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Abstract: Let a,b be two commutative generalized Drazin invertible elements in a Banach algebra; the expressions

for the generalized Drazin inverse of the product ab and the sum a 4+ b were studied in some current literature on

this subject. In this paper, we generalize these results under the weaker conditions a?b = aba and b%a = bab. As an
application of our results, we obtain some new representations for the generalized Drazin inverse of a block matrix with

the generalized Schur complement being generalized Drazin invertible in a Banach algebra, extending some recent works.
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1. Introduction

The generalized Drazin inverse in a Banach algebra was introduced in [10]. The expressions for the generalized
Drazin inverse of the product and the sum were studied by many authors. For instance, in [10], for two
commutative generalized Drazin invertible elements a,b in a Banach algebra, Koliha gave the expression of
(ab)?. Meanwhile, the representation of (a + b)¢ was obtained under the conditions ab = ba = 0 in a Banach
algebra. Later, Djordjevi¢ and Wei [8] gave the expression of (a+b)? under the assumption ab = 0 in the context
of the Banach algebra of all bounded linear operators on an arbitrary complex Banach space. In [1], Castro-
Gonzélez and Koliha obtained a formula for (a + b)? under the conditions a™b = b, ab™ = a, b™aba™ = 0, which
are weaker than ab = 0 in Banach algebras. In [6], Deng and Wei derived necessary and sufficient conditions for
the existence of (P + Q)¢ under the condition PQ = QP, where P,Q are bounded linear operators. Moreover,
the expression of (P + Q)% was given. In [3], Cvetkovié-Ili¢ et al. extended the result of [6] to Banach algebras.
More results on generalized Drazin inverse can be found in [2, 4, 7, 8, 12, 14].

In [13], Liu et al. deduced the explicit expressions for the Drazin inverses of the product ab and the
sum a + b under the conditions a?b = aba and b*a = bab, where a and b are complex matrices. In [18], the
corresponding results of [13] were studied for the pseudo Drazin inverse (which is a special case of generalized
Drazin inverse [17]) in a Banach algebra. In this paper, we will further consider the results of [13] and [18] for
the generalized Drazin inverse, which extend [10, Theorem 5.5] and [3, Theorem 2.1].

Another relevant topic is to establish a representation for the generalized Drazin inverse of a block matrix

M =[ &5 ] in terms of its blocks under certain conditions. The generalized Schur complement S = D—CA‘B

*Correspondence: honglinzon@163.com
2010 AMS Mathematics Subject Classification: 15A09; 46H05; 47A05.

548



ZOU et al./Turk J Math

plays an important role in the representation for M?. Here we list partially some conditions as follows:
(1) S is invertible, A"BC =0, CA"B =0, and AA™B = A"BD (see [5]);
(2) S is invertible, BCA™ =0, CA"B =0, and CAA™ = DCA™ (see [5]);
(3) S is generalized Drazin invertible, BCA™ =0, DCA™ =0, STCA =0, and ABS™ =0 (sce [16]);
(4) S is generalized Drazin invertible, A"B =0, and STC'A =0 (see [15]).

In this paper, we will extend the above results under weaker conditions as applications of our additive result.

2. Preliminaries

Throughout this paper, & denotes a complex Banach algebra with unity 1. For a € &/, denote the spectrum

and the spectral radius of a by o(a) and r(a), respectively. .7 ~1 and 79" stand for the sets of all invertible

and quasinilpotent elements (o(a) ={0}) in &, respectively. The commutant of an element a € & is defined

by comm(a)={b € & : ab = ba}. In addition, denote by C¥ the binomial coefficient #Lk), (0<k<n).
For the readers’ convenience, we first recall the definitions of some generalized inverses. The generalized

Drazin inverse [10] of a € & (or Koliha-Drazin inverse of a) is the element = € & that satisfies
raxr =x, ar=xa and a— a’r € i,

Such z, if it exists, is unique and will be denoted by a?. It is well known that a € o has a generalized Drazin
inverse if and only if 0 is not an accumulation point of o(a). Let /¢ denote the set of all generalized Drazin
invertible elements in .«7. If a € /¢, the spectral idempotent a™ of a corresponding to the set {0} is given by

a™ =1 —aa®. In this case, the resolvent R(\,a) = (Al —a)~! has a Laurent series

R(\,a) = Z A"a" e — Z A (a®)" T
n=0

n=1

on some punctured disc {A:0 < |\ <7}, 7> 0 (see [10, Theorem 5.1]).
The group inverse of a € & is the element = € & that satisfies

ara =a, rar =2I and ax = za.

If the group inverse of a exists, it is unique and denoted by a#.

Let p € & be an idempotent (p? = p). Then we can represent element a € &7 as

2z,
Qg G2 »
where a1 = pap, as = (1 —p)a(l —p), as =pa(l —p), and as = (1 —p)ap.

