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Abstract: In this paper, we consider a class of almost regular («, 8)-metrics constructed by Shen called unicorn metrics.
First, we prove that every unicorn metric with almost vanishing H-curvature is a Berwald metric. Then we show that

every unicorn metric with almost vanishing =-curvature reduces to a Berwald metric.
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1. Introduction

It is a long-existing open problem in Finsler geometry to find unicorns, i.e. Landsberg metrics that are not
Berwaldian [3, 5]. For the sake of simpler prose, Bao referred to Landsberg metrics that are not of Berwald
type as unicorns, by analogy with those mythical single-horned horse-like creatures for which no confirmed
sighting is available. In [2], Asanov found a special family of unicorns that belongs to the class of nonregular
(av, B)-metrics. Then Shen proved that there does not exist any unicorn in the class of regular (o, 8)-metrics
[10]. He found a more complicated family of unicorns in the class of nonregular (o, 3)-metrics that contains
the Asanov’s metrics. Let us explain some details about the unicorns in Finsler geometry. Let F = ad¢(s),

s = B/, be an almost regular («, 5)-metric defined by following:

(b(s)_epl/os kt + qVb% — 2 al. O

B 14 kt2? + qtV/b2 — 12

where ¢ > 0 and k are real constants. Suppose that 3 satisfies
Tij = C(b2a¢j — bibj), 855 =0, (2)

where ¢ = ¢(z) is a scalar function on M. If ¢ # 0, then F is a Landsberg metric that is not Berwaldian. In
this case, F' is a unicorn metric [16]. If ¢ =0, then F reduces to a Berwald metric. If k¥ =0 and ¢ # 0, then
we obtain the family of unicorn metrics introduced by Asanov [2].

Let F = a¢(s), s = 8/a, be an almost regular non-Berwaldian («, 8)-metric on a manifold M. Suppose
that F is not a Finsler metric of Randers type. In [16], the first author with Sadeghi proved that F' is a
generalized Douglas—Weyl metric with vanishing S-curvature if and only if ¢ is given by (1). In this case, F' is

not a Douglas metric nor a Weyl metric.
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In [1], Akbar-Zadeh considered a non-Riemannian quantity H obtained from the mean Berwald curvature
by covariant horizontal differentiation along geodesics. This is a positively homogeneous scalar function of degree
zero on the slit tangent bundle. Akbar-Zadeh proved that for a Finsler metric of scalar flag curvature, the flag
curvature is a scalar function on the manifold if and only if H = 0. It is remarkable that the quantity
H, = H;jdz’ ® dz7 is defined as the covariant derivative of E along geodesics, where H;; := ijimy" . A

Finsler metric F' is called of almost vanishing H-curvature if

n+1
2

H= F~'0 h, (3)

where 6 := 6;(z)y" is a 1-form on M and h = h;;dz’ ® da’ is the angular metric. In [7], Najafi-Shen and the
first author establish an equation between the the flag curvature and quantity H for Finsler metrics of scalar
flag curvature. They generalized Akbar-Zadeh’s theorem and proved that a Finsler metric has almost isotropic
flag curvature K = 36/F + o if and only if it has almost vanishing H-curvature H = (n + 1)0/(2F)h, where
o = o(x) is a scalar function and 6 = 6;(x)dx’ is a 1-form on M. Then Mo established a new fundamental
equation between non-Riemannian quantity H and Riemannian quantities on a Finsler manifold [6]. This

motivates us to consider unicorn metrics with almost vanishing H-curvature.

Theorem 1 Let F = ad(s), s = B/, be an (a, B)-metric on an n-dimensional manifold M defined by (1),
where ¢ > 0 and k are real constants such that ¢ # \/3k. Suppose that § satisfies (2) for some scalar function

c=c(x) on M. Then F has almost vanishing H -curvature if and only if B is parallel with respect to «. In

this case, F' is a Berwald metric.

Let (M, F) be an n-dimensional Finsler manifold. The non-Riemannian quantity =-curvature = = =;dz’
on the tangent bundle T'M is defined by

B = S.i|rnym - S|ia (4)
where S denotes the S-curvature, and “. ” and “ | ” denote the vertical and horizontal covariant derivatives

with respect to the Berwald connection of F', respectively [11]. The Finsler metric F' is said to be of almost

vanishing =-curvature if its Z-curvature can be expressed as follows:

== —(n+ 1)F2(%)yi, (5)

where 0 := 0;(z)y’ is a 1-form on M.

Theorem 2 Let F' = ad(s), s = B/a, be an («,B)-metric on an n-dimensional manifold M defined by
(1). Suppose that 5 satisfies (2) for some scalar function ¢ = c¢(x) on M. Then F has almost vanishing

= -curvature if and only if B is parallel with respect to «. In this case, F is a Berwald metric.

By Theorems 1 and 2, we conclude the following.

