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Abstract: In this paper we discuss the existence of positive periodic solutions for nonautonomous second order delay
differential equations with singular nonlinearities in the presence of impulsive effects. Simple sufficient conditions are

provided that enable us to obtain positive periodic solutions. Our approach is based on a variational method.
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1. Introduction

The impulsive differential equations characterize various processes of the real world, described by models that are
subject to sudden changes in their states. Essentially, impulsive differential equations correspond to a smooth
evolution that may change instantaneously or even abruptly; this type of equation allows the study of models
in physics, population dynamics, ecology, industrial robotics, economics, biotechnology, optimal control, and
chaos theory. Due to its significance, a great deal of work has been done in the theory of impulsive differential
equations; see for example [3, 13, 28], and for an introduction of the basic theory of impulsive differential
equations in R™ we refer to [5, 12, 17].

Recently, variational methods and critical point theory have been successfully employed to investigate
impulsive differential equations when the nonlinearity is regular; the existence and multiplicity of solutions for
impulsive boundary value problems have been considered in [9, 16, 19-28].

However, few papers have investigated the case of impulsive boundary value problems with singular
nonlinearity [10, 18, 20]. In fact, it seems that the work [20] is the first paper along this line. We must emphasize
that singular boundary value problems without impulses have attracted the attention of many researchers
[1, 2, 6, 14].

For delay differential equations, the variational approach has been little used (see [4, 8, 11, 23]).

The aim of this paper is to study the existence of positive 2r-periodic solutions of the following nonlinear

impulsive problem:

—u’(t) + A)u(t) = f(t,u(t —71)), aet €R,
u(t) —u(t+2r) =u'(t) —u'(t+2r) =0, (1)
Ad'(ty) = Li(u(ty),  Jj e,

where r € R™ is a given constant, f : R x (0,+00) — R is 2r—periodic in ¢, and f(t,.) is singular at 0;
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AU'(t;) = u’(tj) —u'(t;) with u’(tji) = limtﬁt;t w'(t);t;, j € Z are the instants where the impulses occur;
there exists an p € N such that 0 = t) <t <ty < ... <ty < tpp1 =27, tjppy1 =t; +2r; I;, j € Z are

continuous and I;1,11 = I;, forall j € Z, X is a L*function 2r—periodic in ¢ such that « := essinfA(t) > 0.
t

We are motivated by the paper by Chen and Dai [8] in which, using the mountain pass theorem, the

authors ensured the existence of at least one 27— periodic solution for the impulsive delay differential system

{ u'(t) —u(t) = —f(tult —m)), te(tj-1,t;)
Au'(t;) = gj(u(t; —m)).

where j € Z, f : R xR" = R is m—periodic in ¢ and satisfying some technical conditions. t;, j € Z are
the instants where the impulses occur; there exists a p € N such that 0 =ty < t; <tz < .. <1, <tpy1 =,
tivp+1 =t; +7; g;, j € Z, are continuous; and g;1,4+1 = g; for all j € Z.

Our goal in this paper is to obtain some simple sufficient conditions to guarantee that problem (1) has

at least a positive 2r-periodic solution when the nonlinearity f is singular and the impulses are independent of
the delay.

This paper is organized as follows, in section 2 we give some necessary preliminaries, in section 3 we show
the existence of at least one positive 2r-periodic solution of problem (1), and lastly we present an example to

illustrate our result.

2. Preliminaries

We begin this preliminary section with the following theorem, applied in the proof of our main result.

Theorem 1 (Mountain Pass Theorem; Th. 4.10 in [15]). Let X be a Banach space and ¢ € C'(X,R).
Assume that there exist ug € X,u1 € X, and a bounded open neighborhood Q of ug such that u; € X/Q and

inf ¢ > max (i (uo) , ¢ (u1)).

