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Abstract: Sums of products of two Gaussian g-binomial coefficients with a parametric rational weight function are
considered. The partial fraction decomposition technique is used to evaluate the sums in closed form. Interesting

applications of these results to certain generalized Fibonomial and Lucanomial sums are provided.

Key words: Gaussian g-binomial coefficients, Fibonomial coefficients, Lucanomial coefficients, sum identities

1. Introduction

Define the second-order linear sequences {U,} and {V,} for n > 2 by
Un=pUpn-1+Upn—2, Up=0,U; =1,
Vo =pVa—1+ Voo, VWw=2, Vi=p.

The Binet forms are
n _ A3n 1—qg"
Un:iaa—g :a"7171 _qq and V,=a"+8"=a"(1+4q")
with ¢ = 8/a = —a~?, so that a =i/,/7.

When o = HT‘ﬁ (or equivalently ¢ = (1—+/5)/(14++/5) ), the sequence {U,} is reduced to the Fibonacci
sequence {F,} and the sequence {V,,} is reduced to the Lucas sequence {L,} .

Throughout this paper we will use the following notations: the g-Pochhammer symbol (z;q), = (1 —
z)(1 —2q)...(1 —2¢" ') and the Gaussian g-binomial coefficients as

HigErr =

When z = ¢, we denote (¢;¢),, by (q),, -

Furthermore, we will use generalized Fibonomial coefficients

{n} - UnUn,1 N Un,kJrl
U

k U,U; . ..Uy
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with {E}U =1, where U, is the nth generalized Fibonacci number.

When U, = F,, the generalized Fibonomial coefficients are reduced to the Fibonomial coefficients
denoted by {7}, :
n o FnFn—1-~-Fn—k+1
kg o P Fs. .. Fy '

The link between the generalized Fibonomial and Gaussian g-binomial coefficients is

R R

Furthermore, we will use generalized Lucanomial coefficients

n o VnVn,1 . Vn7k+1
kf,  ViVa...V

with {Z}V =1, where V,, is the nth generalized Lucas number.

When V,, = L,, the generalized Lucanomial coefficients are reduced to the Lucanomial coefficients
denoted by {Z}L :
n _ LnLn—l ‘e Ln—k—i—l
k], LiLo... Ly '
The link between the generalized Lucanomial and Gaussian g-binomial coeflicients is

{n} = (k) {n] with ¢ = —a 2.
kS k|,

Recently Kilic and Prodinger [3, 4] computed various sums including Gaussian ¢-binomial coefficients
with certain rational weight functions. A typical example from [4] is

2n 2

§ : |:27L:| |:2n + ]':| (_1)kq§(3k76n71) — (_1)nq7§(3n+1) |:2TL:| |:3n + ]':| )
k k n n

k=0 q q q q

From [3], recall that for any positive integer w, any nonzero real number a, nonnegative integer n, and
integers ¢t and r such that t+n >0 and r > —1,

(]

) {n] (—1)iq(2")+at
=il (ad%347), 4,

T

> (—1) U8t
(q*;qv

=0 )] (qw’ qw)r—j (a’qu7 Q)n+1

=a"'(¢; Q)n(

t—r—1 . .
t—1— r41 . .
sy Y [P ) ey ),

. n T
Jj=0
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In [5], Kilig¢ and Prodinger evaluated

n n 2
Z {k} Uniktry -+ Uniktr,
k=0 U

in closed form where r; and \; > 1 are integers. The authors give a systematic approach to compute these

sums. For example, it was shown that for nonnegative n,

2 (on) 2, o) U$ Uzt
SV g = altrl Unls

)
k=0 U;2 ‘/anl‘/Zn

where A = p? + 4.
Marques and Trojovsky [6] provided various sums including Fibonomial coefficients and Fibonacci and

Lucas numbers. For example, for positive integers m and n, they showed that

A2 ey (4mo42 Am +2) Finss
Z (-1) > ) Lowi1-j =~
= J dn+ 3 | Fomia

and
4m+2 4m
iG=1 (4m 1 iG=1) (4m
Z (_1) 2 { . }Fn+4mj = §F2m+n Z (_1) 2 { . }Lij'
§=0 J §=0 J
Recently the generalized Fibonomial coefficients have attracted the interest of several authors. For their
properties, we refer to [1,2,6-8].

In this paper we will compute three types of sums involving products of the Gaussian ¢-binomial

coefficients. They are of the following forms: for any real number a

SUM = Zn: [" Z k} q m q(_l)kq—”k+(’5)(a — "),

k=0

son=3- 1] 1] o0

q
and
" n] [n+k—1 _ krya —q "
SUM zz[ } [ } (g (E) e
= kg k q b—q7"
Then we will present interesting applications of our results to generalized Fibonomial and Lucanomial
sums.

