K* and W# K, then lime 1o ¢(§) = K.

Proof For any ¢ > ¢,, let ¢ be a traveling wave of (1.2) satisfying

0 < K, <liminf ¢(§) < limsup¢(§) < K*.

{400 E—+oo

Choose a sequence {ay}neny with a, > 0 and lim, o o = 0. Let W,, = ¢( + ). By the translation

invariance of the solutions of (1.2), it follows that
CWT/L(E) = Alwn(g) - Wn(g) + g(Wn(é. - CT))' (214)

Since 0 < K, < liminfe, 1 ¢(§) < limsup,_, o, #(§) < K*, W, is uniformly bounded by K*. From equation
(2.14), we see that there exists a My > 0 such that [W) (§)] < My, Vn € N. Thus, W, is uniformly bounded
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and equicontinuous. We now prove that W (€) is equicontinuous. For any &1,& € R, n € N, we have
(Wi (61) = W (&)l
=AW (&1) — AiWa(&2) — (Wa(61) — Wa(&2))
+g(Wn(&1 — 1)) — g(Wn (&2 — c7))|
=AW (&) = Wa(&2)) = (Wa(&1) — Wa(&2))
+ g (O)(Wa(&r — eT) = Wi (& — e7))
< H[Wal& + 1) = Wal&e + 1) + Wi (& — 1) = Wa(& — 1)

+ 3|Wn(£1) - Wn(€2)| +gl<0)‘Wn(§1 - CT) - Wn(f? - CT)H-

Thus, W) (§) is equicontinuous since W, (§) is equicontinuous. Then by the Arzela—Ascoli theorem, we can see

that there exist subsequences of W,,(§) that converge pointwise to V~V(§) as n — oo in R, which satisfies

W' (§) = MW (§) = W(E) + g(W (£ — c7)).

Since 0 < K, < liminfe 4o ¢(§) < limsup,_, ;o #(§) < K*, it follows that 0 < K, < liminfe, W) <
limsupg_, 4 Wf) < K*. By the hypothesis, W = K. Thus, we obtain that lim,_,. WL(&) = W(g) = K for
any ¢ € R. Hence, limg_,1 o ¢(§) = K. The proof is completed. O

3. Stability of critical traveling waves

In order to prove the stability of critical traveling waves, we reformulate (1.1) to a perturbed equation around

the critical wave.
Let ¢(z + cit) = ¢(€), £ = x + cit be a given traveling wave, and define

U(tf) = U(t,f - C*t) - ¢(§)7 u0(87£) = UO(Sag) - ¢($ + C*S)'

Then it is easy to see that u(t, &) satisfies

Gt +efe — Mu(t,€) +ult,€)
= P(U(t - Ta€ - C*T))7 (t7£) € R+ X Ra (31)
u(s, &) =up(s,€), se[-7,0, £eR,

where

Plu(t = 7,8 = 1)) := 9(¢ +u) — g(0), (3-2)

with u = u(t — 7, — cx7) and ¢ = ¢(§ — c.7). Furthermore, by linearizing the delay term, we obtain

Gt gt — At ) +ult,€) — ¢'(9(€ — exr))ult — 7,6 — )
=Qu(t—7,{—c7), (€ ERT xR, (3.3)
U(S,f) = UO(Svf)v s € [_7—7 0]7£ € Rv
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where
Qu(t — 7,& — 1)) i= g(é +u) — g(6) — ¢'(d)u, (3.4)

and satisfies, by Taylor’s formula,
Q(u) = O(1)[ul?. (3.5)

Before stating our stability results, we introduce some notations. Throughout this paper, C' > 0 always
denotes a generic constant, and C; > 0 (i = 1,2,---) represents a specific positive constant. Let L?(R) denote
the space of the square integrable functions, H*(R) the Sobolev space, and C(R) the space of the bounded
continuous functions equipped with the sup norm. Let 7' > 0 be a number and % be a Banach space.