Corollary 3 Let F = a¢(s), s = f/a, be an («, B)-metric on an n-dimensional manifold M defined by the

following:

o(s) = exp l/ e (©)

dt|,
1+ kt2 + qtV/b2 — 2
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where ¢ > 0 and k are real constants such that q # \/3k. Suppose that B satisfies rij = c(bzaij —b;b;) and

si; = 0 for some scalar function ¢ = c(xz) on M. Then the following are equivalent:
(i) F has almost vanishing H -curvature;
(ii) F has almost vanishing = -curvature.

In this case, F' reduces to a Berwald metric.

According to Corollary 3, every unicorn metric has almost vanishing H-curvature if and only if it has

almost vanishing E-curvature.

2. Preliminary
Given a Finsler manifold (M, F), a global vector field G is induced by F on TMj, which in a standard
coordinate (z%,y") for TMy is given by

0
ozt

—2Gi(y) 2

G=y T

where G%(z,y) are local functions on TMj satisfying G*(z, \y) = A\2G*(z,y), A > 0, and given by

O2F? . OF?

L i
Oxk oyt Y Ox!

G is called the associated spray to (M, F). The projection of an integral curve of the spray G is called a
geodesic in M. F is called a Berwald metric if G* are quadratic in y € T, M for any z € M [9, 17, 18].
For y € T, My, define By : T,M @ T,M @ T,M — T, M and L, : T,M @ T,M @ T, M — R by

By (u,v,w) = Bijkz(y)uj”kwl (’;zi

» and Ly(u,v,w) := L ;j;(y)uiviw®, where
3G

Bl = yi kg’

1
Lijk = 7§y1Blijk.
B and L are called Berwald curvature and Landsberg curvature, respectively. Then F' is called a Berwald
metric and Landsberg metric if B = 0 and L = 0, respectively [12]. By the definition, every Berwald metric is a
Landsberg metric. According to Shen’s paper, the Finsler metric defined by (1) is a non-Berwaldian Landsberg

metric.
For a Finsler metric F' on an n-dimensional manifold M , the Busemann—Hausdorff volume form dVr =

op(z)dz! ---dz™ is defined by
B Vol(B (1))
Vol{(yi) € R” F<y2£

op(z):

)y

In general, the local scalar function or(x) cannot be expressed in terms of elementary functions, even F is
locally expressed by elementary functions [4]. Let G* denote the geodesic coefficients of F in the same local

coordinate system. The S-curvature can be defined by

S(3) 1= s (00) = 4" 51 [ ()]

where y =y 2|, € T, M [14, 15].
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lS” and

The E-curvature E = Ejjdz' ® dz? and E-curvature = = E;da’ are given by E;; = 3

43

Zi = S my™ — Sji, where 7 and “ | 7 denote the vertical and horizontal covariant derivatives with
respect to the Berwald connection of F', respectively.

The quantity H, = H;jdz" ® dz’ is defined as the covariant derivative of E along geodesics. More

precisely, Hy; := Ejj|,»y" . In local coordinates,
oo i, 0*GF o 0*GF - oG™ 3Gk - oG™  9rGF ™
=5 Y Oyt OyI Oykdxm Oyioyioykoym Oyt Oyioykoy™ Oyl Oyidykoym |

A Finsler metric F is called of almost vanishing H-curvature if H = (n + 1)/(2F)6h, where 6 := 0;(z)y’ is a

I-form on M and h = h;;dz’ ® da? is the angular metric.

An (a, f)-metric is a Finsler metric of the form F := a(ﬁ(g), where ¢ = ¢(s) is a C™ on (—bg,by)
with certain regularity, a = \/a;;(z)y’y? is a Riemannian metric, and 8 = b;(x)y’ is a 1-form on M (see [13]).
For an (a,f)-metric F':= a¢(s), s = B/a, let us define b;; by bmﬂj = db; — bj957 where 6% := da’ and

0 = ngdxk denote the Levi-Civita connection form of a. Let

rij o= %[bilj + bjll}v Sij = %{bm - bjlz}-

Tj = bi’f’ij, Sj = bisij, rio ‘= Tijyj, S0 ‘— Sijyj, ro ‘= T”jyj7 Sg ‘= Sjyj.
To satisfy that F' is positive and strongly convex on T My, it is known that if and only if
$(5) >0, ¢(s) = s¢(s) + (B —5%)¢"(s) >0, [s]* < B <bo

where B :=b? = ||5]]2.
Let G = GY(z,y) and Gi = G!(z,y) denote the coefficients of F and « respectively in the same

coordinate system. Then we have

G' =Gl +aQsh + (7"00 - ZQas()) (9% + ‘I’bi), (8)
where
._ ¢ — 2 2\ ,_Q_SQ/ ._g
Q-—¢_S¢,, A:=1+4sQ + (b° —s%)Q, = on \I/.—QA.

