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Andoyer equations for noncollinear planar central configurations
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Abstract: In this article we obtain the Andoyer equations for noncollinear planar central configurations taking into
account the center of mass of the system. We apply these equations to study two configurations. In the first one we
prove that it is not possible to put a square central configuration and an equilateral triangle central configuration as a
cocircular central configuration. In the second one we give the central configurations for the noncollinear planar 4—body

problem with one pair of equal positive masses and two null masses.
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1. Introduction and statement of the main results
The classical Newtonian n-body problem consists of the study of a system formed by n punctual bodies with

positives masses my, ..., m, interacting by Newton’s gravitational law [11]. That is, if the position vectors are

given by r1,...,r, in R?, d = 2,3, the equations of motion are

" m
==> F (ri—r)), (1)
j=1 "4
J#i
for i =1,...,n, where r;; = |r; — r;| is the Euclidean distance between the bodies at r; and r;. In (1) we
consider the gravitational constant G = 1. The vector r = (r1,...,7,) € R"® denotes a configuration of the n

bodies and we assume that r; # r;, for ¢ # 7.

One integral of motion of system (1) is the linear momentum

(2)

3\3

Po2 i

where M = mq + ...+ m,, is the total mass. This implies that the center of mass of the system, which is given
by

nm
§ﬁ
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describes a uniform motion. Eq. (2) also implies that the total force on the system Fr = Y. | F; equals the

null vector.
Another integral of motion of system (1) is the angular momentum

n
J = E m;r; ATy,
=1

This implies that the torque of the system 7 = Z;;l r; A F; equals the null vector.
Finally the last integral of motion of system (1) is the energy

The above integrals of motion can be used in system (1) to reduce at most ten degrees of freedom. Thus
the study of such a system via first integrals is not adequate for n > 3. Therefore, the knowledge of particular
solutions became important in order to understand this problem.

An interesting class of particular solutions of (1) can be found in the literature as homographic solutions
in which the shape of the configuration is preserved as time varies. The first homographic solutions are due to
Euler [4] and Lagrange [7].

At a given instant ¢t = ¢y the n bodies are in a central configuration if there exists A % 0 such that
7; = Mr; —¢), for all ¢ = 1,...,;n. Such configurations are closely related to homographic solutions. See
[10, 12, 13, 15].

Note that to find a central configuration is essentially an algebraic problem since, from equations (1) and

the definition, we must solve the following set of equations

MNri—e) == 2 (ri — 1), (3)

=1 "
J#i
for i=1,...,n. Egs. (3) are called equations of central configurations. A simple computation leads to
U m;m,; 1
A=——, U= —L T=—N mymy|r; —r;|?,
21 Z Tij 2M Z J z| ! j|
1<i<j<n 1<y

where U is the Newtonian potential and I is the inertia moment of the system.

Two central configurations (r1,...,r,) and (71,...,7,) of the n bodies are related if we can pass from
one to the other through a dilation or a rotation (centered at the center of mass). Thus we can study the classes
of central configurations defined by the above equivalence relation.

Taking into account this equivalence we have exactly five classes of central configurations in the 3—body
problem. The finiteness of the number of central configurations performed by n bodies with positive masses
is a question posed by Chazy in [2] and Wintner in [15], and reformulated to the planar case by Smale in [14].
For n = 4 this problem has an affirmative answer [6]. Alternatively, see [1] for a proof of the finiteness when

n = 4 and a partial answer when n = 5. This question remains open when n > 5.
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Consider the equations

fii =Y mi (Rig — Rji) Aiji =0, (4)

o7y
for 1 <i < j <n, where R;; = 1/7“% and A;jp = (r; —7;) A (1, — ri). Note that A;jj, is twice the oriented
area of the triangle formed by the bodies at r;, r;, and ry (see [5]). These n(n — 1)/2 equations are called

Dziobek-Laura—Andoyer equations or simply Andoyer equations. We have the following theorem.

Theorem 1 Consider n bodies with positive masses my,ma,...,m, and position vectors ri,ra,...,Tn N a

planar noncollinear configuration. Then Egs. (3) are equivalent to Eqs. (4).

It is important to mention that Theorem 1 was proved in [5] and in [8] for the case where the center of
mass is at the origin, that is ¢ =0.

It is well known that three bodies with arbitrary positive masses at the vertices of an equilateral triangle
are in a central configuration. Another well-known result states that n bodies with equal positive masses at
the vertices of a n—gon are in a central configuration, for n > 3.

As an application of Theorem 1 we prove that it is not possible to obtain a square central configuration
(four bodies with equal positive masses at the vertices a square) and an equilateral triangle central configuration

(three bodies with arbitrary positive masses at the vertices an equilateral triangle) as a cocircular central

configuration.
Theorem 2 Consider a configuration of seven bodies with cocircular position vectors r1,...,r7 and positive
masses my,...,my. See Figure 1. Assume that ry,ro,73,74 are at the vertices of a square, m = m; = my =

mz = my and T5,7¢,77 are at the vertices of an equilateral triangle. Then there are no positive masses in order

that this configuration performs a central configuration.