It is well known that if a € &/, then we have the following matrix representations:

where p = aa, a; € (p/p)~t, and ay € ((1 — p)Z (1 — p))ami.

Now we present two useful lemmas, which play an important role in the sequel.
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Lemma 2.1 [1, Theorem 2.3] Let p?> = p, x,y € & and let x and y have the representations

a c b 0
=] b ] 1)
P 1-p
(i) If a € (p/p)? and b€ ((1 —p)/ (1 —p))?, then z,y € ¢ and
d d
d _ a u d _ b 0
- = |: 0 bd :| ) Yy = |: U ad :| ) (2)
P 1-p
where
u= z:(ad)”'*'gcb"lfr + Z a™a"c(b?)" 2 — alch?, (3)
n=0 n=0

(ii) If x € o/ [resp. y € /%] and a € (p/p)?, then b€ ((1—p)Z (1 —p))¢, and x¢ [resp. y?] is given
by (2) and (3).

Lemma 2.2 [10, Theorem 5.5] Let a,b € &/ be such that ab=ba. Then ab € /% and (ab)? = a®b?.

Next, the commuting property for the generalized Drazin inverse is investigated in a Banach algebra.

Theorem 2.3 Let a,b € o/% and c € o/ . If ca = b, then ca® = blc.

Proof Suppose that a,b € &% and ca = be, for any n € N, we have the following equations:

bblc — bblcaa = bblc(1 — aa) = (bb?)"c(1 — aa?)
(b9 (") (1 — aa?) = (b%)"(ca™)(1 — aa?),

which imply

1bb% — bbPcaal||® = ||(6%) ca™(1 — aa®)||* < |6%/]lc]|* [la™ (1 — aa®)||* 2= 0.

Thus, bb%c = bb¥caa?, i.e. bic = blcaa’.
On the other hand, we have that
caa —blcaata = ca’a — b%bcala = (1 — bb?)caa = (1 — bb?)c(a%a)”
= (1—-0bb%Y(ca™)(a®)™ = (1 — bb?)(b"¢c)(a?)".

Then we obtain

lcaa —bleaa’al|= = [|(1 — bbb e(a®)" | » < o™ (1 = B[ el > a ]| == 0.
Thus, caa® = b%caaa, i.e. ca® = b%caa®. Therefore, we deduce that ca® = blc. O

Corollary 2.4 [10, Theorem 4.4] Let a € &/% and c € o/ . If ca = ac, then ca® = a’c.

The following lemmas will also be useful.
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Lemma 2.5 Let a,b € /¢ be such that a®b = aba and b*a = bab. Then

(i) {ab,ab,ab?,a%b?} C comm(a) N comm(a?).

(ii) {ba,b%a,ba,b%a?} C comm(b) N comm(b?).
Proof (i) By Corollary 2.4, it suffices to prove {ab,a?b, ab?, a?b?} C comm(a).

Since a’b = aba, then (ab)a = (a?)?aba = (a?)?a®b = a(a’b).

Note that bab? = b%ba, and we get a(ab?) = a?b(b?)? = aba(b?)? = a(b?)%ba = (ab?)a, which implies
a(ab?) = (a?)?a(ab?) = (a?)?(ab?)a = (a%b)a.

(ii) It is analogous to the proof of (i). O

Remark 2.6 In Lemma 2.5, the conditions a?b = aba and b*a = bab are weaker than ab = ba. Indeed, it

is clear that ab = ba can imply a’b = aba and b%a = bab. However, in general, the converse is false. The
following example can illustrate this fact.

Example 2.7 Let o/ be the Banach algebra of all complex 3 x 3 matrices, and take

010 010
a= 100 and b= 1 00
0 00 0 10

Clearly, a®b = aba and b*a = bab. However, ab # ba.

Remark 2.8 We have seen that if a € &/%, b € o/, and ab = ba, then a’b = ba?. However, under the
conditions of Lemma 2.5, a® = ba® may not be true, which can also be illustrated by the previous Example 2.7.

Note that a® = a and b®> =b; then a® = a and b® = b. However, a®b # ba®.

The next result was proved for complex matrices (see [13, Lemma 2.3]). Indeed, it is true in a Banach

algebra.

Lemma 2.9 Let a,b € &7 be such that a®>b = aba and b’a = bab. Then
(a+b)" = Z Cy_1(a" 7' +b"""a’), where n € N.
i=0

Next, we establish two crucial auxiliary results.

Lemma 2.10 Let a,b € &/ be such that a?b = aba and b%*a = bab. Then
(i) r(a+b) < r(a) +7(b).
(ii) If both a and b are quasinilpotent, then a + b is quasinilpotent.