We define a weight function
w(f) :=e ¢ ¢eR (3.6)

Since A, > 0, we can see that lim w(§) = 400, lim w(£) =0. Define
£——o0 £E—+o0

Cunif[—7,T) :=={v(t,x) € C([-7,T] x R) such that

Q:ETOO v(t,x) exists uniformly in ¢ € [—7,T] }. (3.7
Denote
Xo(—7,0) :={u(t,§) € C([—7,0] x R) N Cyunis[—T,0],

Vwu € C([-1,0; HY(R)), vawu e L*([-7,0); H'(R))}, (3.8)

with

0

NG = e (Il + IVouolng) + | I 6) s sy (39)

and

Xi0c(0,00) :={u(t, &) € Cioc([0,00) X R) N Cynifl0, 00),
Vwu € Cioe([0,00); H'(R)), vwu € L}, ([0,00); H'(R))}. (3.10)

We further define
X(07 OO) ::{u(ta f) € C([07 OO) X R) N Cunif[07 OO);

Vwu € O([0,00); H' (R)),

Véwu € L([0,00); L*(R)) }, (3.11)
with
A= sup (Il + Vel )
[ IV ageyds + [ 106(a00) 0) ey (3.12)

Now we state the global existence, uniqueness, uniform boundedness, and stability for the solution to
(1.1).
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Theorem 3.1 (Global existence and uniqueness) Assume that (H1) — (H3) hold. Let ¢(x + cit) = ¢(&)
be any given critical traveling wave and the initial perturbation ug(s,€) = vo(s,§) — #(§) € Xo(—7,0) be

arbitrary; then the solution u(t,§) of the perturbed equation (3.3) globally and uniquely exists in Xj5c(0,00).

Theorem 3.2 (Uniform boundedness) Under the condition of Theorem 3.1, if the initial perturbation ug €
Xo(—7,0) is small enough, namely there exists a constant dy > 0 such that Ny < g, then the solution u(t,§)
of the perturbed equation (3.3) satisfies u € X(0,00), and u(t,&) is uniformly bounded in X (0, 00),

NZ < CNj. (3.13)

Theorem 3.3 (Stability) Under the condition of Theorem 3.2, it holds that

lim sup |u(¢,€)| = 0. (3.14)
t—o00 ¢€R

3.1. Global existence and uniqueness

In this subsection, we shall prove Theorem 3.1, namely the global existence and uniqueness of the solution for
the Cauchy problem (3.1).

Proof [Proof of Theorem 3.1] In order to establish the energy estimate, sufficient regularity of the solution to

(3.1) is required. We thus mollify the initial data as
uoe(s,€) = (J *uo)(s,§) € C ([=7,0]; Hy, (R) N H*(R)),

where J.(&) is the mollifier. Let u.(¢,£) be the solution to (3.1) with the initial data wgc(s,£). We consider
this mollification, with solution

us(t,&) € C ([0,00); H2 (R) N H*(R)) , (3.15)

and then take the limit € — 0 to obtain the corresponding energy estimate for the original solution wu(t,£). For
the sake of simplicity, we use u(t,&) to establish the desired energy estimates.

We first consider ¢ € [0,7]. If ug € Xo(—7,0), then we shall prove u € X,.(0,7). Multiplying the
equation (3.1) by w(§)u(t,§) yields

W©ult, G + wl©ult, e G~ w(Ou(t. At €) + w(O (e,

= w(é)u(t7 S)P(UO(t - 7—75 - C*T))'

Integrating the equation above both sides with respect to £ over R, and noting that
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due to (3.15), we obtain
d !/
@HJ&Mé—wfégfmaﬁ@£M§—34w@m&@ﬂhwu®&

2 /R w()u(t, ) de

/

=SV — e, [ L@t e -2 [ w(u(t.ult.¢ + 1
R R
—2 [ w@utt ult.¢ - e+ [ wie (e,
R R
=2 [ w©ultP(uo(t — 7.6 — cor))e. (3.16)
R
Using Young’s inequality:
2ab < na® + %bz, for any n > 0, (3.17)

A

and choosing 1 = e**, we can obtain

‘/ u(t, €)u t£+1%‘

< [wie [nu%t,s) S+ 1)] ¢

_ w U2 lw(g - ]')w U2
_4"@)@Q%+Anuﬁ) (E)u”(t,£)dg

=2 [ (e

Similarly, choosing n = e™**, we get

‘/‘ u(t, €)u t§1d4

< [w© w9 + a1 ae

= w(&)u? 1w(g—’—l)w u?
= [ moteret. e + [ L e eae

=2 [ el e)as

Substituting the two inequalities above into (3.16), one has

L Ivaul 3 + Allvaul3

(3.18)