Let
I={geC([0,1];X); g(0) =uo, 9(1) =uo},
and
¢= Inf max o(g(s))-

If ¢ satisfies the Palais—Smale condition, then c is a critical value of ¢ and

¢ > max (¢ (uo) , ¢ (u1)).

In this study we are concerned with the existence of 2r-periodic solutions; for this, the problem (1) is

equivalent to the following one

—u”(t) + At)u(t) = f(t,u(t —71)), a.et € [0,2r]
u(0) — u(2r) = v/ (0) — ' (2r) = 0, (2)
Au/(tj) = Ij(u(tj))7 J=12..p
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Throughout this work we shall use the following notations: I = [0,2r]; for 1 < g < oo, Li(I) is the
classical Lebesgue space of measurable functions u : I — R such that |u(.)|?is integrable, and for u € L(I) we

define its norm by

q

2r
full o = | [ 1uto?ae
0

L (I) is the classical Lebesgue space of measurable functions w : I — R such that there exists a
constant C' > 0 such that |u(t)] < C a.e. t €I, and for u € L (I) we define its norm by

[ull oo = nf {C;[u(t)] <C aetel}.

Let |ju, = sup{|u(t)|;t € I} denote the norm of u € C(I), the space of real-valued continuous
functions. WY2(I) is the classical Sobolev space of functions u € L?(I) with their distributional derivatives
u' € L*(I). We set H}, = {ue W2 (I);u(0) =u(2r))}, and for u,v € H}. we define the inner product (.,.)
and the norm/||.|| by

2r 2r
(%@:/w@u@m+/xmmnw%
0 0
and
112 2 5
full = (1 + V3], )
H3,. endowed with the norm ||.|| is a reflexive Hilbert space.
By comparing the norm |[ju| with the norm ||u||, ., we find
1 )
lull 2 < — |lu|]| where, a = essinfA(t). (3)
o t
For all u € H3,., we denote by u,.(t) := u(t —r) for t € R.
T
From an elementary result in analysis, we have that if w is a T-periodic function, then [wu(t)dt =
0
T+a
[ u(t)dt, for all a € R. Hence, for all u € Hj,,
l[wrll = ul- (4)
For all u € H3,, we have (see [7])
1 1.,
llull oo S‘QEHUHL2+'§HUHL2- (5)

Definition 1 f: 1 x (0,+00) — R is an L'-Carathéodory function if
— the mapping t — f(t,x) is measurable for every x € (0, 400);
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— the mapping x — f(t,x) is continuous for almost every t € I ;

~ for every p > 0 there exists a function l, € L*(I) such that, for almost every t € I.

‘S?p |f(t )| < 1,(2).
z|<p

Now we introduce the concept of solution for problem (2).

Let H? (a,b) = {:U : (a,b) = R; x, ' are absolutely continuous, z” € Lg(a,b)} .

For x € H?(0,2r) we have that z and 2’ are absolutely continuous and z” € L?(0,2r). Hence
Ag!(t;) = x’(t;r) —a/(t;) =0 for every t € I. If x € Hy,, then x is absolutely continuous and z’ € L*(0, 2r).
In this case, the one-sided derivatives z’ (t;), 2'(t;) may not exist. As a consequence we need to introduce a

different concept of solution.

Definition 2 We say that u € H}. is a solution of (2), if u € C(I), for every j =1,2,...,p, uj = u(t;,6,10)
€ H?(tj,tj+1) and it satisfies the differential equation of (2), for t # t;, the limits u’(tj_),u’(tj) j=1,2,...p

exist, and impulsive conditions and boundary 2r-periodic conditions of (2) hold.