3. Proof of Theorem 1
In this section, we are going to find the formula of H-curvature of («, 3)-metrics. First, we remark on the

formula of E-curvature of («, 8)-metrics.
Lemma 4 [8] Let F = ag¢(s), s = B/a, be an (a, §)-metric. Put Q := ®/(2A2), where
© = —(Q — Q) (nA +1+5Q) — (b = s*)(1 +5Q)Q".
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Then the E-curvature of F' is given by the following:

Eij = Cibib; + Ca(biy; + bjyi) + Csyiy; + Caaij + Cs(riobj + 750b:) + Co(rioy; + 7j0v:)

+C7rij + Cs(sibj + 55b:) + Co(s:y; + s5i) + Cro(ribj +75b:) + Cra(riy; + rjvi), 9)
where
1
Cy = m{@a@"so + 20201y — A2Q"rg + 2A%a0"Qso + 4A2aQ' Q' s + ZOLAQ\I/”SO},
a
-1
Crim 5y {2aA2\I/”so — 20/ A2 + 20/ A2aQso — A2 srg + 2820 Qs
o
+HAA20Q' Q' sos + 2aA2T'r 4+ 2aA2T" s7¢ + 2aA? T 550 + PaQ’ sy + @aQ"sos},
1
Cs:= m{4A282QH(JéQSO —2A%2Q0 g + 12aA2W s1 4+ 120A2 W 550 + 4a A>T 5%
+4a A2 0" %55 + 8A2s2Q Q' s + 20aQ" sos® — 10 A%srg + 120 A2saQs
+6PaQ) 595 — 3<I>r0},
-1
Cy:= m{élozAZ\IJ’sso — Drg — 20/ A%srg + 4 A%saQsg + 4aA? W srg + 2@&@’505},
a
- 2A25Q) + @ —-d
G G T e O qaar
1
Cs= 5 {QQ’AQQ AT @)Q’},

/

—s v -5
Cg = 7087 010 . 011 = 7010.
« « (%

By Lemma 4, we get the following.

Proposition 5 Let F = a¢(s), s = /a, be an («, B)-metric on a manifold M. Then the H-curvature of F
1s given by the following:

Hy; = C; [(7“2'0 + 550)bj + (rjo + 3j0>bi] + Cobib; + Cs [(Tio + si0)y; + (rj0 + st)yz}
+C4(biy; + bjyi) + Csyiy; + Ceasy + Cq |:7'i0|0bj + 7j0j0bi + Ti0(rjo0 + Sj0) + j0(ri0 + 5i0):|
+Cs(riobj + 1j0bi) + Co [Tio\oyj + rjO\Oyi:| + Cio(rioyj + rj0yi) + Ciarijlo + Crarij
+Ci3 [Si\obj + 5510bi + si(7j0 + Sj0) + 55 (0 + Sio)} + Cia(sibj + 55b;)
+Ci1s [Si\oyj + sj\Oyz} + Cie(siyj + s;4:) + Crr [(Tilobj + 70bi) + 73 (750 + 550)

+r;(ri0 + Sio)] + Cig(rib; +1;5b;) + Cro(rijoy; + 7j10%i) + Coo(rey; +754), (10)
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where

Cy = PaQ 550 + A (2aW gm0 — Qgs0 + 20055Q 50 + 4aQsQ S0 + 2a¥ 5550)

)

203 A2

~Aj
a3 A3

Cy = PaQ 550 + A (20U 5519 — Q570 + 208255Q 80 + 4aQ2:Q 550 + 20V 5480)

)

1

+ 203 A2

a(q>|0Q3550 + ‘I)st|080 + cI>QSSSO\O) + 2aA (2A|O‘I’SSTO + A\Ijss\OTO + Aq’ss"“O\O)

—A(2A1002sm0 — AQg0m0 — Ags70)0) + 2aA (2A|onsQ + AQu0Q + AstQm) S0

+200%0,,Qsop + o (2848102, Qus0 + A20410Qs50 + A2, Quj050 + A22,Qs5000)

+2a (2AA|O\I/SSSO + AZ\I/SSK)SO + A2W5550|0>]

—— [2aA%W, 59 — 2Q,A%rg + 2Q,A%20Qs) — A%Qgsro + 2A%00,,5Q s
2004 A2

03 =

+4A%a0,Q 4505 + 20> W 1o + 20A? W 4 51020 A% T 550 + PaQso + @astsosl ,

Cy =

ﬁzz 20 (Mﬁmwsss() + A2W 050 + AW gs010 — 2040A%r0 — 4Q,AA g1
_2QSA27«0‘0 + 204(QS|0A2Q50 +20,A00Qs0 + QSA2Q|080 n QSA2Q50|0>
—2AA0Qqs570 — A5 0570 — AQQSS%TO — A%Qg 57000

+2a (QAAMstSQSo + AQQSSmsQSO + AQQSSSQ‘OSO 4 A2stSQSo|o) + A2Q..0r0050
a (2AA|093Q8508 + A0, 10Qs508 + A0 Q0505 + A2Qst$0\OS) + A*Q,Q50700