Proof (i) Take any a > r(a) and 3> r(b). Let a; = 1a and b; = %b. Then 7(a;) <1 and r(b;) < 1. From
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Lemma 2.9, we have that

la+ By = 3 (a1t 4 i ial) |
2
— a f;ocg;an—ibi + f;oc;bn—iain
<l S Cillam 1+ ) X Gl |
= (lal+ 1) 3 Callal |

n . . . . i
= (el +1161) ZOCTZLO”B"*’H@?HHI)? -
=
For each n, choose n’,n" € N such that n’ +n” =n and |a?||||67"| = Jmax lla [[[16Y~*||, then we have
<i<n

@ +5)" 1 < (lall + B (@ + 8)" lat 1183l

which implies

lim ([[(a + b)Y 750) 5 = Tim [|(a+ b)"FL|*
n—oo . I n—>oo L L
(ar+B) lim (lal + [bl}) tim inf [|ag” (| [|b7" || =

(a+ B) liminf [lag’|||[b7" | =

rla+bd) =

IN

According to the proof of [9, Lemma 1.2.13], we obtain r(a +b) < a+ 5, which yields r(a+b) < r(a) +7(b).
(ii) This can be obtained by (i). O

Lemma 2.11 Let a,b € &/ be such that a’b = aba or b*a = bab. Then
(i) r(ab) < r(a)r(b).
(ii) If either a or b is quasinilpotent, then ab is quasinilpotent.
Proof (i) Note the symmetry of a?b = aba and b*a = bab, it suffices to prove the case a?b = aba.

Assume a?b = aba; then (ab)™ = a™b" for n € N by induction. Therefore,

I(ab)™ || = [la™0™ || = < [la™]| = ||6" ] =

Let n — oo; then we obtain that r(ab) < r(a)r(b).
(ii) This follows from (i) directly. O

3. Main results
In this section, for a,b € /¢, we will investigate the representations of (ab)? and (a + b)¢ under the new

conditions a?b = aba and b*a = bab.
We start with a theorem that is an extension of [10, Theorem 5.5].

Theorem 3.1 Let a,b € &/ be such that a®b = aba and b*a = bab. Then ab € /¢ and (ab)? = a®b?.
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Proof We consider the matrix representations of a and b relative to the idempotent p = aa?:

a[ %1 0 } andb{ Zl 23},
a |, 4 b2 ]

where a; € (po/p)~! and as € ((1—p)/ (1 — p))rit.

The condition a?b = aba expressed in matrix form yields

2 2
a1b1 albg 27 o a1b1a1 a1b3a2
|: a§b4 a%bg :| = a”b=aba = |: a2b4a1 (IQanQ

Thus, we have a?bs = aibzas, i.e. bz = aflbgag, which implies b3 = a;"bsal for any n € N. Since

as € ((1 —p)/ (1 —p))®i then
1 _ 1 _ 1 1 oo
b3 = [lay "bsas ||™ < [lay *[|||bs]|™ las |+ === 0.

Hence, b3 = 0. Similarly, from asby = a§b4al_1, it follows that asby = 0. In addition, we can get a1b1 = b1ay

and a%bg = agbsas. Then we have

_ bl 0 o a1b1 0
b{ by by L and ab{ 0 by }

Next, we prove that b; € (po/p)? and b = aa?b?aa’ by the definition of generalized Drazin inverse. Note

that b; = aa%baa? = aa?b and aa?blaa? = aa?d? by Lemma 2.5(i). Therefore, we need to prove b¢ = aadb?.

Let v = aa®®. Then we have

(1) byv = aa®baad® = aa?bb? = aa®d?aa’b = vb, .

(2) vbiv = aa®?aa?baa®d? = aa®?baa®d? = aa’bab®a?? = aabalab®? = aab? = v.

(3) Note that b; — b?v = aa®b(1 — bb?). By induction and Lemma 2.5, we have that (aa?b(1 — bb?))" =
aa®d™(1 — bb?) for any n € N. Since b(1 — bb?) € &7 then

(b1 — B20)"|| % = [laa®™(1 — bbD) || < [Jaa®||" |b™(1 — bbh)||= 2225 0.

Thus by — b2v € (pe/p)?™. Hence, b = v. Similarly, we have that b4 = b%(1 — aa?).

According to the equation ajb; = bja; and Lemma 2.2, we have that a1b; € (po/p)? and (a1b)? =
ay'b{. Observe that a3by = azbyas and az € ((1 — p).o/ (1 — p))?™*; applying Lemma 2.11(ii) to the elements
az, by, we get asbs € ((1 —p)Z (1 —p))i™, ie. (agbe)? =0.

Finally, applying Lemma 2.1(i), we have ab € 7% and

a_ [ (a1by)? 0 [ ey 0 _ dyd
(ab) = 0 (a2b2)d :| - l: 0 0 p—a be.
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Remark 3.2 (1) From Lemma 2.2 and Corollary 2.4, we can see that (ab)? = a?b? = b%a for commutative

generalized Drazin invertible elements a,b € o . However, in general, (ab)? # b%a? under the conditions of

Theorem 3.1. For example, let a,b be the same as the elements in Fxample 2.7. Clearly,

ab = = (ab)?.

O O =
o = O
o O O

However, (ab)? # bla?.