3. Main result
In this section, by variational method we show the existence of at least one positive solution for problem (2),

which is considered under the following assumptions:
(H1) (i) f:1I x (0,+00) — R is 2r—periodic in the first argument ¢, and is a L'-Carathéodory function,
(1) limg_,o+ f(t,s) = —o0, for almost every ¢ in I,

(iii) K := sup f(.,s) is a function in L! (I,R),
s€]0,4o00[

(iv) lim, o+ F(t,s) = +oo and limg o F(t,s) = 400, for almost every t in I,where F(t,s) :=

[7 f(t,€)d€, the antiderivative of f,
(v) DiF(t,s) = %—f(t, s) exists and is nonnegative, for almost every ¢ in I.
(H2) (i) Ij, j=1,2,...,p. are continuous and there exist two constants m, M € R such that, for any s € R,

m < Ij(s) < M <0, for every j =1,2,...,p,

(i) A€ L>(I), 2r—periodic with « := essinfA(t) > 0.
tel

Theorem 2 Assume (Hy), and (Hz) are satisfied. Then for ﬁ\%i;@ Al < 1, the problem (2) has at

least a positive solution.
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Proof We use a variational approach based on mountain pass theorem 1 to prove this result and we proceed
in five steps.

Stepl: Modification of the problem.

To avoid the singularity point 0, we introduce the truncation function fg defined for g € (0,1), by
fa:[0,2r] xR = R,

_ f(t,s) Zf s> B
fﬁ(t,s){ f(t,ﬁ) Zf s<fB 7 (6)

and we consider the following modified problem:

—u’(t) + A)u(t) = fa(t,u(t —7)), aetel,
w(0) — u(2r) = ' (0) — u/(2r) = 0, (7)
Au’(tj) = Ij(u(tj)), _] = 1,2, ey P

Let Fa(t,s) = [; fa(t,£)d¢ be the antiderivative of fz; we define the functional ®5: Hj. — R, by
1 ) p u(t;) 2r
Bo(w) =5 [P+ 30 [ Leds— [ Boteoute = 0
j=1

(H1) and (H) imply that ®g is well defined, weakly lower semicontinuous on Hj,. and it is continuously

differentiable functional, whose derivative is the functional ®;(u) given by

Pi(u)v = /Oru’(t)v'(t)dt—&—/o 7’)\(t)u(t)v(t)dt—i-42]1»(71(15]-))11(@) (9)

2r
o R
0
The critical points of ®5 are weak solutions of (7). Thus, to prove the existence of a solution for problem (2),
we show the existence of critical points for ®z that are greater than some S.

Step2: The functional ®4 satisfies the Palais—Smale condition.

Indeed, let {u,} be a sequence in  Hj, such that {®s(u,)}, oy is bounded and ®f(u,) — 0 as

neN
n — +oo; i.e. there exist a constant ¢; > 0 and a sequence {En}neN C Rt with ¢, =+ 0 as n — 400 such

that, for all n large enough,

1 5 2r P "n(tj)
S unl® = | Fa(t,un(t —r))dt + Z/ I;(s)ds| < c1,
2 0 =170
and for every v € Ha,
2r 2r P 2r
/ W (0 (8t + | A@un(Bo()dt + Y Li(un(t))olty) — [ faltsun(t = r)o(t)dt| < enlloll.  (10)
0 0 = 0
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Now we show that {u,} is bounded in Hj,. Taking v(t) =1 in (10), we obtain, for all n large enough,

/0 ' [fa(t un(t = 1)) = MOun ()] dt = > I (un(ty))| < env2r.
j=1

So that
2r 2r p
fg(t,un(t—r))dt‘ < €n\/?+/ |)\(t)un(t)|dt+z|Ij(un(tj))|
0 0 j=1
< enV2r + Ml +p|ml

A

co + [ Aunl| 1, (11)

where ¢ :=e,V2r + p|m|.
Let

Iy :={t€10,2r]; fa(t,un(t—r)) >0},

and

I, = {t €[0,2r]; fa(t,un(t —1)) <O0}.