120 (2AA|0\1187«0 + A20, 410 + A2W,r)0 + 200 0 U570 + A2 057

+APW o500 + 20010V ss50 + AW 0550 + AQ‘I’ssssom) + AW ro0so + A*W,roero
+a (‘I’|0sto + ®Qs1050 + PQssoj0 + Po@sss08 + PQysj0508 + ‘I’QSSSO\QS) + q’stSoToo] ;

AN

e 20A%W 50 + 2Q,A%0Qs0 + 2A°%0055Q s + 4A% Q550 + 2aA?W 550
o

+

+DaQ,s0 + PaQsssso + 20A%W g 4+ 20A% W 519 — A2Q 510 — 2Q,A%r

)
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1
To5 A 4o (QAA‘QSZQSSQSO + 2A28%935Q80 + A2SZQSS|OQSO + A282933Q‘050

JrAszQSSQsO‘O) — 2(2AA|OS2QSSTO + QAQS%QSSTQ + AQSQQSS‘OTO + Azszstrom)
+12«x (2AA|O\I/SS7“O + A2\IIS|OSTO + AQ\I’S%TO + AQ\PSSTO‘O +2AA0Wsssg

AT, gsso + AT, 5o+ A2, 550‘0) + 404(2AA‘0\I!“5 ro + A20,, 05%r
+2A2\Ifsss%7”o + AT 5270 + 2AA 0T Les%s0 + AT, 05750 + 2&@358%50
+A2‘I/ss<9250|0) + 2as” <8AA|onQs30 + 4A2Q40Q 550 + 4A%Q, Q050 + 4A*Q Q5010
+P0Qss50 + PQssjo50 + <1>st30|0> +4sso <4A295Qs + ‘I’st)roo - 10<QS|0A28T0
F20,AA gsro + QSAQ%TO + O A2sr00 + 6(202,10A25Qs0 + 42, AA (05Qs0

+2QSA2%QSO + 20,A%5Q 050 + 202, A25Qs00 + B10Qs505 + PQu 0505 + PQys0/05

AA%52Q . aQsg — 202520, o + 120A W 51

Ajg
—3@‘07“0 — 3(I)T0|0) + ®Qss0T00 5A3

+120AW 550 + 4aA? T, %1 + 4aA> T 5% 5o + 8A%?Q0Q 50 + 2PaQ 55 505>

—10Q,A%srg + 12Q,A%50Qsq + 6PaQss0s — 3Prg

)

1
T 4a(2AA‘O\I/ 550 + A2, gsso + AT, 5o+ A%Y sso|0> — o — Prop

(QS|0A 570 + 20,AA o570 + Q4 AQTOOT F QA sro‘o) +a[ (QS|0A25Q30

JrQSAZ%QSO + Q‘9A25Q‘050 + QSA25Q50|0 +20,AA|05Qs0 + 2AA W ssro + AQ\I/S‘OS’I"O

.
+A%T, ﬂr + A% sro|0) +2910Qs805 + 2PQ 0508 + Z‘PQSSO‘OS} + 29Q ;80700

A0
+4a3‘A3 4aA? W ss) — Pro — 20, A%sr + 4Q,A%s0Qsg + 4aA2T s + 2fI>astos] ,
1 1 1 )
_ng Cg := —?Qsm, Cy := a3 A2 (QA sQs + (I))
4AA|OSQ + 2A%5Q0 + <I>‘0 Toofds (2A25Q, + )A|g
203 A2 o a3A3
_ -¢ Cio = 7q)\0 (I)Alo
T 2aA?’ 1277 90A2 T QA3
1
-5 [QQ A2Q + 2020, + 3Q,]
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1
Ciai= 5 [20.0A%Q + 42,84 10Q + 22,A2Q)0 + 4AA T, +2A% o + DpoQs + DQup .
A|0 2 2
- [QQSA O +2A%0, + 00, |
a3
s s 700 1 1
Ci5 := ——C13, Cip = ——Cryg — ﬁ013, Ci7 = =¥y, Cig = *‘I’s|o,
a a a a a
s r s
Cro == ——Cir, Ca 1= _%017 — —Chs,
a a a

and

STo0

Ajo = Qpos + “2Q +2[ro + 50 — 22| Q + (82 = s)Qu0

o
@0 = — [0+ 22Q + Q] (Q = 5Q) = (@ — "2Qu = 5Qupp) (A + 1+ 5Q)

STo0

_2[7'0 + s0 — 7} (1 + SQ)QSS - (b2 - 82) [%QQSS + SQlOQSS + (1 + SQ)QSS|O]'

(%

Proof of Theorem 1: For the Finsler metric defined by (1), we get

kvb? — 52 —gs
= ks + gV b2 — 2, U = ) 11
@:=hstq i 21+ K2)Vi? — 52 (1

Using the Maple program, we can obtain the quantity H for the Finsler metric defined by (1). By using
Proposition 5, putting s;; = 0 and r;; = c¢(b%a;; — b;ib;) in (10) and decomposition of the rational (Rat) and

irrational (Irrat) parts, we have the following:
Hji = (Rat) ;i + a(Irrat) jx, (12)

where Rat and Irrat are listed in Appendix 4. It is remarkable that, if H = (n+1)/(2F)6h then by equating
the parts of rational and irrational parts in the two sides of the equation, we get two simple equations. By the

obtained equations, one can get the desired result.