For a deep study of cocircular central configurations see [3, 9].

As another application of Theorem 1 we have the following theorem.

Theorem 3 Consider the noncollinear planar 4 —-body problem with position vectors ry,r2,73,74 and masses

m=mi =mso >0, mg=my=0. Then we have the following possibilities for a central configuration:

1. The position vectors r1,72, and T4 are at the vertices of an equilateral triangle and r3 is either in the middle
point between 1 and o or in a special position in the straight line through r1 and ro. See Figure 2a and

2b, respectively.

2. The four bodies are at the vertices of a rhombus with the bodies of equal masses in opposite vertices. See
Figures 2c.

This article is organized as follows. Theorem 1 is proved in Section 2, Theorem 2 is proved in Section 3,

and Theorem 3 is proved in Section 4.

2. Proof of Theorem 1

In this section we prove Theorem 1. Suppose that

Ari—c¢)=— kaRik(Ti —Tk)

ki

517



FERNANDES and MELLO/Turk J Math

Figure 1. Coordinates for the proof of Theorem 2.
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Figure 2. Three possibilities of a noncollinear planar 4—body central configuration with masses m; = mz > 0 and
ms3 = My = 0.

holds for 1 <4 < n. Taking 4,j € {1,2,...,n}, j # i, we have

)\(’I“i — C) = — Z mkRik(ri — ’/‘k) — ijij(ri — ’I“j) (5)
k+#i,j
and
Mry—c) ==Y mpRyk(r; — i) = miRji(r; — o). (6)
k+#i,j

518



FERNANDES and MELLO/Turk J Math

The difference between (6) and (5) gives

Ari—r5) ==Y mg[Rix(ri — 1) = Rj(r; — re)] — [m;Rij — miRaj)(ri — 7). (7)
oy

Taking the wedge product by 7; — r; in both sides of (7) we have

0 = = > my[Ri(ri =) A(rs = 1) = Ryr(ry — i) A (ri = 7))
k#i,j
= - Z mi[RikAikj + R jki]
ki,
= - Z My [—RikDNijr + Rk
ki,
= Z my(Rik — Rjk)Aijk
ki,
= fij~

Therefore, f;; =0 forall 1 <i<j<n.
Now assume that f;; =0 for all 1 <4 < j <n. Then

> m(Rix — Rje)(ri — r5) A (ri = 7i) = 0.
k#i,j

This equation can be written as

Z mkR,k —7"]) —Tk Z mkRJk —7"]) ( T —’I"k).

k#i,j k#i.j

Inserting the index j in the sum on the left-hand side and the index ¢ in the sum on the right-hand side we do

not change the last equation, and so

kaR,;k(r,;frj) i — Tk) kaRjk ri — 1) A (rs — 1),

k#i k#j

which is equivalent to

i) A kaRik(’l"i —rK) = kaRjk[Ti A(rj —rg) + (r; Ark)).
ki Py

From the expression of Fj

F;
(ri —rj) A —= = mRy[ri A (rj —ri) + (rj Ar)]
bk

and adding —r; in the last term we do not change this equation, and so

F;
(ri = r5) A === > mxRjklri A (rj — ) + 15 A (=15 + 13-
b kA
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Then
F;
(ri—r) At = > mgRyelri A (rj = 1) =7 A (rj = 13)]
’ k#j
= > mRl(ri —r5) Ay —my)]
ke
= (r;—rj)N—2L,
J
which implies that
; F
i A — = i A 7]7
(ri —7;) e (ri —75) m;
or equivalently
(’I"i — T‘j) A\ (iji — miFj) =0. (8)

Developing the expression we have
Ti/\iji—ri/\miFj —Tj/\iji+Tj /\miFj =0,

that is
m;r; ANF; —my;r; /\Fj — myry N F; + myr; /\Fj =0.

Taking the summation in j from 1 to n we get
n n n
Mn—/\Fi—miri/\ZFj— ijTj /\Fl-—l—minj/\FjZO, (9)
j=1 j=1 j=1
where M is the total mass. Note that with the above definitions equation (9) is
Mr; NF; —mir; N\Fr — Mc N F; +m;T =0.

Thus, M(r; —c)AF; = 0, which implies that (r; —c¢) and F; are parallel, that is, F; = \;(r; —¢), or equivalently

7 = (A;/m;)(r; — ¢). From (8) we have

SO

or equivalently

i Aj
gl G ROR G )—m*]j(n— )N (ri =€) =0,
which implies that
(%—22)(@—0)/\(%—6)—0, vV oi,j
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Since the configuration is noncollinear, we have

for all ¢,j. Therefore,

Ari—¢) =Y mRy (ri 1)),

J#i

for all ©=1,2,...,n and thus the equation of central configuration is satisfied.