<2 [ Pluglt =€ car)uwl€)ult. )
R
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where

A=2c, A, —2eM —2e M 4 6.
From (2.2) we know that A = 2¢’(0)e=*+*" > 0. Taking Young’s inequality (3.17) with n = 1, we can see that
2| [ Plunte e - cmpuleute,ae
R
<20 [ Ju(t = 7€ = car)|utt, O w(€)de

02
<ellVwullfe + —|[Vwuo(t =7, = e.7)l[1z, (3.19)
for some small constant € > 0. Substituting (3.19) into (3.18), one gets

d C?
%H\/EUII%Z + (A= e)llVwullz. < — IVwuolt = 7.6 - cut)| |2 (3.20)

Integrating (3.20) over [0,¢] for ¢t € [0,7] and taking e small enough to satisfy ¢ < A, we obtain

t
IVau(t)|[2: + Cs / |[Vwu(s)||22ds
t
< ||ﬂu0(0)||2Lz —I—C'g/ [|Vwug(s —7,& — C*T)||2L2d8
0

0
< sl |V (0) 2 + 03/ Vw0 (5)][2ds

< 00 (3.21)

for ¢t € [0, 7].
From (3.1) we know that

ou o

ot aé. Alu(t7£)+u(ta§) :P(UO(t—T,g—C*T)) SC|U0(t—T,§—C*T)|,tE [077—]'

Differentiating equation (3.1) with respect to &, and then multiplying it by w(&)ue(t, &), we have
Wit (ur)e + Cattgtigew — Aqugugw + wui < Cw(€)ue(t, §)uge(t — 7, — cu7).

Then integrating the inequality above with respect to & over R, and noting that

§=+o0

E=—o00
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since u € H2 | we can obtain

w

/

%Il\/ﬁusﬂiz *C*/R%w(i)ug(tvf)df*Q/Rw(ﬁ)us(tvf)hus(tvf)di
+2 /R w(€)u2(t, €)de
= Ll . /R e €)ud(t, € — 2 /R w(€)ue(t, O)ue(t,€ + 1)de
2 /R w(E)ue (1, E)ue(t, € — 1)dE + 6 /R w(E)ul (1, €)de
<2 / Cw(©)ue(t, ) fuo et — 7, € — cur)|de. (3.22)

A

Using Young’s inequality, and choosing 1 = e**, we can obtain

2 [ w(Eyuelt. Ouelt 6 + g

2 lw w2
< /R nw(ENid(t, €)de + /R St € + 1y

e Lu(g—1)
= [ o gae+ [ LS

= 2¢™ /R w(&)ug (t, £)de.

w(&)ug(t,€)dg

A

Similarly, choosing n = e~ "+, we can obtain

]2 [ wleruett.epucte.s - 1)d€‘

2 lw u2 B
< /R o (€)ul(t,€)de + /R —wl€(t. €~ e

- w 1,(,2 lw(£+1)w U2
_/Rn () 5(t,§)d§+/Rn 0 (&)ug(t, §)dg

=2e M / w(&)ug (t, £)de.
R
Substituting both inequalities above into (3.22), we have
a Vue|2s + Al|Voue| |2
dt” wue|[z2 + AllVwue||7
<2 [ Cunelt = 7.6 — crulult. e
R
» , C? 2
< ellVwug|lza + —[Vwuoe(t — 7€ = ex7) |72
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Hence,
d 2 2
ZIVwuellze + (A=) [[Vwuel|z.

C2
< Vo g(t = .¢ = e 3.

Integrating (3.23) over [0,t], we have

[N +<A—s>/o |Iv/ue ()2 ds

02 0
< Vwuo Oz +— | |IVwuoe(s)llzads

< 00.

Now we prove that |lu(t)|[c < oo. By (3.1), one has

&y ‘;—z 3u(t,€) = Plu(t — 7€ — evr)) +u(t,€ 1) +ult,€ — 1).

The solution of equation (3.25) can be explicitly and uniquely solved by, for ¢ € [0, 7],

u(t, &) =e 3tug(0,& — cut) + e_?’t/ e [P(u(s — 7,6+ cu[(s — t) — 7))
0
+u(s,é+1+ci(s—1t)) +u(s, & —1+ci(s—1t))ds.