(2) In Theorem 5.1, if we replace b*a = bab with ba? = aba, then we can conclude that (ab)? = a%b? =
bta. The proof of the previous result is similar to the proof of Theorem 3.1 and so we omit the proof. The
following example shows that the conditions a?b = aba and ba* = aba are weaker than ab = ba. Let o/ = M3(C)

and take

0 1 0
a[o 0} and b{o 9

—_
| I—

Then we can get that a®b = aba and ba? = aba. However, ab # ba .

Next, we present our main result, which recovers [3, Theorem 2.1].

Theorem 3.3 Let a,b € /% be such that a’b = aba and b*a = bab. Then the following conditions are

equivalent:
(i) a+bea?.
(i) 1+ a% € &7.
(iii) ¢ = aa?(a + b)bb? € 7.

In this case,

(a+b)? = a?(1+ a®)? + a™b(a?)?((1 + a?b)?)? + Z (bH" T (—a)"a™
n=0

+ i(n + 1)b"a(dH)" % (—a)"a™,

n=0
(a + b)d _ Cd + Z(ad)n-l—l(_b)nbw + aﬂ'b + Za”bc n+1 b)nbﬂ'
n=0
+ Z a™b(a®)" T (=b)"0" et + > (n+ 1)a"b(a?)" T2 (—b)"b" (5)
n=0

£ 30 (a3 0+ DAl (0,
n=0

(1+a%)? =a™ 4 a?a’(a + b)? and (aa’(a + b)bb?)? = aa’(a + b)?bb?. (6)
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Proof As in the proof of Theorem 3.1, we have that
a:[ 661 0 } and b:{ Zl l? } )
a2 » 4 02 »

where p = aa?, a1 € (po/p)~!, and az € ((1 — p)o/(1 — p))?™. Moreover, we have a by = biay, asby = 0,
a3by = asbsas, b} = aa®?, and b = b%(1 — aa?). From the condition b%a = bab, it follows that bay = byasbs
and boby = 0.

Let py = byb¢ and py = byb4. Then pip = pp1 = p1 and pa(1 —p) = (1 — p)p2 = p2 by Lemma 2.5. We

now consider the matrix representations of b; and by relative to idempotents p; and ps, respectively. We have

that
[ v oo w0
b1 = |: 0 b/2 :| and bg = |: 0 b,2, :| s
p1 P2

where b € (p1e/p1) ™", b € (p2e/pa) ™", by € ((p—p1) o (p—p1))™", and by € ((1—p—p2)e/ (1 —p—p2))"".
Note that pia;(p — p1) = bibdai(p — b1b) = braibd(p — b1b¢) = bray (b¢ — b¥b1b¢) = 0. Similarly,
(p —p1)aipr =0 and poas(l —p — p2) = 0. Thus, we get the following matrix representations:

/ "
a 0 a 0
a1 = [ 01 / :| and ap = |: /1/ " :| .
a ay af
2 p1 D2
"o 1"y

Note that a3by = agbeas and b3as = bgasby; as in the proof of Theorem 3.1, we have that b/a} = afbY,
(b9)%aly = byalby and (a4)2by = ayblyay. Moreover, (a})? = prad = 0 and (a4)? = ad(1 —p — p2) = 0, which
imply af and af are quasinilpotent. Besides these, bja) = afa) =0

Next, we will prove that as + by € ((1 — p)o/(1 —p))?. Observe that

a’ + b 0
as + by = ! " ! " " ] .
ag  ag+by |

Since af + by = by (p2 + (b)) "'a}) and @} is quasinilpotent, we have that af + b/ is invertible in subalgebra

P2/ pz and
(@ + b))~ = () p2 + (07) " a) T = (0)) " (p2 + Z i) (—af)").

Note that (b})~! = b = b%(1 —aa?). By induction, we can obtain that (b})~" = (b%)"(1 — aa?) for any n € N.

In addition, we verify that
@} = paaspy = bablaghebd = boblay = (ba™)(ba™)(a™a) = bb%a"a,
which implies (—a})" = bb?¥(—a)"a™ for any n € N by induction. Note that a™bb%a™ = bb%a™ and py = bybd =
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ba™b%a™ = bb%a™ ; then we get

(af +0))~' = bla™(bb%a™ + fl(bd)"a”(bbd(—a)naﬂ)
= bla™(bbla™ + il(bd)"bbd(a)"a”)
— Wlamhbla” + ban f}l(bd)n(—a)naﬂ
= bvla" + io:l(bd)”ﬂ(_—a)”a”

= S ) (a)an

n=0

Applying Lemma 2.10(ii) to the element a4, by, we have that a4 + bj is quasinilpotent, i.e. (a4 + by)?

Lemma 2.1(i) ensures that as + by € ((1 — p)/(1 — p))¢ and

(af +)"1 0
0

(az —|—b2)d = "

P2
where x = aff(a} + b{)~2. Note that
a = (1 —p—po2)agps = (b"a™)(a"a)(bb%a™) = b"aa™bb%a™ = b™abb%a™.

