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Abstract: We give an elementary proof of a relation, first discovered in its full generality by Korkmaz, in the mapping

class group of a closed orientable surface. Our proof uses only the well-known relations between Dehn twists.
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1. Introduction

Our aim here is to give an alternative proof of Theorem 3.4 of [3], given below. This theorem is a generalization

of the Matsumoto relation in the mapping class group of a closed orientable surface of genus 2 obtained in [4],

to the higher genus case. We will refer to this relation as the generalized Matsumoto relation. It gives a relation

involving 2g + 4 (respectively 2¢ + 10) Dehn twists when the genus of the surface is even (respectively odd).
Throughout the paper we denote the isotopy class of the right-handed Dehn twist about a simple closed

curve ¢ by the same letter ¢. We use functional notation, that is, for any two mapping classes f and g, the

multiplication fg means that g is applied first. Let ¥, denote a closed connected orientable surface of genus
g.

Theorem(Korkmaz). In the mapping class group of X4, the following relations between right Dehn twists
hold (see Figures 1 and 2):

(i) (BoB1Bs---Byo)? =1 if g is even,
i) (ByB1Bs--- B,a?b?)? =1 if g is odd.
g

The above theorem is used to show that there are infinitely many pairwise nonhomeomorphic 4-manifolds
that admit genus-g Lefschetz fibrations over S? but do not carry any complex structure with either orientation
(see [3, 5]).

Recall that the hyperelliptic mapping class group of 3, is a quotient of the braid group Bag42 on 2g+2
strings. The quotient of the hyperelliptic mapping class group with the cyclic subgroup of order 2 generated
by the hyperelliptic involution is isomorphic to the mapping class group of a sphere with 2g + 2 punctures.
The hyperelliptic mapping class group is equal to the mapping class group when g = 2. Using these facts, to
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Figure 1. The curves B;, when g is even. Figure 2. The curves B;, when g is odd.

obtain the above-mentioned relations in the mapping class group, Korkmaz lifts Matsumoto’s relation to the
braid group Bs and generalizes it to a relation in the braid group Bag12. He then projects it to the surface 3,
to get these relations in the mapping class group of X,.

In our main theorem, we obtain different set of curves. We then find a self-homeomorphism R of X,

which takes B;’s to A,_;’s, i.e. R(B;)= Ay_; for 0 <i < g. Here is our main theorem:
Main Theorem. In the mapping class group of ¥, the following relations hold:

(i) (AgAg_1---Ago)> =1 if g is even,

(i1) (AgAg—1--Apa?b?)* =1 if g is odd.

In Figures 3 and 4, the curves Ag, Ay,..., A, are given for g = 6 and g = 7, respectively.

Figure 3. Curves A; when g is even. Figure 4. Curves A; when g is odd.

In the proof, we only use the following well-known relations among Dehn twists. For completeness of the
text we recall them here.

Commutativity Relation: If the geometric intersection number of the curves a and b is zero, then
the Dehn twists about these curves commute, i.e. ab = ba.

Braid Relation: If the geometric intersection number of the curves a and b is 1, then we have aba = bab.

Chain Relation: If a and b (o) are the boundary curves of a regular neighborhood of the chain of

simple closed curves ¢y, ca,...c; for k odd (for k even), then (see Figures 5 and 6)

(i) when k is odd (cpcp_1---cocr)*™ = ab,

(ii) when k is even (cpcp_1 - .,0201)2k+2 s

To make the text easier to follow, we underline the curves before and after we apply the above relations.

We refer the reader to [1] for more details on the basic concepts of mapping class groups.
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Figure 5. Chain relation for k& odd. Figure 6. Chain relation for k even.

2. Proofs

In the following proof we generalize the techniques used in the proof of [2, Lemma 2.3] to arbitrary genera.
Throughout this section let ¢; denote the right-handed Dehn twist about the simple closed curve in Figure 7
fori=1,2,...,29g+1.