Then, since |P(u)| < Clu| from (3.2), we can obtain
ot

lu@®lle < e luo(0)]|c + 267“/ e*[[u(s)l|cds
0

- e_St/O e Plug(s — 7, + cu[(s — t) — 7]))ds

t t
< luo@)llc +2 [ eI u(s)llods +C [ e ug(s - ) ods
0 0

t t
§|\uo<o>\|c+2/ Hu(s)\lcds+0/ l[uo(s — 7)llcds, t € [0,7].
0 0

It then follows that

lu(®)lle < <IUO(0)|0+CT sup IuO(t)Ilc> +2/0 [lu(s)[|cds.

te[—7,0

Applying Gronwall’s inequality to (3.26), we get

lu@®llc < <||u0(0)||c+CT sup IIUO(t)Hc) e’T telo,1].

te[—T,0

670

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)



TIAN et al./Turk J Math

Note that ug € Cynif(—7,0), namely lime o uo(,§) =: 10,00(t) € C[—7,0] exists uniformly in ¢, and we are
going to prove u € Cyunif[0,7]. We rewrite the solution of (3.1) as
¢
u(t.€) = up(0,€ ~ cat) + e [ eluls € 1+ enls 1)
0
—2u(s, E+ cul(s — 1)) Fuls,§ — 1+ cu(s — 1))
+ P(u(s —7,& + cu(s —t —1)))] ds.

Then one has

lim u(t, &) =e ‘up(0,00) + e " /t e’ lim P(uo(s — 7, +ci(s —t) —7]))ds
0

£——+oo £—+oo

t 3.28
:e*tuo,oo(O) + / ef(tfs)P(u()’oo(s —7))ds ( )
0

=)Y(t), uniformly with respect to t € [0, 7].

Therefore, (3.21), (3.24), (3.27), and (3.28) imply u € X;,.(0,7) and

luOIIE + [[Vwu®) 7 +/0 [IvVwu(s)|[3ds

0
<0 (I + NGO+ [ IVEu(Bds). te .l

for some C > 0.
When t € [r,27], the solution of u(t,&) for t € [1,27] is uniquely and explicitly given by

t

u(t, &) =e 3tug(7,& — cut) + e_gt/ e [P(u(s — 7,6 + c.[(s — t) — 7))

T

tu(s,é+1+c(s—1t))tu(s, & —1+c(s—1t))]ds.

Taking the same estimates as in (3.21)—(3.28), we can prove u € X,.(7,27) and
2 2 ' 2
lu®)le + IVwu(t)][ 5 +/ [Vwu(s)|[f:ds
<C <||U(T)||Qc +[[Vwu(7)| 3 +/0 |\/EU(S)|%11dS)

0
<c? (IU(O)II% +[[Vwuo (0)| 1 +/_ ||\/Eu0(8)||%{1d8) , ten27],

and
t
lim wu(t, &) =e ug(r,00) + eft/ e’ lim Pug(s —7,& +cu[s — (t+7)]))ds
E—+o00 - §—+o0

t

=~ Y(7) +/ e~ =) P(Y(7))ds

T

=Z(t), uniformly with respect to t € [r,27].
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Repeating the above produce, step by step, we can prove that u € Xj,.((n—1)7,n7) uniquely exists and satisfies
t
[u()|[E + [[Vwu(t)][F +/0 [[Vwu(s)||Fds
0
<cr <|IU(0)I% + [[Vwuo (0)[| 3 +/ ||\/Tuu0(s)|§,1ds> ;
for t € [(n — 1)7,n7]. Finally, we prove that u is unique, and u € Xj,.(0, 00) with, for any T > 0, that
t
()& + [Vwu(t)] 7 +/0 [[Vwu(s)|[F:ds

0
<Cr <IU(0)||2c+ [1Vwuo ()13 +[ II\/EUO(S)II%MS), t €0, T].

The proof is completed. o

3.2. Uniform boundedness

In this subsection, we are going to prove Theorem 3.2. For the global solution of equation (3.3), u € Xj,.(0, c0),
when the initial perturbation ug € Xo(—7,0) is small enough, we shall show u € X(0,00) by deriving the
uniform boundedness (3.13).