It follows from (11) that

fa(t, un(t —r))dt

Iz p

< ert Pl + / Fltsun(t — r)dt
Il,n

IN

2+ [Aunllpr + 1K L - (12)

Then by (12) we have for all n:

fa(t,un(t —r))dt

Iz

+ fa(t, un(t —r))dt

I

2r
/O |fﬂ(taun(t*7”))‘dt =

IN

e+ [Aumll e +2 / Ftun(t — r)dt
Il,n

IN

c2 + | Aun [ + 2Kl
cs + | Aun| L1, (13)

A

where ¢z :=co+ 2| K|, .

On the other hand, if we take, in (10), v(t) = wu,(t), taking into account (Hs)(ii), (13), (5) and \/;(\/’{27? A 700 <
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1, we get for all n large enough,

2r P
2
callunll = Nunll® = [ Foltsun(t = r))un(O)dt + > L (un(t;))un(t;)
0 —
j=1
2
> unll” = (es + [ Aunllpr ) llunll o + P flunl| o
> 2 \/> 1 1 /
= unll™ = V2r [l Lo lunll 2 ﬁ”un”LQ—’_EHunHL? + (c3 = pm) [[un | Lo
2 2 VT
= lunll” = V7 [ Ml poe llunllz2 = /3 M e Nl g2 lupllpe + (3 — pm) unll =
2 Vr(e+v2) 2
> unll _W”)‘”Lw [unll” + (c3 — pm) [[unll 1o
\/F(a-l-\/é) 2
> | 1= M= | lluall” = callunll,
\@a

for some ¢4 > 0. It follows that {uy} is bounded in Hj,. From the reflexivity of H3i,, we may extract a weakly
convergent subsequence that, for simplicity, we label the same, and so there exists u in Hj,, such that uj — u.

Next, we will verify that {uy} is strongly convergent to u in H3.. By (9) we have
(@’5 (ur) — @ (w)) (u — ) (14)

= IIUIC—UII2—/0 T[fﬁ(t7uk(t_7")>_fﬂ(tau(t_r))] (ur(t) — u(t)) dt

By uy — u in Hj,., and the Sobolev embedding theorem, we get ux — u in C(I) and uy — u in L?(I).

Hence,
2r

J [fo(t,un(t = 7)) = fa(t, u(t — )] (ur(t) = u(t)) dt = 0, (15)

S0 i (uk(ty) — Li(u(ty))] (un(ty) — u(ty)) — 0, as k — oo.

By limy_ oo @5 (ux) = 0 and wuy, — u, we have
(@ (ur) — @ (u)) (ur, —u) = 0, as k — . (16)

By (14),(15),(16), and ux — u in L?(I) we obtain |lux —ul| — 0, as k — oo. That is, {ux} is strongly
convergent to u in Hi,., which means that ® satisfies the Palais—Smale condition.
Now we proceed to show that ®3 has a mountain pass geometry.
Let
Q.= {u € H;,,;minu > 1},

and
0Q = {u € Hy ;u(t) > 1 for every t € (0,2r),3t, € (0,2r) : u(t,) = 1}.
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Step3: There exists d > 0 such that inf,cpn Pg(u) > —d.
Indeed, for u € 99, there exists t, € (0,2r) such that infic;u(t) = u(t,) =1, and so t, €]t;—1,t;] for
some i, 1 < i < p. By the 2r-periodicity of u,u’, Fz, and I;, taking into account (4) we have