Figure 7. Genus g surface, ¥,.

n

Lemma 2.1. The product (cog4+1CagCog—1---C2¢1)" can be expressed as

1 1 1 1

T coori II cogrici- [ cowirn I core | (cocgmr1---cac)™,

i=—n-+2 i=—n+2 i=—n+2 i=—n-+2
for 1<n<g+1.
Proof We proceed by induction on n. For n = 1, the statement is clear, that is we have
(c2g+1c2gCag—1---cac1) = (Cag+1C2g -+ Cgt+1) (CgCg—1 -+ c2c1).
For n = 2, note first that the set of curves {cg_1,¢4—2,...,c2,c1} are disjoint from the set of curves
{cag+1,C2g, - - -+ Cg12,Cq+1}; hence Dehn twists about these curves commute. We have
2
(C2g+162g62g—1 ce 0201)

=(Cag+1C2g " CgCq—1 "+ C2€1)(C2g4+1C2g * * * Cg1CgCq—1 ** C2C1)

=(Cag+1C2gC2g—1" " Cg41Cq)(C2g41C2g """ Cg41Cg—1 " "+ C2C1C4Cq_1 "~ * C2C1).

Applying the commutativity relation again to cg,cg+1,...c2g—1 with this order,

(C2g+1C29C2g-1 -~ Ca41 Cq)(Cogi1Cag - Cg1Cg—1 -+ C2C1CeCe—1 -+~ C2C1)

:(CZQJrlCZg)(029+1C297102g ©1 " Cg4+1Cg42CgCg41Cg—1 """ C2C1CgCg—1 * 02C1)'
We can regroup these terms in the following way:

(Cog+1C29C2g+1C2g—1C2g * ** Cg+1Cg4+2CgCq+1Cg—1*** C2C1) (CgCg—1 -+ C2C1) .
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Applying the braid relation successively to the underlined terms
= (029029+10290297102902972 ©1 1 Cg42CgCg41Cg—1 """ 0201) (cgcg—1-+-cact)

= (02g029+1C2gflc2g0297102g72 c0Cg42€CgCe41Cg—1 " 0201) (Cgcgfl T 0201)

= (C2gc2g+1c2g—1c2g "+t Cg41Cg42Cg+1CgCq+1Cg—1 """ 0201) (cgCg—1++-c2c1)

= (629629+1629_1629629_2629_1 ©r 2 CgCg41CgCg—1 " * * CQCl> (cgcg_l R 6201) .

The terms on the last line can be rewritten in the following way:
(CagCagt1C2g—1C29Cag—2C2g—1 "~ CgCqt1) (CgCg1 - C2c1) (CgCq—1 -~ C2€1)

= ((c2gC2g+1)(C2g—102g) (c2g—2029-1) -+ (CgCg41)) (€gCg—1 - - 0201)2
1 1 1 1
= H C2g+i H C2g4i—1 H C2g+4i—2 """ H C2g+i—g (Cgcgfl o CQCI)2
=0 1=0 =0 =0

Thus we are done for n = 2.
Now assuming that the statement is true for k, we show that it is also true for k£ + 1, i.e. we want to

show
1 1 1
k+1 k+1
(cogricag--- )™ = T cogri-s [ covivr J] cori] (cacgor---c)*™. (1)
i=—k+1 i=—k+1 i=—k+1

Before we proceed, to simplify the notation and make the proofs easier to follow let us introduce P} for

the index decreasing product

P]z = CkCr—1 """ Ci4 1G4 and P% = CrCk—1"" '6i+16i for ¢ S k,
and @ for the index increasing product

Qi ‘= CpCly1 - C—1¢;  and Q% 1= CkCr41- " Cl—1C1 for k <1,

where ¢ denotes the left-handed Dehn twist about the curve c¢;. Using these notations, we can rephrase the

equation (1) that we want to prove as
1 k+1 _ ( ~2g+1 g+2 +1 1) k+1
(P2g+1) = ( 2Z—k+1 e QZ—IH—ZQZ—kH) (Pg) ’
By the induction assumption on &, we have

k 2g+1 +2 +1 k
(P21g+1) = (Q2Z—k+2"’Qg—k+3Qg—k+2> (Pgl) :
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Since we have (P21g+1)k+1 = P21g+1 (Pglgﬂ)]~C , we get
k41 k
(Plyet)™ = (Phys) (@3 ha e Q02000 L) (PY)

_ 29—k+2 pg—k+1 2g+1 g+2 g+1 pl k
= (P2g+1 Pzg k+1P ) (Q2g7k+2'”Qg7k+ng k+2) ( ) :