2. The main results
We start with the first kind of sums:

Theorem 1 For any real a and n >0
i n+k n _n K n _(n+1 ntl
S [0 [ et e = = o far €50 - 5],
k=0 q q
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Proof Rewrite the LHS as

"1 - gt L (1= bt (=1)*q~ ™+ () (q — ¢¥)

k=0 (Dr(Qn—k
n —k ) e k
> é)lk;)(qk )14 a— g
k=0 n—
Now set

fz) = (1—z)(1—zq)---(1—zq")( )

Then the partial fraction expansion reads

o @ =)@ ) ety s ©
f()_kzzo D @u s —zgh) D@ la—a)+ =

If we multiply this by z and then let z — oo, then we get

2 0@
where
C= _(—l)nq(ngl)
Thus
n n+k n —-n IQC o n _ n_zH n_zH
k_o[ k ]qu(_l)kq H(2)(q — ¢%) = (=1) [aq ("5 — o]
as claimed.

As a consequence of the result above, we have the following corollaries:

Corollary 1 For n > 0, all integers r and m,

D

k=0

- k .
{n+ } {”} (—1)F RN = (1) 2 DU e
— k U k U

Proof If we convert the claimed identity into g-notation, it takes the form

" n+k] [n keb(5) (1 _ rtrntm) 1)k — (= (") (1 _ glntitnbm)
I;){k]q{k]qq + (1 q++)( 1) (=1)"q (1 q +++)

Since (1 — ghtrmtm) = grntm(g=rm=m _ ¢k} the result follows by taking a = ¢~"™"~™ in Theorem 2.1.
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Corollary 2 For n > 0, all integers r and m,

- Tl+]€ n 1 1
ST i) sty  qymeineiy
U U

n(n—r+1)—m-
k=0

Proof If we convert the claim into g-form, then we should prove

S o ap -

qm—&-nr—%n(n—i-l) (1 _ qn(n—r+1)—m,) )
k=0

Rewrite the LHS as

-2

0

] [ e

then the result follows by taking a = ¢""*™ in Theorem 2.1.

Corollary 3 For n > 0, all integers r and m,

“(n + k n 1 1
Z { k } {k} VnT+k+m(_1)kn+§k(k+l) = _(_l)gn(n_l)vm+n(n+r+l)'
k=0 U U

Proof If we convert the claimed identity into g-form, then we need to prove

q
k=0

nr+m n(n+1))

Rewrite its LHS as

n

n J’» k n nr m —n k nr-+m . n J’» k n —nr—m —NnkK k
Z { i ] {k] (14 g™ htm) g k+(2)(_1)k S Z { . ] {k] (—¢ — ") q k+(2)(_1)k.
k=0 ql™lq k=0 al™lq
Now the result follows by taking a =

—nr—m
—-q

in Theorem 2.1.

O
Corollary 4 For n > 0, all integers r and m,
= n+k n n+(* nr+m—(7
Z{ k } {k} Varemw (=1 G) = (—yr =Gy
k=0 U U
Proof In g-form, we have to prove the identity
" n+k n nr+m— —n k n nr+m  — ntl ntl
S ] e sy Ot = o (g ) 01,
k=0 qlt™lq
The result follows again by taking a = —¢™" ™™ in Theorem 2.1. O
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Theorem 2 For n >0 and any real a,

i[nﬂc} m (—1)kq k() _kl :an(qa*;q)n

= —a (@5 Qnt1

Proof Consider

ST Bonent

k=0

which we rewrite as

Now define

=) (z—q") 1
R (= (= I e s

The partial fraction decomposition of A(z) takes the form

Z": 4" (e —q") (—1)rg(t5) 4 Ema)

(q, i@ Qn—r (1 — 2q") z—a

Now we multiply this relation by z and then let z — oo and obtain

k41

(z": (F—q").. . (" —Q")Ig—l)’“q( 2) 2 N ZF(n,a))

= (@ D¢ Dn—r (a7 — a) l—zg" = z-a

0= lim
Z—>r 00

which gives us the equation

(gt =g (g =g (=) )
k

0: k=0 (4 O)i(6 Dn—r (7% — a) + F (n,a)
(1™ —q) (g™ =) ()"
];) (q q) (C] Q)n k (q_’“ a) B F(n7a)’
where
F(n,a) = (z—q)...(z—q")

(1=2)1—2q)...(1 —2¢")|,_,

)
(@-q)(a=¢)...(a=¢") _ .(0/s49),
(1-a)(l—agq)...(1—agq") (a;@)n+1’

which completes the proof.