Take the following transformation:

a(t, &) = w(€)ult, &) = e u(t, £).
Substituting u(t, &) = w=Y2(€)u(t, €) to (3.3), then we derive the following equation for w(t, £):

% + c*%? — [eMu(t, & + 1) + e Mu(t, & — 1)] +7(c*)\* + 3)u(t, )
—g' ((& — ceT))u(t — 7,6 — cum)e ™7 = Q(u(t — 7,€ — cu7)), (3.29)
u(s, &) = Vwu(s,§) =o(s,§), se€[-7,0,§ €R,

where
Q@) = e 4Q(u). (3.30)
By Taylor’s expansion formula:
Q@) < Ce 42 = — S _jap (3.31)
@)
Lemma 3.4 It holds that
t
— 2 — 2
)| 25 + / / M(E) (s, ©)Pdeds
t
<[ (0)] 2. + 2 / / \/u%lu(saf)llws—T7£—C*T)|2d§ds
0
g/ O [ [ (s, o)Pdeds, (3.32)
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where

M(€) = e MT[29'(0) — |9 (6(& — )| — g/ (@(E))]]- (3.33)

Proof Multiplying the equation (3.29) by @(¢, ), then integrating it with the respect to & and t over R x [0, ¢],
we have

[a(0)][2: — 2™ + e // 5.6+ 1)déds
2(cihs + 3) / /*2 ¢)déds
e T/ / € — cur))u(s, E)u(s — 7, € — cy7)déds

=10 (0)]|22 + 2/ /@(ﬂ(s —7,& — 7)) (s, £)dEds. (3.34)
o JRr
By the Cauchy—Schwarz inequality 2zy < x? + y?, we get

$,& + 1)déeds

//|u |d§d8—|—//\us§+ 1)[2déds
9 / / (s, €)[2deds, (3.35)

and

—c.))u(s, &)u(s — 7,€ — cu7)dEds

//lg € cur IIUS€2d€ds+//Ig € — cor)| s — 7€ — cor)Pdeds
< [ [ oot - e opdeas + [ [ oo easas

/ / (19 (6(& — cur)| + | (()))) [a(s, €) Pdeds

= 2
0) [ T /R o (s, €)|Pdeds. (3.36)

The last inequality holds due to the fact that |¢'(¢)] < ¢’(0); see (H3). On the other hand, by (3.31), the

nonlinear term in (3.34) can be estimated as follows:

(s — 7,8 — c.7)) U(s, §)déds

——ul(s uwis—T1 7072 S. .
SC/O/RWI(,QI( € — cor)Pded (3.37)
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Substituting (3.35), (3.36), and (3.37) into (3.34), we have
¢
[a(0)]25 + 2(c A +3 — ¢ —e***)/ / (s, €) P deds
o Jr

e / / (19 (D€ — er)| + 16/ (6()))) [a(s, ) Pdeds
0 R

<m0l +2c [ t / @m@,@nu(s—T,f—c*rn?dsds
+g'(0)e T /_ OT /R [0 (s, €)[*déds.
Note that c, A\, +3 —e* — e = ¢/(0)e %7 and let
M(E) = e T [26'(0) = |¢'((€ — cu))| = 19" (S())]] -
Then we obtain

a2, t u(s, &)|ded
I |\L+/O/RM<§>| (s,6)Pdeds

t
< | (0)] 22 + 20 / / @m@,om(s 6 eur)Pdeds
0
L (0)e e / / fo(s, €)Pdéds.

The proof is completed.

By a similar argument as in [3], we obtain the estimate for M(€).

Lemma 3.5 It holds that
M(E) > Co(&) >0

for some positive constant C'.

Based on Lemmas 3.4 and 3.5, we can get the following estimate.

Lemma 3.6 There exists 61 > 0, when Ny < 61, and then

[(t)] 25 + / / B(E)w(E) u(s, £)[2déds

0
sc(|uo|%z+ / |uo<s>||%zds)

—T

<CNE, tel0,00),

where C is a positive constant.
Proof The proof is similar to Lemma 4.3 in [3], so we omit it here.