Because a”(b%)"a™ = (b%)"a™ for any n € N, then

r o= brabbta™( 3 (b)" L (—a) am)

n=0
SS)

= bmabbla™( Y (n+ 1)(b%)"*+2(—a)"a™)

n=0

— ba nijjo(n + )b +2(—a)"a"

Therefore, we can obtain

(ag 4+ by)? = i(bd)’”rl(fa)"cfr +b"a i(n + 1)) 2 (—a) a"™.
n=0 n=0

Since

a—|—b={ a1+ 0 } )

by as + by

by Lemma 2.1, we have that a + b € /7 if and only if a; + b; € (p/p)?. In this case, we have

by )¢ 0
by — (a1 + by ]
ot O e |
where y = by((a; + b1)?%)%.
(i) < (ii) From
Lty | Prartn 0
0 1—p p’
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it follows that 1+ a%b € /¢ if and only if p + a;'b; € (po/p)?. By Lemma 2.2, we have that a; + b =
ar(p+aythy) € (pe/p)? if and only if p+a; by € (pe/p)?. Hence, a+b € 7% if and only if 1+a%b € &7¢. In
this case, we have

(p+a;'b)d 0

0 1—p »

1+ adb)d =

Moreover, we deduce that
(a1 +01)* = a7 (p+ay; ) = a®((1 + a®)? — (1 — p)) = a®(1 + a’b)".

By a straightforward computation, we obtain that the equation (4) holds.
(i) & (iii) From a; € (po/p)~1, we have a} € (p1&/p1)~" and ay € ((p — p1)(p — p1))~*. Note

that abbl, = bha, and b is quasinilpotent; then afy + b = ab((p — p1) + (ab)~1bh) is invertible in subalgebra

o0

(p—p1)(p—p1) and (ah +by)~t = 3 (a?)"*+1(—b)"b™, which is similar to the proof of the expression for
n=0
(a} +b})~!. Since
| od+Y 0
a1 + bl == 0 a/2 + b/2 )

p1

we have a1 + by € (p/p)? if and only if a} + b} € (p1.o/p1)¢. In this case,
(a1 +b1)* = (ay +b5)" + (a5 +05) "
The following matrix representations

a1 + bl)bllﬁ 0

_ a_|
c=aa"(a+b)bb —[ 0 0

! /
} and (a1+b1)blbf=[ o+ 0 ]
p p1

0 0

yield the equality ¢ = a + b} . Therefore, we conclude that a +b € /¢ if and only if ¢ € &/¢. In this case, we

have
oo (oo} (oo}
p = aTh((eh)? + 30 e aty (b + S0 (@ b S (1) @ty (b)),
n=0 n=0 n=0
and the equation (5) holds. Finally, the equation (6) can be obtained by an elemental computation. O

Next, we consider some specializations of our main result.

Corollary 3.4 [3, Theorem 2.1] Let a,b € /% be such that ab = ba Then a +b € /% if and only if
14 a% € /. In this case,

(a+ b = a%(1+ ab)?bb? + i b™(—b)"(a®)" ! + i(bd)nﬂ(—a)”a”. (7)

n=0 n=0
Proof Only the expression for (a + b)? needs a proof. It follows directly from (6) that (aa®(a + b)bb?)? =
a?(1+ a®)%bb?. Note that a™a? =0 and b™b? = 0; then the equation (7) holds by (5). O
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Corollary 3.5 Let a,b € o/? be such that a’b = aba and b*a = bab.
(i) If 1 ¢ o( —ab) (or o(a®b) ={0}), then a+be€ &/,

(a+0) =a%(1+a®) " + a™b(a?)?(1 + a%b) =2 + Z (bH L (—a)"a™ + Z(n + Db"a ()" (—a)" a",

n=0
and
(1+a%)~! =a™ + a?a(a + b)%.
(ii) If o(b) = {0}, then a+b € ' and
(a+b)?=a%1+a%) "+ a"b(ah)?(1 + alb) "2 = Z(ad)"ﬂ(—b)" + Z(n + 1)a™b(a®)" 2 (—b)".
n=0 n=0

Proof (i) This follows from Theorem 3.3 directly.

(ii) Since o(b) = {0}, then b € &7 ie. b? =0, which implies aa®(a + b)bb? = 0. Thus, we have that
a+b € /% by Theorem 3.3. To show that 1+ a®b € &/ ~!, it suffices to prove that a%b € &9 . From Lemma
2.5(i), it follows that (a?)?b = a?ba?, which yields a?b € 79" by Lemma 2.11(ii). The expressions of (a + b)?
can be obtained by the equations (4) and (5). O

4. Applications to block matrices

Let

c

z:{ “ b Lm (8)

relative to idempotent p € o7, a € (p/p)?, and let s = d — ca® € ((1—p)o/ (1 —p))? be the generalized Schur
complement of a in x.