Now suppose that F' has almost vanishing H-curvature on a n-dimensional manifold M. Then

n+1__
Hij = =5~ F'0hy;, (13)
where 6 := 0;(x)y’ is a 1-form on M. Substituting (12) in (13), we get
(n+ 1)60h;, = 2F[(Rat) i, + a(Irrat) ji]. (14)
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Multiplying (14) by b/bF and using the Maple program, we get the following:

A q<12b80262 _ 24b1°c252k)a14 + q(12b1062q264 — 24b102 342 + 90KkD'0 B — 106kb3 234

—45b5c2B* + 5302 Bt — 833 (kb® + bG)qo)au +qB° (90b10c26k2 — 45b"¢*Bg® — 118b%c* Bk
+576%¢*B¢* — 5406°c* Bk + T186°c? Bk + 180b°c* B — 181b6%c?3 + 8(kb® + 2b* — k2b8)0|0)a10
+qB7 (b2c26(225q2b6 — 495k2b° + 665k%b* — 282¢b* + 1260kb* — 1178kb* — 270b% + 155)
F8(kB 4+ 282° — 1) cig ) a® + g5 (10800° k23 — 4504245 — 997H* 2123

+384bc? ¢ B — 1440b*c®kB + T46b>c* k3 + 180b*c® B — 39¢ B — 8b*cjok? — 8b2q0k)a6

+q8"2 (4500 ¢ — 1170622 + 5916%c%K? — 210B%g? + 810622k — 15662k — 45¢2) o
tqc2pt (630b2k2 —295b2¢2 — 117k2 + 39¢% — 180k)a2 — 45¢c* B8 (3K2 — q2)] —0, (15)

where
— b’q
- 408(1 + kb2)2(b2a2 — B2)2(a2 + kB2)2’

The only equation that does not contain o? is 45¢2316¢(3k% — ¢2). Since B'® is not divisible by a?, then we

have two cases as follows:

Case (bl): 2p18¢(—q¢? + 3k?) contains a?. Since ¢ and k are real constants, then they cannot contain

«. Thus this case will not happen.

Case (b2): 2f'%q(—¢*> + 3k?) = 0. In this case, c(z) = 0 or ¢*> = 3k%. Since ¢ # 3Vk, then ¢ = 0

and then r;; = 0. In this case, F' reduces to a Berwald metric. O

4. Proof of Theorem 2

Now we are going to consider the Finsler metric defined by (1) with almost vanishing Z-curvature.

Proof of Theorem 2: Suppose that S satisfies
Tij = c(b2aij - bib]) and Sij = 0,

where ¢ = ¢(x) is a scalar function on M. Using the Maple program, we can obtain the quantity = for the
unicorn metric. By putting s;; = 0 and decomposition of the rational (Rat) and irrational (Irrat) parts, we

have the following:
E; := (Rat); + (Irrat),, (16)

where Rat and Irrat are listed in Appendix 4.
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By assumption, F' has almost vanishing Z-curvature. Thus there is a 1-form 6 := 6;(x)y’ on M such

that the following holds:

0
= — _ 2( 2
Ei = —(n+)F (F)y (17)
By substituting (16) in (17), we get
(n+ 1) (F; 0 — 6;F) = (Rat); + (Irrat);. (18)

Multiplying (18) with b* and using the Maple program, we get the following:

2 | 2en(kb? + 1)b*aT + ﬂ(2nb4c2 + (knb? — knb* — kb* + kb2 — nb? — b2 + n + 1)c|ibi)a6

+4ncB? (k?0° — kb* — 2b%)a® + B (knb*cb* B + 6knb* B — nc®b* B + knb'cp — 2nb>c?B

+knb®c;;b' B+ kb cib' B + nb*cpg + neb' B+ ¢;b' B)at + enpt (6 — 166k — 10b°k)a®

+nBt[2B(1 — 2kb* — 11kb%) — (kb + n)cjo)|a® + 12knc(1 + kb*) 8% + 6knc2,87] =0. (19)

By assumption, ¢ # 0. In the last sentence of (19), 6knc?37 contains «. This case cannot happen, because

k is a real number. Thus k and S cannot contain «. Since ¢ = ¢(x), then the equation cannot contain «.