Similarly to lemma 3.6, we have the following result.
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Lemma 3.7 When N, < 61, then

t
e 2 + / e (5, €)|[2ads < Ca(Nw + DIAZ,

[

where Cy and Cs are positive constants.

and

ds < C5(Noo + VNG,

d,_
lme(5,©) 12

Proof Differentiating equation (3.29) with respect to £ yields

(ﬂf)t + C*ﬂfﬁ - [GA*ﬂﬁ(ta § + ]') + eiA*ﬂf(ta g - 1)]

+ (C*)\* + 3)ﬂ§ - g"(tﬁ(ﬁ - C*T))¢/(€ - C*T)ﬂ(t —1,6— C*T)e_/\*c*T

— 9 (P& — cum))ue(t — 7,6 — C*T)e_)‘*c*"'

=0:Qu(t — 1,& — cu7)).

Multiplying (3.41) by Te(t,€) and integrating it with respect to & over R, we further obtain

d
Gilmellz: +28 [ w2, e)de
R

—ge AT /R 9" (B — exm)) ' (€ — eur)u(t — 7, — eV e (£, €)de

426700 [ (016 = eorie(t = i€ - corye(t €)e

4+ 92 / e (t,€)0¢Qu(t — 7, & — c.r)dE
R
=:I,(t) + I (¢t) + I5(t),

where
B=c) +3—e —e ™M =g(0)e M.

Integrating (3.42) over [0,t], we get
¢
et +25 | [ s

t
= [0, (0)]17 +/ [11(s) + I2(s) + Is(s)] ds.
0
By a similar argument as in the proof of Lemma 4.4 of [3], we obtain
t t
/ I1(s)ds < ONE, / I(s)ds < CNE,
0 0

and

t
/ I3(s)ds < ONNE,
0

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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provided Ny, < d;. Substituting (3.44) and (3.45) into (3.43), we have
¢
el +25 | el s

0
< (|uo<o>|%p -/ ||uo<s>||z1ds) Cy (N + 1)

-7

for some constant Cy > 0, provided Ny, < d1. This proves (3.39).
Now we prove (3.40). From (3.42), we can see that

< 2B|[| |32 + |I1| + 2| + |I3].

d, _
el

Integrating it over [0,t], we have

t t t
d
|G el ds < 28 [ elieds + [ (114126l + 1),
0 0 0
By (3.46), one has
"l d 2 2

| |G, 012 s < CaNoe + 107, (3.47)

where C5 > 0, Ny < 61. The proof is completed. O

Lemma 3.8 Assume that (H1) — (H3) hold. Then
lu(t,00)| = [U(t)] < CNoe ™™, t>0,
for some 0 < p = p(r, ¢’ (K)) < 1, provided with |Up| < 1.

Proof Let u(t,z) = v(t,z) — ¢(x + cit). From (1.1) and (1.2), one gets that wu(t,z) satisfies

{ut(t,:v) — Au(t,z) +u(t,z) — ¢ ()ult — 7,2) = Qu(t — m,z)), t>0,z€R, (3.48)

u(s,x) =ugp(s,z), sé€l-7,0,z€R,

where Q(u(t — 7,z)) = g(¢ + u) — g(¢) — ¢'(¢)u(t — 7,x). Since u € X(0,00), 80 u € Cyupis[0,00), namely
limg oo u(t, ) = u(t,00) =: U(t) exists uniformly for ¢ € (—7,00), and lim,_, ;o Q(u(t—7,2)) = QU({t—T)).
Taking the limit to equation (3.48) as x — 400, we have

{ut FUR) = g o UE—T) = QU —T)), t>0,
U(s) =Uy(s), se[-,0].

Applying the nonlinear Halanay inequality given in [11], we obtain that if (H1) — (H3) hold, then
U] < CllUol| oo (—r006 7, (3.49)
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where 0 < p < 1 and C is some positive constant. Then we get

U(t)] < CNoe ™™, >0,

for some positive constant C'. Thus, we complete the proof.

Now we can prove the boundedness of u in C(R).
Lemma 3.9 If N <4y, then

u(®)]|c < CV N + 1Ny, t € [0,00).

Proof From Lemma 3.8, we have

lim  w(t, &) = u(t,00) =: U(t)

{—r+o0

(3.50)

uniformly with respect to ¢ € [0,00). Then for any given ¢ > 0, there exists a very large number zy = zo(£) > 1

such that when & > xg,

lu(t,&) —U(t)] <e uniformly in ¢ € [0,00),

and
lu(t,00)| = [U(t)| < CNoe ™ < CNG.
That is,
sup |u(t,€)| < CNy unmiformly in ¢ € [0, 00),
zE€[z0,00)
and
ap o< s | Ly
z€(—00,x0] z€(—00,x0] *o
=m0 sup [Vw@u(t¢)|

z€(—00,x0]

<C|Wwu(t)||m
<C\/No + 1Ny, te0,00).