In this section, we get some representations for the generalized Drazin inverse of a block matrix x with
applications of our previous result.

For future reference we state two known results.

Lemma 4.1 [1, Example 4.5] Let a,b € &/%. If ab=0, then a +b € &% and

(a—l—b)d: Z( n+1 naw+zbwbn n+1

n=0

Lemma 4.2 [11, Lemma 2.1] Let x be defined as in (8). Then the following statements are equivalent:

(i) = € &4 and 2% =r, where

. a + a’bs?ca? —adbs? )
- —SdCCLd Sd )
" aa a™b
(i) a™bs? = abs™, s"ca = séca™, and y = [ STeqm 5™ } € o/
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Note that, in Lemma 4.2, if y = 0, then we can check that xrz = z, and so that we have the following

corollary.

Corollary 4.3 Let = be defined as in (8). If a™bs? = a®bs™, s™ca® = sica™, and y = [ sgccla“ zsf =

0, then x € /% and

o a? + a*bs* ca® —a?bs?
B —s?ca” 57 ’

Remark 4.4 For item (i) of Lemma 4.2, we can see that a™bs? = a%bs™ is equivalent to a™bs? = a%bs™ = 0.

Moreover, s™ca® = s%ca™ is equivalent to s™ca® = s%ca™ = 0. Now, we drop any one of the four equations
a™bs? = 0, a%s™ = 0, s"ca = 0, s%ca™ = 0 and replace the quasinilpotency by the generalized Drazin

invertibility of y. Here, we only give the one of the four cases. Similarly, we can prove the others.

Theorem 4.5 Let z be defined as in (8). If a™bs? =0, s"ca® =0, s%ca™ =0, and y = [ S?rzaﬂ Csls’l: €
A%, then x € &/¢ and
™ dy om o0 dp T
d_ a —a®bs d ntl| D a®bs no
SC—|: 0 s™ :|y +§_OT |: 0 1_p :|yy7 (10)

where 1 is defined as in (9).

Proof From the condition s™ca® = 0, we have s"ca™ + ss%c = ¢ and s7s + ss?d = d. Then we can write

v aa”™ a™b n a?a? aadd ] 4
o s™ca™ s™s ssde sstd =Y )

The equations a™a? = 0 and a™bs? = 0 imply yz = 0.

To show that z € 7%, we consider the following decomposition:

L 0 aatbs™ n a?a? aadbss? | o
10 ss%ds™ ssle ss%dss? oo e
Clearly, 2125 = 0 and 22 = 0.
. b
Next, we will prove that z; € &%, Let z, = [ Cclz d2 }, where as = a%a?, by = aabss?,
2 2
cs = ssc, and dy = ss?dss®. It is clear that ay is group invertible, af = a?, and af = a™. Note
that s = doy — Cga;#bg = ss%dss? — ss?ca®bss? = s%s?, which gives sy is group invertible, s;‘7E = s¢ and

d

T

s5 = s7. Furthermore, we can deduce that a’gbgsf =0, a;‘#bgsg =0, 5’2702(1;#E =0, sfczag = s%a"™ =0, and

azal a3 by
s s iy
S9C209 52859

r is defined as in (9).

Yo = = 0. By Corollary 4.3, we obtain that 2 is group invertible and zf = r, where
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It follows directly from Lemma 4.1 that z € /¢ and 2% = r 4+ r22;. By a direct computation, we have
T _dp T
Z" = aO asf 5 and zz™ = 0. Thus, z is group invertible.

Finally, we deduce that = € /¢ by Lemma 4.1 again. In addition, the equation (10) holds. O

In the following result, we give a new representation for the generalized Drazin inverse of block matrix «

in (8) in terms of a? and s?.

Theorem 4.6 Let x be defined as in (8). If aa™bc = 0,ca™bc =0, a™bca™ =0, s"ca =0, a’a™b+ bca™b =
aa™bd, and caa™b+ dca™b = ca™bd, then v € /% and

nm

d_ - ntl aa 0 _ = nt2| O a™a™b
r _w+zlw { ca la” 0 } 2211” [ 0 ca™ ta™b

i (1)
Lo I e ),

where
R I R ISR

and 7 is defined as in (9).

Proof Since aa’ + a™b = b, then

. a aa®b " 0 a™b — o
Xr = c d 0 0 =T xr9.