3. Proof of Theorem 2
In this section we prove Theorem 2 using Theorem 1. Without loss of generality, consider the following

coordinates (see Figure 1)

ri=(1,0), ro=1(0,1), r3=(-1,0), rya=(0,-1), r5= (cos(f),sin(9)),

27 . 21 47 . 47
reg = <cos <0+3> ,sin (0+3)>, ry = (cos <0+3> ,sin (0+3>>.

Take Andoyer equations (4) according to Theorem 1. For the 7-body problem there are 21 equations in

(4). In particular, equation fs¢ = 0 must be satisfied, that is
fs6 = mi1 (Rs1 — Re1) Ase1 + ma (Rs2 — Rez) Asez +m3 (Rs3 — Rez) Ases + ma (Rsa — Rea) Asea +mr (Rs7 — Rer) Aser = 0.
From our assumptions m; = mg = msg = my = m and Rs7 = Rg7 the last equation can be written as

fs6 = m[ (Rs1 — Re1) Ase1 + (Rs2 — Re2) Asez (Rss — Res) Ases + (Rsa — Rea) Asea] = 0.

Define
9(0) = (Rs1 — Re1) Ase1 + (Rs2 — Re2) Asez (Rs3 — Res) Ases + (Rsa — Rea) Aspa.

Thus a necessary condition to get a central configuration is to take € as a root of g, that is

@ + sin(x) — cos (z + %) B @ + sin(z) — cos (z + %)
(~2cos(z) +2) 2 (2 - 2sin(z + )~/

g(0) =

@ —cos(z) —sin (z + %)
(—2sin(z) + 2)73/2

—cos(z) —sin (z + %)

—2cos(z + ) +2) 3/

& s

@ — sin(z) + cos (z + %) 3 —sin(z) + cos (z + F)

(2cos(z) + 2)73/2 (2 + 2sin(z + %))73/2

V3 1 cos(x) +sin(z+ ) 2+ cos(x) +sin (z + T)
(

2sin(z) + 2) /2 (2 +2cos(z + %))_3/2

Note that, under the assumptions, we just need consider 6 € (0,7/6). Thus, in order to prove the theorem we

need to show that g has no root in such interval.
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It is clear that g is a differentiable function in the interval (0,7/6). Taking the limits for g in this

interval we get
Jm_g(6) = +oo  Jm_g(6)
Taking the derivative of g with respect to 8 we get ¢’'(6) < —1 for all values of 6 € (0,7/6). Therefore,

the function ¢ has no root in the interval (0,7/6). In short, Theorem 2 is proved.

4. Proof of Theorem 3
In this section we prove Theorem 3. For the 4-body problem there are 6 equations in (4), which can be written

as: f12 = 0 is trivially satisfied,
Jiz3 =m(Riz2 — Ro3)A132 =0,  fia = m(Ri2 — Ra4)A142 =0,
Jaz = m(Riz2 — R13)A123 =0,  fog = m(Ri2 — R14)A124 =0,

faa =m[(Riz — R14)A134 + (Ras — Roa)Ag34] = 0.

For noncollinear central configurations we have the following cases:

Case i) Either Ay33 =0 and Aj4 # 0 or Ajzs #0 and Ajsy = 0.

Case ii) A1zs #0 and Ajgy #0.

Case i) Without loss of generality, consider Aj3s = 0 and Ajay # 0. The study of the other possibility is
analogous. As Ajzs = 0 it means that rs is on the straight line through r; and ro. From fi4 =0, fou =0
and the assumption in this case we have ri5 = ro4 and 715 = r14. Therefore, r1, r5, and r4 are at the vertices
of an equilateral triangle. To study the position vector r3 we take, without loss of generality, the following

coordinates

T = (71,0)7 ro = (130), T3 = (.’L‘g,O),.Ig Z 07 T4 = (07 \/g)

Thus, f34 =0 has the form
1 I3 — 1 I3
(x5 + 1) (3 —1)2 4

whose solutions satisfying z3 > 0 are: xz3 = 0 and z3 = 2.39681 with five decimals. See Figures 2a and 2b.
Hence we have proved item 1 of Theorem 3.

Case ii) A2 #0 and Ajo4 # 0. From equations f13 =0, fi4 =0, fa3 =0, and fog = 0 we have 119 = ra3,
r19 = To4, 712 = T13, and r1o = 714, respectively. From these equalities equation f34 = 0 is satisfied. Therefore,
the position vectors 71, ro, r3, and r4 are at the vertices of a rhombus. See Figure 2c. We have proved item
2 of Theorem 3.
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