Combining (3.51) and (3.52), we obtain that (3.50) holds. The proof is completed.
Proof [Proof of Theorem 3.2] Adding (3.38), (3.39), and (3.50) together, we have
t t
()18 + @)l +/0 | ¢wu(8)||2de5+/O [7e(s)]|7-ds
<C(Noo + NG, t€]0,00).

In order to guarantee Ny < 81, and Ny < 1/Cs(Noo + 1)Ng, we take o > 0 in Theorem 3.2 as

o1

%0 = NEeACES)

(3.51)

(3.52)

(3.53)
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Thus, when Ny < §g, we can guarantee

Noo < VCs(Noo + 1)Ny < 1/ Ci(61 + 1)d

and

provided N, < é1. The proof is completed. O

3.3. Asymptotic stability
This subsection is devoted to proving the asymptotic stability of critical traveling waves.

Proof [Proof of Theorem 3.3] From (3.40) and (3.53), we have

0 < [[wel|72 < CNG,
0< / [ (8, €)] 2t < CAZ,
0

dt < CNgZ,

] e (t, )12

which implies

lim || (t )||2L2 =0. (3.54)

t—o0

By the Sobolev inequality H'(R) — C(R), we further obtain
1 1
@)l < V2I[a@)llz:l[ae @l
With the boundedness of |[u(t)||r2 = ||(v/wu)(t)||r2 < CNy and the convergence of (3.54), we then prove

hm sup |\/w 8| = hm [la(t)||c = 0. (3.55)

t—o0 £ER

Next, we shall show the convergence

lim sup |u(t =0.
Jim sup fu(t, )| =

By Lemma 3.8, we have
lu(t,00)| = [Ut)| < CNoe ™, ¢ >0.
It is easy to see that (3.48) is equivalent to
e'lur(t, x) — Avu(t, =) +ult,x) — g (P)u(t — 7,2)] = ' Qu(t — 7,2)),

that is,
{e'u(t,x)}e + €' [~Arult,x) — g (P)ult — 7, 2)] = ' Q(u(t — 7,2)).
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Integrating the above equation with respect to ¢ over [0,t], we get

u(t,z) = e tug(0,z) + e_t/o e’ [Aru(s, ) + ¢ (P)u(s — 7, 2) + Q(u(s — 7, ))]ds.

Thus, one has, for 0 < u < 1,
ePtu(t, z) =Yty (0,z)
t
+ et / e*[Avu(s,z) + g'(¢)u(s — 7,2) + Q(u(s — 7, 2))]ds. (3.56)

0
Taking the limit to (3.56) as * — oo, and noting that all these limits are uniformly in ¢, then applying the fact
|QU(t))| < ClU|? and the decay estimate (3.49) for U(t), we have

lim eu(t,z)

T—r 00

= lim e Ytue(0,z)
T—0o0

+ lim e(”*l)t/o e’ [Avu(s,z) + ¢ (d)u(s — 7,2) + Qu(s — 7, z))]ds

T—r 00

t
— et (0) 4 el / elg (v )U(s — 7) + QUU(s — 7))]ds
0
t
<eB=D14o(0) + et / e [lU(s — 1) + ClU(s — 7)[?)ds
0

t
<e=D14,(0) +e(u—1)t/ ¢S [eHET) 4 Ce=2n(s-7) g
0

<C, uniformly in t.

This implies that there exists a number z; > 1 (independent of ¢), such that when £ > x7, then

sup  |u(t, &) < Ce ™, t€(0,00). (3.57)
£€[x1,00)

Notice that y/w(§) = e ¢ > e=2+%1 for ¢ € (—o0,r1]. Then (3.55) implies

lim  sup |u(t,€)| < lim  sup |

{00 ¢ (—oo0,1] =7 ¢e(—oo,zy] €77

< lim_sup [v/uw(©u(t,€)] (3.58)
t—o0 £€ER
=0.
From (3.57) and (3.58), we have
lim sup|u(t, &) = 0.
s, €)
The proof is completed. O
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