By a computation, the hypotheses imply z3xy = x12271 and 2321 = 22175 .
We must show that z; € &7%. Let

aa™ 0 n a’a? aa’b R
T = =z + 17
! ca™ caa’ d 1 b

then zjaf =0.

ai b1

, where a1 = a?a®,b; = aa®b,cq =
C1 dy

In order to prove that 2 € &%, we can write x} := [

caa® and d, = d. Obviously, a; is group invertible, af& =a?, and aT = a”. Besides these, we can obtain that

s1:=dy — cla?bl =d—ca®b=s¢e . Moreover, we clearly have that a{“bls‘f = a"aatbs? = 0, s’fclaf& =

s"ca® = 0, and s¢ciaT = s%caa®a™ = 0. Let y; := aray atby then y; = 0 0 € gyl
’ S sTeiaf s1sT | 0  ss™

Therefore, according to Theorem 4.5, we have that 7] € &¢ and (z})¢ = w, where
dp T o0 dp o T
_ P a®bs n+1 0 a®bs™s

wr[ 0 1—p ]JrZT { 0 s"s™ ’

n=1
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Observe that o(z}) C o(aa™)U{0} and aa™ € &/9; then x| € &/ ie. (z})¢ = 0. Applying Lemma
4.1, we deduce that z; € &/ and
o0
d_ 11 aa” 0
Ty =wt 2:1“’“ [ ca™ ta™ 0
n=
From the equality x3 = 0, it follows that 2 = 0, which yields xz 2¢(2, + 22)z22¢ = 0 € &/?. Applying
Theorem 3.3, we obtain that z € &% and

¢ = x‘f — (x‘f)%vg + m?xg(xﬁi)z — QxTxg(xf)?’xQ.

Note that xo(2¢)3z9 = 23(2¢)® = 0 by Lemma 2.5. Then

ot = af — (29)w2 + oTwa(29)” = 2f — 2(2)*w2 + 22 (2])*. (13)

Next, we prove the expression of z%. Note that, for n € N,

0 a®bs"s™ . P a®bs™ o
[ 0 g :|’I”—O and { 0 1—p r=r;

then the equation (12) holds. By substituting the expression of z¢ into the equation (13) and using the following

equalities

aa” 0 0 a”b
[ can1q™ 0 }r—O and w[ 0 0 }—O,

we can get the equation (11). O

From Theorem 4.6, we can obtain the following corollary, which recovers [5, Theorem 8] for a 2 x 2

operator matrix.

Corollary 4.7 Let x be defined as in (8). If a™bc =0, ca™ =0, aa™b = a™bd, and s = d— ca®b is invertible,
then x € &/ and

a0 ] ) (z[ o ]), a9

where v is defined as in (9) with s = s71.

Proof As in the proof of Theorem 4.6. Note that z179 = w271 ; then 2¢zy = zox¢. Thus 2¢ = 2¢ — (29)22,.

By a computation, we can get the equation (14). O

4 s given under the

Remark 4.8 Theorem 4.6 generalizes [15, Theorem 2.3], where an expression for x
conditions a™b = 0 and s"ca = 0. Indeed, a™b = 0 and s"ca = 0 can imply the conditions of Theorem

4.0. However, in general, the converse is false. The following example can illustrate this fact.
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Example 4.9 Let of be the Banach algebra of all complexr 3 x 3 matrices, and take

0 0 O 0 0O
T = 1 1 1 and p= 0 1 0
1 00 0 0 1
Then
0 0O 0 0 O
a= 0 1 1 , b= 1 0 0 and c=d=0.
0 0 O 1 00
Obuviously,
0 0O 1 0 0
ad=1 011 and a"=| 0 0 —1
0 0 O 0 0 1

We can see that the conditions of Theorem 4.6 hold. However, a™b # 0.

Following the same strategy as in the proof of Theorem 4.6, we derive another formula for z¢. Here we omit

the proof.

Theorem 4.10 Let = be defined as in (8). If bca™ = 0,dca™ =0, ca™bca™ =0, s™ca =0, d*ca™ + cbca™ =

dcaa™ , and abca™ + bdca™ = bcaa™ , then x € o/ and

d_ = aa a”ta"b nt1 > 0 0 nt2
T =w+ Z [ 0 0 w T Zjl ca™a™ ca”lap |V

n=1
e n,.m n—1,m
B 9 a™a a” a™b nt2 0 0
2<w +Z[ 0 0 }w >[ ca™ 0 ’

where w* is defined as in (12) for k € N, and r is defined as in (9).

(15)

Now, we state a special case of Theorem 4.10, which also generalizes [5, Theorem 9] for a 2 x 2 operator

matrix.

Corollary 4.11 Let x be defined as in (8). If bca™ = 0, ca™ = 0, caa™ = dca™, and s = d — ca’b is

invertible, then x € &/ and

o

i =] 0 a™a™b ] is
e R
n=0

n=0

o O
o
gﬁ
QO
3
o>

3

+

w

where 1 is defined as in (9) with s = s71.

Remark 4.12 Theorem 4.10 extends [16, Theorem 3.2], where the generalized Drazin inverse of x is considered

in the case that beca™ =0, dca™ =0, s"ca =0, and abs™ = 0. In fact, Example /.9 can also illustrate that the
conditions of Theorem 4.10 are weaker than those of [16, Theorem 3.2].