Therefore, ¢ = 0. In this case, F' reduces to a Berwald metric. O

[1

N o E =

J
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Appendix A. Coefficients in (12)

(Rat)jr = A |:ﬂ (GknqbgcQﬁ ajk + 106°kngbjyy + 6b°c* B nqajr + 106°ckngbry; — 260° ¢ Bkngb;by

—121)8(:2k:qb]-y;C — 12b8C2kqbkyj — 2b8qoknqajk + 106602nqb]-yk + 10b602nqbkyj + Qquokznqubk
_26b802ﬂnqubk + 6b602quyk + 6b602qbkyj - 2b6q0nqajk + 2bsc|0nqubk)a14 + (GbgczﬁSqukyj
+16b°B% ¢*bjyr — 160°¢* B kqajr — 450°¢° B qujyn — 126°¢° B nqa s, + 45b° B2 qu ik
—8b6c|053kqajk + 12680253quyk + 126802B3qbkyj + 4b8q053nqajk + 1Ob80253/~c2nquyk
726b60254k2nqubk - 42bsc2ﬁ2knqyjyk + 32b6c2,6'3lmquy,rC + 32b66253knqbkyj - 8b8q0,6’3qaj;c
+60°cio 82 kngbyr + 6b°cio8°kngbry; — 8b%cj0B°kngbibi + 26°¢io 8%k ngb;by, — 166°¢* B qa;i,
+6b80264k2nqajk - 12680253k2quyk - 12b80263k2qbkyj + 90bwc262qujyk - 2b80|063k2nqajk
76b602/84knqajk - 90b8C2/52qujyk - 42b602ﬁ2nqyjyk + 2b6qoﬁ3knqajk + 22b802ﬂ3nquyk
+22b802,83nqbkyj + 10b202B4nqubk - 6bﬁc|0ﬂnqyjy;C + 6b8q0,6’2nquyk — 16b802ﬂ4knqubk

+6b80|0 8% ng bry; — 1anb20|0ﬂ3 bjby — 6bsc|0ﬂ knqy;ys + 1065283 k2nqbkyj>oz12
—|—(45b8c2,34q3yjy;c + 6b662,65q3bkyj - 45b100254q3yjy;c — 16b6c2,86l€2qaj;€ + 6b6c265q3b]-yk
—8b6c|055k2qa]~k +16b%28° kqaji + 180652 8% qy; Yk + 6b>c*8° nqa;i + 160256nqubk
+32b202,36qajk + 80‘0,B5nqubk - 421)8c2ﬁ4]~€2nqyjy;€ + 22b662,85k2nquyk + 22b60265k2nqbkyj
—6bsc|gﬁ3k2nqyjyk + 6b6q054k2nquyk - 10b8c255knquyk + 6b6q0,34k2nqbkyj + 26b202ﬂ6knqb]~bk
—10b8q065k2nqubk — Qb2c‘oﬁ5knqubk + 90b100254k2qyjyk - 12b60256k2nqajk - 9Obgc2ﬁ4k2qyjyk
76b602/6’5k2quyk - 540bf‘2’c2,34qujy;€ + 4b60|0ﬁ5k2nqajk — 6b80256knqajk + 4381)60254qujy;c
—|—132b862ﬂ5kqbkyj + 42b862ﬂ4nqyjyk + 2bsc|0ﬂ5k’nqaj;C — 32b20255nquy;C — 106862,35knqbkyj
+6b80|0ﬁ3nqyjyk - 6b2c|0ﬂ4nqumC — 6b2q064nqbkyj + 10b802ﬁ6k2nqubk + 16b2q065qa]~k
732b202/35nqbkyj + 132b802,85kquyk - 66662,85k2qbkyj)a10 + (32b80268k2qajk - 1602,88qa]-k
—54b80257q3bkyj + 16680‘057k2qajk - 80\067qajk — 174bﬁc2@6q3yjy;C — 54b80267q3bjyk
+8b2c|0ﬁ7kqa]-k + 225b80256q3yjyk + 16620258kqa]-k - 270686256qyjyk + 12£’>b202ﬁ6qyjy;€
+420° 2 B0k nqy,yr — 320° ¢ BTk ngbyx + 1662 B2 k*ngb,by + 4265 8% knqy;yx + 24¢ 87 gbry;
—6bsc|0ﬁ6k2nqbkyj — 326262,67knquyk — 32b20257knqbkyj + 6b6q055k2nqyjyk — 6b80|0,86k2nqb]‘yk
+8b20|057k2nqubk + 6b8q055knqyjyk — 6b2q066knquyk — 6b20|056knqbkyj + 240267quyk
+6b°c? B2 knqazr, 4+ 3930°¢* Bk quiyx + 1200°¢° BTk qbyyx + 1200°¢° 87K qbry; + 12600° ¢ B kqy,yi
+8q067knqubk - 495bsc2ﬁ6k2qyjyk + 160258knqubk — 762b80266qujyk - 216()202ﬁ7kquy;C
+6b802/38k2nqa]-k - 216b262,87kqbkyj - 2b2C‘0/B7knan‘k - 32b802[37k2nqbky]~ - 2b8qo/j’7k2nqa]-k)a8