ty 427 ty+2r
B = 5 [ [WOF 0@ = [ Bt =

u u

p+i—1

u(t;)
+ Z /0 Ii(s)ds

i=i

tu+2r bt
- % /t [ (0)* + A(0) (w(®))?] dt — /t Fa(t,u(t —r))dt

u u

pt+i—1 p+i—1

1 u(ty)
+ Z /0 I;(s)ds + 2/1 Ii(s)ds
Jj=i Jj=i

1. 9

2 5 llull® = 1Es e lur = gz +pm+pmflu =1
1, 1

2 5 llull” =~ IKsl 2 llwr = 1]+ pm + copm lu —1]]
1, /(1

= g llull® = { < 1Ksll= = copm | [lu = 1] +pm,

for some constant ¢g > 0. Thus, applying triangular inequality to ||u — 1|,

Y

1. 5 /(1
Bow) = gl = (1Kol — o ) (Jul+ V) +

(07

1., /1 V2r
l® = (5 1ol = cam )l +.5m (c0 = v2F) = 222 151

The above inequality shows that
Ds(u) = +o0 as |ul| = o0, u € 0.
We infer that ®4 is coercive, and so it has a minimizing sequence; the weak lower semicontinuity of ®3 yields

uienafﬂ Dp(u) > —oc.

It follows that there exists d > 0 such that inf,caq ®g(u) > —d.

Step4: There exists By € (0,1) such that for every 8 € (0, 8y), any solution w of (7) with ®g(u) > —d
satisfies minu > fSy.

Assume on the contrary that there are sequences {f,}, cyy and {un}, oy such that
(@) Bn <3,
(b) up is a solution of (7) with 8 = f,,
(€) ®p, (un) > —d,
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(d) minu, < L.

By (H;) (4i%), and

/T[fﬁ"(t,un(t—r))—A(t)un(t)]dt _ —/ (bt
0 0

Thus, if h denotes the function
h(t) = fﬁn, (ta un(t - T))a

(Hz) implies the existence of a constant ¢y > 0, such that
1Allpr < er.

Hence,

lur |l oo < cs, for some constant cg > 0.

Now, since ®g, (u,) > —d it follows that there must exist two constants Ry and R, with 0 < Ry < Ry such
that

max {u,(t); t€ I} €[R1,Ro].
Otherwise, by the assumption (b), w, is periodic solution of (7) with 8 = f,,, and so u, would tend uniformly
to 0, and in this case from (Hi)(iv) and ||ul| e < cs, ®p,(u,) would go to —oo, which contradicts
D3 (u,) > —d.

For n large enough, the continuity of u, implies that there exist 7},72 € I such that

1
un(Tl—r):E<R1=un(7'3—r).

Multiplying the equation ul (t)+ fg, (¢, un(t—7)) = A(t)un(t) by ul, (t—r) and integrating the resulting equation

on [Tl 72] , Or on [72 Tl] , we get

n''n n'n

J :/nuZ(t)u;l(t—r)dt+/nfgn(t,un(t—r))uln(tfr)dt

= /T Ay, (t)ul, (t — 7)dt.
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Since u,, ul, € L? (I;R), and A € L (I;R), J is bounded.
Let us write J as follows:

2

J=J —|—/ ! ul ()l (t — r)dt,
e

where

7_2

o= fa (toun(t — ) (t — )t

1
Tn

Since 7.},72 € I, there exists 1 < k,I < p such that 7! €]ty_1,tx[ and 72 €]t;_1, 4], then, [[ul|l ~ < cs

n’»'n n n

implies

™ ™
/ ul (Hul, (t —r)dt < cg / ull ()dt
T T

-1
= aslup (72) —un(ry) = D Aup(t))]
j=k

Consequently J; is bounded.
On the other hand, for a.e. ¢ € I, we have

I, (tun(t —r))un(t —7) = %an (t,un(t — 7)) — D1Fp, (t,un(t —1)).

Thus,

2
1 T
J1 = Fﬁn(TgaRl) _F,Bn(Tr]ia g) — /1 DlFlgn(t,Un(t—T)).

The assumption (H;p) (v) implies that

1
Ji < Fp, (15, R1) — Fg, (), 5)-

It follows from (H;) (ii) that J; is not bounded. This is a contradiction.

Consequently, there exists Sy € (0,1) such that for every 8 € (0,8y), any solution u of (7) with
®3(u) > —d satisfies minu > Sy and so by (6) u is a solution of (2).