562



ZOU et al./Turk J Math

Acknowledgments

The authors would like to thank the referees and editors for their helpful suggestions for the improvement of this

paper. This research was supported by the National Natural Science Foundation of China (No. 11371089), the
Specialized Research Fund for the Doctoral Program of Higher Education (No. 20120092110020), the Natural
Science Foundation of Jiangsu Province (No. BK20141327), the Fundamental Research Funds for the Central
Universities, and the Foundation of Graduate Innovation Program of Jiangsu Province (No. KYZZ15-0049).

The second author is supported by the Ministry of Education and Science, Republic of Serbia, grant no. 174007.

(1]

o - = —
2 L 8 X 3 9

—_
—_

[12]

[13]

[14]

[15]

[16]

[17]

[18]

References

Castro-Gonzalez N, Koliha JJ. New additive results for the g-Drazin inverse. Proc Roy Soc Edinburgh 2004; 134:
1085-1097.

Cvetkovié-Tli¢ DS. The generalized Drazin inverse with commutativity up to a factor in a Banach algebra. Linear
Algebra Appl 2009; 431: 783-791.

Cvetkovié-Ili¢ DS, Liu XJ, Wei YM. Some additive results for the generalized Drazin inverse in a Banach algebra.
Electron J Linear Algebra 2011; 22: 1049-1058.

Deng CY. Generalized Drazin inverses of anti-triangular block matrices. J Math Anal Appl 2010; 368: 1-8.

Deng CY, Cvetkovié-1li¢ DS, Wei YM. Some results on the generalized Drazin inverse of operator matrices. Linear
Multilinear Algebra 2010; 58: 503-521.

Deng CY, Wei YM. New additive results for the generalized Drazin inverse. J Math Anal Appl 2010; 370: 313-321.
Deng CY, Wei YM. Perturbation of the generalized Drazin inverse. Electron J Linear Algebra 2010; 21: 85-97.
Djordjevi¢ DS, Wei YM. Additive results for the generalized Drazin inverse. J Aust Math Soc 2002; 73: 115-125.
Kaniuth E. A Course in Commutative Banach Algebras. New York, NY, USA: Springer-Verlag, 2009.

Koliha JJ. A generalized Drazin inverse. Glasgow Math J 1996; 38: 367-381.

Kolundzija MZ, Mosi¢ D, Djordjevié DS. Further results on the generalized Drazin inverse of block matrices in
Banach algebras. Bull Malays Math Sci Soc 2015; 38: 483-498.

Liao YH, Chen JL, Cui J. Cline’s formula for the generalized Drazin inverse. Bull Malays Math Sci Soc 2014; 37:
37-42.

Liu XJ, Wu SX, Yu YM. On the Drazin inverse of the sum of two matrices. J Appl Math 2011,
doi:10.1155/2011/831892.

Mosi¢ D. A note on Cline’s formula for the generalized Drazin inverse. Linear Multilinear Algebra 2015; 63: 1106-
1110.

Mosi¢ D, Djordjevi¢ DS. Formulae for the generalized Drazin inverse of a block matrix in terms of Banachiewic-Schur

forms. J Math Anal Appl 2014; 413: 114-120.

Mosié D, Djordjevi¢ DS. Several expressions for the generalized Drazin inverse of a block matrix in a Banach algebra.
Appl Math Comput 2013; 220: 374-381.

Wang Z, Chen JL. Pseudo Drazin inverses in associative rings and Banach algebras. Linear Algebra Appl 2012; 437:
1332-1345.

Zhu HH, Chen JL, Patricio P. Representations for the pseudo Drazin inverse of elements in a Banach algebra.
Taiwanese J Math 2015; 19: 349-362.

563


http://dx.doi.org/10.1017/S0308210500003632
http://dx.doi.org/10.1017/S0308210500003632
http://dx.doi.org/10.1016/j.laa.2009.03.027
http://dx.doi.org/10.1016/j.laa.2009.03.027
http://dx.doi.org/10.1016/j.jmaa.2010.03.003
http://dx.doi.org/10.1080/03081080902722642
http://dx.doi.org/10.1080/03081080902722642
http://dx.doi.org/10.1016/j.jmaa.2010.05.010
http://dx.doi.org/10.13001/1081-3810.1416
http://dx.doi.org/10.1017/S1446788700008508
http://dx.doi.org/10.1007/978-0-387-72476-8
http://dx.doi.org/10.1017/S0017089500031803
http://dx.doi.org/10.1007/s40840-014-0032-x
http://dx.doi.org/10.1007/s40840-014-0032-x
http://dx.doi.org/10.1155/2011/831892
http://dx.doi.org/10.1155/2011/831892
http://dx.doi.org/10.1080/03081087.2014.922965
http://dx.doi.org/10.1080/03081087.2014.922965
http://dx.doi.org/10.1016/j.laa.2012.04.039
http://dx.doi.org/10.1016/j.laa.2012.04.039

	Introduction
	 Preliminaries
	Main results
	Applications to block matrices