Since the curves in the product P _g = Cg—k - - c2c1 are disjoint from all the curves cg_g42,Cg—k+3, ..., Cag,
C2g+1 in the product Qggf}gﬂ e QZJ_ri+3Q§f,1€+2, by commutativity of the Dehn twists about these curves,
29—k+2 pg—k+1 p 2g+1 g+2 g+1 1\ k
<P29+1 Pg k+1 ) (ng—k+2 ’ "Qg—k+3Qg—k+2) (Pg)
29—k+2 pg—k+1 2g+1 g+2 g+1 1
<P2g+1 P 29— k+1) (QZg—k+2Q2g k+1° 'Qg—k+3Qg k+2) (P )

Similarly again by commutativity, we can write the Dehn twist about the product of the curves Péqg k,;ll

Cog—k41 """ Cg—k42Cg—k+1 as follows:

2g—k+2 pg—k-+1 2g+1 g+2 g+1 1\k
(P2_q+1 PZQ k+1> (Q2gfk+2Q2g k+1° .ngkthQg k+2) (Pg>

2g—k+2 2g+1 2g g+2 g+1 1 1
(P29+1 ) (C2g—k+1Q2gfk+2629—kQ297k+1 T Cg—k+2Qg—k+ch—k+1ngkﬁ) ngk (Pg)

Applying the braid relation, cog—g12C2g—k+1C2g—k+2 = C2g—k+1C2g—k+2C2g—k+1 5

29—k+3 2g+1 g+2 g+1 1 1
(P29+1 )C2gfk+2 (CQQ*k+1CQQ*k+2Q2g—k+3"'CQ*k+2Qg—k+3CQ*k+1Qg—k+2 Py, (Py)

29g—k+3 2g+1 1
(P29+1 )(CQQ*k+1CQQ*k+2029*k+1QZg—k+3 " Cg— k+2Qg k+3cy kHQg k+2)P (P)

. . e . . 2 1 ..
Since the curve cpy—41 is disjoint from all the curves in ngtk 43, by commutativity we have
2g—k+3 2g+1 g+2 g+1 1 1
<P2g+1 ) (C2g—k+1c2g—k+202g—k+1Q297k+3 “ee cg_k-t,-QQg,kJrSCg_k-&-lQg,k+2) Pg—k (Pg)

_ 2g—k+3 2g+1 g+2 g+1 1 1
= <P2g+1 ) (629—k+1029—k+2Q297k+3029—k+1 . cg_k-t,-QQg,kJrSCg_k-&-lQg,k+2) Pg—k (Pg)

which can also be written as
2g—k+3 2g+1 2g g+2 g+1 1 1k
<P29+1 ) (Q2g—k+1c2g—k+1‘329—kQ2g—k+1 T Cg—k+2Qg—k+3Cg—k+1Qg—k+2> Py (Pg) :

Applying braid relations

C2g—k+1C2g—kC2g—k+1 = C2g—kC2g—k+1C2g—k

Cg—k+3Cg—k+2Cg—k+3 = Cg—k+2Cg—k+3Cg—k+2
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and commutativity succesively, and by using our increasing product notation we get
2g—k+3 2g+1 2g g+2 g+1 1 1\ k
(P2g+1 ) <Q297k+1029*k+1C2Q*kQ297k+1 T Cgfk+2Qg—k+3cgfk+1Qg—k+2) Py (Pg)

B 29—k+3 2g+1 2g g+2 g+1 1 1\ k
- (P2g+1 ) (QngkJrlCQg*kQngkJrl T Cg*k+2ngk+scg*k+2cgfk+1ngk+2) L (Pg)

which can also be written as
2g—k+3 2g+1 g+2 g+1 1 1\k
(P2g+1 ) (QngkHQQg k "ngk+2cg—k+2cg—’€+1ngk+2) P (Pg) ‘

Let us write the final braid and commutativity relation explicitly. Applying the braid relation cy—_r42Cg—p+1Cg—k+2

= Cg—k+1Cg—k+2Cg—k+1, We obtain

- 2g—k+3 2g+1 g+2 g+1 1 1\k
= (P2g+1 ) (Q297k+1 T Q97k+20g—k+2‘39—k+1Cg—k‘+2ngk+3) Py (Pg)

2g—k+3 2g+1 g+2 g+1 1 1\k
(P2g+1 ) (Q2g—k+1 T Qg7k+2cg—k+1Cg—k+2cg—k+1Qg—k+3) Py_k (Pg) ’

and now applying the commutativity relation:
_ 2g—k+3 2g-+1 g+2 g+1 1 1\*
- (P2g+1 ) (ng—k+1 T Qg—k+209*k+109*k+269*k+1Qg—k+3) Py (Pg)

. 2g—k+3 2g-+1 g+2 g+1 1 1\k
- (P29+1 )(Q2g—k+1"' g—ht2Co—k+1C—k+2Qg k4 3Co—kt1 ) Py (7))

After this procedure the Dehn twist cpg_x42 becomes cy,_p41 and hence we obtain P _py1on the

immediate left-hand side of (Pgl)k.