Step5: @3 has a mountain-pass geometry, for all § < 3y, where [y is defined in step4.

Indeed, from (H;) (i7) we can choose 8 € (0, 8] such that

f(t,8) <0, uniformly int € I.
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/10 fo(t;s)ds = —/O1 fa(tss)ds
- /Oﬁfﬁ(t,s)ds/; fa(t,s)ds
_/OB f(t,B)ds — /Bl fa(t, s)ds

1
Bf(t.5) — /@ fo(t,5)ds

Fs(t,0)

This implies that
1 B
/5 fa(t, s)ds :/ fa(t,s)ds = Fs(t, B);
1

hence
2r 2r

(I)B(O) = — Fg(t,O)dt < — Fﬁ(t,ﬁ)dt
0 0

By (Hi) (iv), we can consider 3 € (0, o] such that

d
Fg(t,8) > o for a.e. t € 1.

It follows that ®3(0) < —d.

Moreover, using (H;) (iv) we can find ¢ sufficiently large (6 > 1) such that for a.e. t €T,

d+ |, 797

Fﬁ(t, 5) > o

By (Hs) (i) we have

HH
w
=

I

N
©
=

H~

Qq

&
_|_

\

Q‘

&
4

\
»

>
o[
(V)

QL

~

2r

Fg(t,0)dt + [|All .

IA
N

and this implies that
<I>B(6) < —d.

Since €2 is a neighborhood of §, 0 ¢ Q and

max {®5(0), 85(0)} < inf Ps(u).

Hence, we are in the situation of the mountain-pass theorem 1. Step2 and step5 imply that ®g has a

critical point ug such that

= >
®s(up) = inf max @5(n(s)) > inf Cs(u),
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where

I:={neC([0,1];Hs); n0) =0, n(1) = R}

Now since by step3 inf,con Pg(u) > —d, it follows from step4 that ug is a solution of (2).
This completes the proof of the main result.

Example 1 We consider the following problem:

—u"(t) + A)u(t) = f(t,,ult—7)), t #t;, 0 <t <2r,
w(0) — u(2r) = v/ (0) — v/ (2r) = 0, (17)
A (ty) = Ii(ulty),  §=12

where r = %,
=) rowith =4 OIS
fltult =) = p(t) r—5 0t <2 th“(t)_{ 1if r<t<2r
Lu(t) : = cos(u(ty) -2,
o ’U,(tg)
Llu)) = ma et b
and

t+2 if0<t<r
At) ==
24+sint  if r<t<2r

The conditions (Hy) and (Hz) of theorem 2 are satisfied, indeed,

(Hy)(i) f:R x (0,+00) — R; given by f(t,s) = u(t)2¢ is a Carathéodory function, 2r— periodic in t.

S
(4) lim,_ .+ f(t,s) = —o0, for almost every ¢ in I,

(iii) K(t)= sup f(t,s)=p(t)e is a function in L' (I,R), where max 2% =e¢.
$€)0,400] s€]0,+o00[

(tv) Since pu(t) is 2r—periodic, then it is bounded, and so we have

In )2
lim F(t,s) = lim M(t)(ns) = +o0, and lim F(t,s) = +oo,

s—0t s—0t §—>400

for almost every ¢ in I.

(v) For any (t,s) € (0,2r) x (0,+00),

1 2
%z’f 0<t<r

0 if r<t<2r

OF
D1 F(t,s) := E(L s)

Thus, D1F(t,s) >0 for all s € (0,+00) and for almost every ¢ in I.
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[4]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

[17]
[18]
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(Hs) (i) for m = —3 and M = —2%, we have
m < I;(s) <M <0, for any s € R,and j=1,2.

(7)A€ L*=(I) with « ::tgsmf/\(t) =2>0, A e =2+sin 2.

Then, since W(\/O%i;/ﬁ) [All g = 0,912 < 1, the problem (17) has at least a positive 2 -periodic solution.
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