+ (10806602ﬂ8k2qyjyk - 450b602ﬁ8q3yjyk - 633b802ﬁ8k2qyjyk + 252bsc268q3yjyk + 666202ﬂ9q36kyj
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7174b202,6’9k2quyk - 174b20259k2qbkyj + 6(3(7262B9q3bjy;C + 570b20258qu1yk — 8b20|059k2qa]-k
—1602610kqajk + 96(:2,6’9k:qb]-y;C + 960269kqbkyj + 180b20268qy]-yk — 390258qyjyk — SC‘OBquCL]‘k
—166202510k2qajk - 1440b802/38qujyk)0[6 + (45Ob802ﬁ10q3yjyk — 11706%2 10k2qyjyk
+4476° P Bk quiyn — 1626° B 0Py 4+ 7267 B K qbsyn + 722 8 K gbry; — 2428 by

—2402611q3bkyj —+ SlonCQﬂloqujyk - 15602610qujyk - 4502510qyjyk)a4 + CQ,BIQyjyk (63062I€2q

—225b%¢> — 117k*q + 39¢° — 180kq) o’ 4 ¢® M (45¢% — 135k2)yjyk:| , (A1)

(Irrat)jr = 1I

((3b6c2ﬁknajk + 5b° P kn(bjyr + bry;) — 136" Bknb;by, — 60°c by, — 60°ckbyy,

—b6c|0knajk + b4C|0knbjbk + 3b4025najk + 5b402nbjyk + 5b4cznbkyj — 13b2026nb]~bk
—b*cjonazn, + b2 cjonbsbr)D + (b° Bekngazr + b*Dek’nb;be — b* Bekngb;bi + b°Bekqajy
—b?Bengbiby, 4+ b*Dekajy + b*Dek?b,by — b* Bekqbsby, + b*Deknagy, + b* Bengasn
+b°Dcknb;by, + b* Beqajr 4+ b*Dekbjby — b Begb,by + b*Denajy + BDcajk)<Z>)a14
+((6b60253k2najk + 3b°c*BPngaj, — 120°¢ B2 K by — 120°¢* B2k bry; 4+ 120°¢* B2 ¢°b,y
+1266c2,32q2bkyj + 45b402ﬂkyjyk — 2b6c‘052k2najk - b6c‘0/6’2nq2a]-k + 3b40253knajk
—45b602ﬂkyjyk - 12b402ﬂ2k:bjy;c - 12b402,32kbky]- - 3b6q0knyjyk - 21b4c2ﬂnyjyk
+16620252nbjyk + 16b202ﬁ2nbkyj - b4c‘oﬁ2kjna]~k + SbZC‘OﬁTLb‘jyk + 3b2q06nbkyj
—8b%c*Bajr, — 4b%cjofPasn + 5" B kng’bjyx + 5" B kng’bry; — 136°c* B2 kng’b;be
+0%¢)0B2kng’b;be — 8b*c® B2 kayy, — 36° BPnaj, — 8¢” B2 nbibe — 4b*cio 7 kajn,

—3b4c‘0nyjyk + b20‘0ﬁ2na]~k — 4C|0/B2nbjbk + b4c|0ﬁ2nq2bjbk + 26640262knbjyk
+26bc® B2 knbry; — 34b°c? B knb;bi + 3bcjoBknbjyx + 3b*cjoBknbry; — 2b°cjo°knb;by
+106°¢* B2k nbjyr, + 3b* B2 kng’ aj — 6b* B2 kg bjyr — 6b* ¢ B7kq bry; + 50°c* B2 ng bry;
—b4<:|oﬁ2knq2aj;C + 10b6c252k2nbkyj + 5b60252nq26jyk — 26b4c2/33k2nbjbk — 13b40253nq26jbk
—216°¢” Bkny;yr + 20" cjo 87k nb;br)D + (b* DBk *najr — b DBk nbjyr — b DBk nbyy;
—b®Bknqy;yr — 2b* B knqajr + b* B2 kngbjyi + b* B2 kngbry; — b*DB2E nb,by + b° 82 kngb;by
—b° Bkqy;yr + b* DB K az — b*DBE by, — b DB bry; — 20" B2 kqazr + b* B2 kabjy
+b* B2 kqbry; — b*DB*E>biby, 4 b° 2 kqbjbi, — b*Dekny,y, — b* Bnqy;yx — b>DBknb,ys,
—b°DBknbyy; — 20> B2nqajr + b*B7ngbjyr + b 7ngbry; — DB knbjby, 4+ Bnqb;by
—b*Deky;ye — b* Bay;yr — 6°DBkbsy, — b?DBkbry; — 2b° Bqaji + b> B2 abjyk + b° B qbry;