_ 2g—k+3 2g+1 g g+1 1 1
= (P2g+1 ) (Q297k+1”. g— k+2cg—k+1c!]—k+2ngk+3) P —k+1 (P )

Therefore, by using our increasing index product notation, we can write the above expression as
2g—k+3 29+1 g+2 g+1 1\ F
<P2g+1 ) <Q2g—k+l e Qg—k+2Qg k+1 —k+1 (Pg)

p2o—k+3

Applying the same procedure to the Dehn twists cog—r+43,...,Cag, C2g41in ( 2g+1 ), they become cg_j42,

,Cg—1,Cg Tespectively and as a result we obtain Pgl.
o 2g+1 g+2 g+1 1 1k
= (Q297k+1 T ngk+2ngk+l> CgCg—1- " Cg—kt2Pg 1y (Pg)
Therefore we have the desired result

1 k+1 2g+1 g+2 g+1 k+1
(P2g+1) (QQg—k+1Q2g k- 'Qg—k+2Qg k+1 ( ) :
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Lemma 2.2. In the mapping class group of X4, we have

(cieo- - cg)g's_1 = (cgcg1--- CQC1)g+1

Proof When g is odd, by the chain relation (see Figure 5) we have

(cico - cg)g+1 =ab = (cgcq—1--- cl)g+1 .

Thus we are done when ¢ is odd.

When g is even, i.e. g =2k, by using the commutativity and braid relations

2k—many

)2k+1

(0102 ce e Cok = (6102 .. .%) (ClCQ cee C2k) ce (ClCQ “en C2k) (0102 e CQk)

(2k—1)—many

(ch2 e CQkJ—l) (C1C2 .. %) e (CICQ e CQk)ﬂ(CICQ e CQk)

= (c1e2- - cop—1) (C1C2 -+~ Cap—1) -+ - (c1Ca - - - Car) €2¢1 (€102 - - - Cag)

2k—many

= (c1e2- - Cop—1) - (C1C2 - - Cap—1) CorCor—1 - - - Cac1 (C1C2 - - - Cag)
o 2k
= (c162+ - Cap—1)" CogCog—1-""C2C1CIC2 " " Cok—1Cak-

By the previous case, the above product is equal to

2k
= (CQkfl e 0201) CokC2k—1 "+ C2C1C1C2 * * » C2k—1C2k-

Rephrasing, we have

2k—many

1 1 1 2k
= (PQk—1P2k—1 T P2k—1) CokCok—1 " C201Q7

By commutativity we can move ¢; in P),_, and write the right-hand side as in the following:
1 1 2 2k
= (PQk—1P2k—1 T sz—1£1) CokCok—1 - C2c1Q7
1 1 2 2k
= (P2k—1P2k—1 T P2k—1) CokCok—1 "+ C1c2c1Q7".

By applying braid relation c¢ycec; = cocico we can write the right-hand side as follows:

= (P 1 Pa_1 -+ P31 concop—1 - crcoc1 Q3"

= (Py 1Py 1+ P3_1) ConCon—i -+~ C2c102Q3".

Similarly we can move the curve ¢y in the product P22,€_1 as in the following;:
= (Pop_1Py_y -+ P3_102) coCop -+ - C20162Q7"

1 1 3 2k
= (PQk—1P2k—1 T P2k—1) CokCok—1 "+ C2C3C2C1C2Q1"
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and after braid relation cocscy = czcocy we get
1 1 3 2k
= (P2k71P2k71 T P2k71) CokC2k—1 "~ C2C3C201020Q0]
1 1 3 2k
= (P2k—1P2k—1 e P2k—1) CokCok—1 "+ 6362630162Q1 .