As a consequence of the result above, we have the following corollaries:
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Corollary 5 For n >0 and m >0,

S o sk - o )

Proof In g-form, we have to prove the corresponding identity:

1—qm n n
k=0 q q

Consider its LHS as

zn: {” Z k} . [Z} q:l_(]'rLlJﬂq@Icq_nk+(;)(_1)k

k=0

= 2 [0 [ e e

which, by taking a = ¢~ "™ in Theorem 2.6, equals

n+m-+1.
_ _ —(n+1)(m+n) (q ’q)n
(a S D1

— (=1)rg~ (D mtn) =t 1) —n(nt1)/2 (% Dimgn
(4:9) 1

 (—1yrgdnteD) 1 (@9, (% Dongm
L= q" (6D (G Dpim

—1
= (c)ng ity Lm0 m
lL—gm| n |, no |/

as claimed. O

Corollary 6 For n >0 and m > 1,

S e oo ) ),

k=0

Proof We have to prove the corresponding identity in g-form:

B 00 e =l [

—n—m

If we take a = —¢q in Theorem 2.6, the claimed result follows after some rearrangements. O

Corollary 7 For n,m >0,

S 1) s o Yoy (o
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Proof We should prove the corresponding identity in g-form:

1 [ T ——l R
= k qkqlJrq”m 2 mj_, n 4

Consider its LHS as

which, by taking a = —¢"™™" in Theorem 2.6, equals

( n— m+1,q)

_ _ q
= Ty (=" @t

n—m-+1.
_ (71)nq(n+1)(mfn) ( q ’q)
(=™ " @)nt1

n—m)(n—m+1)/2

_ (71)nq(mfn)(n+1) (7(1; q)Qn—m q(
(=49, m 2(=¢ Dn-m (=€ 0),,

- 1(*1)”q%m(m+1)f%n(n+1) (=4 Dan-m (-9,

2 (G Dnem (G0, (=G On—m (=4 0),,
_ 1(_1)nq%m(m+l)7%n(n+l) n 2n—m ’

2 mj_, n —q

as claimed.

Theorem 3 For n >0, any reals a and b,
- n+k—1 k(Y@ — gk I (q/b;9),
ZH { ](-Dkq k+(2)7qk:—(1—Q)b Ha—b) 7
q

k=0 b - q_ (b q)n+1

Proof We rewrite the LHS of the claim as

) n 1_qk+1 (1= gt I— La—q*
Y R R
N~ @)@ =) oy gt
o )kZ:O (@r(@)n—r T
Define
(=9 (z—¢" a2z
Az) (1—-2)...(1—2q") b—=
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Then the partial fraction decomposition reads

k+1
L e PPNy o VA GV Y

A B n q—k(n—l)(
#= 1;:% (Ok(@)n—k(1 — 2z¢*) b—qF " b—2

If we multiply this by z and then let z — oo, we find

k1

. Zn: gD (1 — ) (1= gt () (—1)k - gt

k=0 (De(—=a*) (@) n—r b— gk - F
- n q—k(7a—1)(q)n+k71q(§)(_1)k—1 a—q* B
- kZ:o (Or(Dr(@)n—k b—q* F
_ (@p1~=[n] [n+k-1 Lh(k—2n41)(_ eja—q " -
(@ kzzo[k]q[ k Lq D

1 i n n—l—k— 1 lk(k—Q +1) k_la_q_k
= ) n _1 - 1 _F
= DIl e C—

k=0
Therefore
n n ’I'L+k—]_ 1 —on a—q—k B .
;{k]q{ k quk(k 2 +1>(—1)kb_q_]C =—(1-¢")F,
where
I BN o P
F= = a=a “9
o (b—q)...(b—q"‘l)
ST T T T A
— (a—b) b1 (1—q/b) (1—¢?/b) ... (1—q"'/b)
(030),141
—re? (0:0), 41
Thus we get
" [n] [n+k—1 Lk(k—2n+1)_ kﬂ:_ ol %
;;J|:k:|q|: k :|qq ( 1) b—qF (l q )b ( b) (b;q)n+1 ,
as claimed. ]

Corollary 8 For n, m >0

Z {Z} {n +1]:— 1} (—1)F" (—1) k4D Uni1-k _ (= 1)) Usnim+1 {n +m — 1} {2n + m}
U U U

o Untm+k Uyt m n+1

-1
U
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Proof If we convert the claimed identity into g-form, then we have to prove the identity

>

k=0

n — n+m —1
{”} {n + k= 1} g RE=2n43) () 1—gnti* T ek [n +m — 1} {Qn + m}
q q q

= (-1 2
k k 1 — gntmtk (=D""q 1—gntt m n+1],

If we take @ = ¢! and b = ¢"*™ in Theorem 2.10, then we get the claimed identity after some rearrange-
ments. U

JCORES|
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