Since the Dehn twists ¢3 and ¢; commute, we have

(P21k71P21k:71 T Pz?’kq) C2kC2k—1 """ C3C2§0102Q§k~
= (Pop_ 1Py -+ P3 1) ConCop—1 -+~ c3cac10362Q7".
Moreover, applying commutativity and braid relations to the Dehn twists in the product P23k_1 repeatedly we
get
(2k—1)—many

= (P21k—1P211~c—1 T P21k—1) P21kP22kQ§k'

Similarly when we apply the same operations to the 2k — 1 Dehn twists in the remaining 2k — 1 products

Pj,_,, we obtain
1 2 \2k ~ok
= sz (sz) Q1 :

Now, applying commutativity and braid relations,

2k—many

(carCop—1- - 01)2]C = (Czk02k71 e g) (carCor—1---c1) -~ (ConCar—1---c1) (CanCon—1---C1)

(2k—1)—many

= (C2kc2k—1 ce Cz) (CQkCQk—l e ﬁ) ce (C2kc2k—1 te C1) (CQkCQk—l ce 01) Cok

= (canCak—1---C2) (ConCar—1---C2) -~ (CanCar—1--- 1) (CakCak—1 - C1) Con—1Cak

2k—many

= (CZkC2k—1 T Cz) T (CQkCQk—l ce 62) (CQkCQk—l T 62) C1C2 - - - C2k
2k
= (cokCor—1-""C2)™" c1c2 -+ Cop.
2k 2k
Therefore we get (Pg,)" Q3% = (Pa,)” -
Let us summarize quickly what we have done:
2k+1
(c1ca -+ - cax)
2k
=(c1ca -+ Cop—1)"" CakCak—1- " C2CICIC " " " Cok—1C2k
1 2 \2k ok
=Py, (sz) 1
1 1 2k
=Py, (sz)

)2k+1 2k+1

— (p21k = (cop -~ C201)
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Lemma 2.3. In the mapping class group of 3, we have the following relations (see Figure §* )

(i) (cagiicag---cacr)?T! = (QiﬁijgHQQg T -Q‘fHPglj) a’b?, if g is odd.

. +1 29+1 pgtl 15T o
(i) (cog41Cag---c2c1)’’ = (Qg‘_ﬁ P9+ Q¥P g ...Q{"‘ Pglj) o, if g is even.

Figure 8.

Proof By Lemma 2.1, for n =g+ 1 we have

(cags12g -+ cac1)" ™

= (Cg41 "+ C2gC2g+1) (g Cag—1C2g) - (c1 7"+ CgCqin) (g - C2Cl)g+1 .
This can be written also as

(Phyn)"" = (@112~ Q87Q1H ) ()"

Let us denote (Pgl)g+1 by I, and multiply the right-hand side of the relation by I and I as in the

following:

(P219+1)9+1 (Qf;ﬂleQg Qg+2Qg+1) 7 (P )g+1

— —\ g+1
By Lemma 2.2, we have I = (¢4¢q_1 - - ‘61)g+1 = (Pyl) , and so we can write the right-hand side of

the above equation as follows:
(@3'Q - Qsoi) (p))" (e ()"
(ng’;;lQZg g+2Q§+1) (Pg)gﬂ (Pgl)zgﬂ
Let us rewrite the terms in the product Q?’H as in the following;:
= (Qf?ﬂl@% QHQQ 1Cgcg+1) (EQPQT 1(P )? ) (P1)2g+2
By applying braid relation cycg+1Cg = Cg41€4Cq+1 We can write the right-hand side as follows:
(inﬁlQQQ Qg”Qfl) C4Cgt1Cq (PgT 1(P )9 ) (p1)2g+2
(ngﬁlQ% Qg+2Q§’1> Cyt1CyCat1 (P%(P;)g) (pgl)2g+2

*We thank the referee for providing us with this figure.
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By commutativity of Dehn twist, we can move the curve €441 to the left as follows:
= (ngs{l@% Qg+2Qg 1) Cg+1CgCg+1 (P%(Pg)g) (P;)29+2
= (@ Q2+ Q2 Q1) gy (P(P))?) (P1) "
which can also be written as
(@' Q2 Q8 e Qi) (P(R))?) ().
We can write some of the terms in the product Qgﬁ explicitly as in the following:
(QﬁiﬁlQ?g Qgcg+1cg+259+1Q?H> (Pngl(PyT)g) (Pg1)2g+2
Now again we can apply braid relation cyy1cg42Cg41 = Cyq2Cg4+1Cg42 and obtain the following:
(Qiﬂle% Qgcy+lcg+26g+1Q£17+l) (P%(Pg)g> (Pgl)zg-‘r2
(Qiﬂle% Qgﬁg+209+1cg+2Q§+l) (P%(Pg)g> (Pgl)zg-‘r2
By applying commutativity and braid relation g — 1 more times we get
= (@' Q2 - Q8701 ) (PE(Pp) ()

We have started with ¢4, applied braid relation and commutativity repeatedly, and obtained €a4. Simi-

larly we apply the same operations to the Dehn twists €;_1,C4—2,...,C2,¢1 in P

1 and obtain

C2g—1,C2g—2; -5 Cg+42,Cgt1-

Then we can write the above equation as in the following:
29+ = +2 Hg+1 T\ 2942
(ng-l CZgCZg 1° CnglQ;g Qg q ) (Pgl) (Pgl)

~ (Qurtrroy - arrer) (m1) (2

29

—\ 9
We can apply braid relation and commutativity in the same way to the Dehn twists in <P§1> and obtain

the following:

(Q29+1Pg+1Q29 ;

i . .Q9+2P2 1Q1+1P§> (P1)29+2 _

Using k— chain relation for k£ = g, we get the following:
When ¢ is odd

(P2lg—~-1)g+1

2g+2
(s Py P P PRt ) ()

(@2 P Qu P QP P QI L) a2
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When g is even

(P2lg+1)gJrl

(@ pefrQirg -

Q8RR QR (R

29+1 pg+1 929 pg—1 9t2p g+1
e L

Thus we are done.
Let us denote the product of Dehn twists of the previous lemma as in the following:
q+1P1 (0102 *Cg4+1CgCg—1 - - 'El) = Ag,

2 _ _
Qng 9+1 = (cocs -+ ©Cg42Cg+1Cq - "+ Co) = Ay,

2941 pg+1 _ = = = —
Qg1 Pg = (Cg41Cg+2 "+ C2g11C2C2g—1 " Cgi1) 1= Ag.

Note that the mapping class group element A; is the Dehn twist around the image of the curve c;yg41

under the product ¢jt1¢iq2- - ciyg (see Fact 3.7 in [1]), which is the curve A; in Figures 3 and 4.
Main Theorem. In the mapping class group of ¥, the following relations hold (see Figures 3 and 4):
(i) (AgAg—1---Ago)> =1 if g is even,

(i1) (A - Apa?b?®)? =1 if g is odd.

Proof By Lemma 2.3 for g is even we have

2g+1 pg+1
(cog1ag - cac1)tt = (Q L P QY Py

e Lany =1l
g+1 Q1 Pﬁ)"

= (AgAg—l [P Ao) g

and for g is odd we have
g+l _ 29+1 pg+1 29 pg g+1 pl 272
(cagircag - 1)t = (Qg+1 PETQUPL Q! pgj>a b

= (AgAg—l ‘e Ao) a2b2

Now, to finish the proof it is enough to take the squares of both sides of the above relations and use the chain
relation.

To see that the above proof is actually an alternative proof of Theorem 3.4 of [3], first recall that in
Figures 1 and 2, the curves in the Matsumoto relation were given. Then one can observe that the curves B; in
the Matsumoto relation and the curves A,_; are related in the following way. Let

R = (6102 . ~Eg)(clcg . 'Eg_l)(flég . ’Eg_Q) e (5162)@1.
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Figure 11. R(B;) = A: in genus 3 surface. Figure 12. R(Bs) = Ao in genus 3 surface.
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Then one can show that R(B;) = Ay—; for all 0 < i < g, see Figures 9, 10, 11, and 12 for R(By) = As,
R(By) = Ay, R(B2) = Ay and R(Bs) = Ay when g = 3.

By the above observation we can say that the Dehn twists about the curves A,_; are conjugate with
the Dehn twists about the curves B;, i.e. A,_; = RB;R, where Ag—; and B; represent Dehn twists about
the corresponding curves. Note also that R(c) = o, and R(a) = a, R(b) = b. Now it is easy to see that the

relations of our Main Theorem derives the relations given in Theorem 3.4 of [3].

(AgAy_1...Ag0)? = (RByB; ... B,oR)? = R(ByB; ... B,0)?’R=1 for g is even,
(AgAy_1 ... Aga®v®)? = (RByB; ... B,a*b*R)* = R(ByB; ... B,a*h*)*R =1 for g is odd.
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