7D/B2kbjbk + ﬁ?’qubk — b2Dcnyjyk — DBQnajk — bQDcyjyk — D/6'2a]-k)gi>(s))oz12

+((45b1002B3kq2yjyk — 6b°*B°kng’aji 4 5b°c* B EPnbyx + 5b°¢* B EPnbyy; + 6b°c* 8 k¢ bry;
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713b4c255k3nbjbk - 45b802/83kq2yjyk + 6b602,6’4kq2bjyk - 42b602,6’3k2nyjyk — 21b602,6’3nq2yjyk
—2b6qoﬂ4knq2ajk + 37b462,84k2nbjyk + 37b402,84k2nbkyj + 11b402ﬂ4nq21)jyk + 111)46254nq2bkyj
+b4c|0ﬂ4k3nbjbk - 29b20255k32nbjbk + 5620255nq2bjbk - 21b80253knq2yjyk + 11660264knq2bjyk
+11b6c2ﬁ4knq2bkyj + E')b462,35knq2bjb;€ - 3b86|0/6'2knq2yjyk + 3b60|0ﬁ3knq2bjyk
+30° 1082 kng’bry; — 5b*cio8kng’bbr, — 1667 8% knbjby + 1296 B2 ky yn + 42677 8 kbj i,
+42b°c* B kbry; + 2b%cio 8 knajr — 8cjo8*knbibr — 16b*c® Bk a i — 8b* B¢ au,
f8b4c‘0ﬁ4k2a]-k - 4b4c‘0,84q2ajk - 8626255kajk - 4b20|0ﬁ4k:aj;C - 6b60|0[5’2k2ny]~yk
—3b60|052nq2y]-yk - 42b462ﬂ3knyjyk + 6b4c‘0,83k2nbjyk + 6b46|oﬂ3k:2nbkyj + 3b4q0,33nq2bjyk
+3b*cj08°ng bry; + 3267 B knbsyr + 326°¢° 8 knbyy; — Tb 0Bk nbsbi, — 5b" o8 ng’b;by,
—6b4c|0ﬁ2kny]~yk + 6620‘0/6'3knbjyk + 6b2C|0/83knbkyj + 3b662ﬂ5k3na]~k - 86602ﬁ5kq2ajk
—66°* B Kby — 6b°C* B K bry; + 9065 B2k yyk — 90b° 2 B2 yjuk — boco8 K nan
—3b40255k2najk - 6b40265nq2ajk - 90b602ﬁ3k2yjyk + 90b60253q2yjyk - 4b6q064kq2ajk
—24b* B Kby — 240" B K by, + 246" B ¢ byn + 24b* P B P bry; — 1800°¢2 B kyjun
+b4c|054k2najk + 2b4c‘0ﬁ4nq2ajk — 6b° B knajr + 8¢* B aj + 4c|0ﬁ4ajk)D + (B2 k> nbjys
=B K’ naji + b* B2k nbry; — b2 Bk aj + b2 B2 Kby + b7 B2k bry; + b2 B2 kny yk — B knajn
+8°knbjy + B knbry; + b8 kyjyn — B kagi + B kbjye + B kbry; + B ny;yx + B2 cy;yi) Do (s)
+qB° (b kny;jyr + b2 B*knajr — b>Bknbjyr — b’ Bknbry; + b ky;yr + b° B2kaji — b° Bkbjyi
67 BRbiy; + b nysyn + Bonaze — Bbsy. — Bnbiy; + 67y + B2 — Bbjy — Bbiy;)¢ )
+(3b40257knq2ajk — 315b80255kq2yjyk — 21b60255k3nyjyk + 16b40256k3nbjyk — 8b20257k3nbjbk
+16b"¢® B kP nbry; 4 2640°¢* Bk yyn + T8 Bk bjyr + 7861 Bk bry; — 216 B K nyyk
—3b6c|054k3nyjyk + 21b4c2ﬁ5nq2yjyk - b4c|0ﬂ6k:nq2ajk + 3b4C‘065k3nbjyk; + 3b4c|0ﬂ5k3nbkyj
+16b202[5’6k2nbjyk + 16b202ﬁ6k2nbkyj — 166202,B6nq2bjyk — 16b202/36nq26kyj — 4b2C‘0B6k3nb]’bk
—3b%cioB K nyjyk + 3b*cjoB ng vy + 367108k nbjyk + 3b7 087k nbry; — 3b°c0B°ng by
—3b20|0ﬂ5nq2bkyj + 21b6c2ﬁ5k’nq2yjyk - 16b402ﬂ6k:nq2bjyk — 16b40256knq2bkyj —+ 8b202ﬂ7k:nq2bjbk
+3bﬁc|0ﬁ4knq2y]~yk - 3b4c‘055knq26jyk - 3b4c‘055knq2bkyj + 4b2c‘0,86knq2bjbk + 45b86255k3yjyk
—3b* B k> najy — 456° Bk y iy + 16b* B kg ajr — 12b* B0k by — 126 LK bry;
—3606602B5k2yjyk + 360b6c2ﬁ5q2y1yk + b4c‘0ﬁ6k3najk - 3b20267k2na]~k + 3620267nq2a1k
7802/37k2nb]‘bk + 802,37nq2bjbk + 258b402ﬁ5k2yjyk — 258b462/85q2yjyk + 81740‘0/6'6l<;q2aj1C
+84b% 2 8%k b,yp + 846> B8k by — 84b°* B°¢ by — 84622 B8 Pbry; + 2700 ¢ B2 ky, i
+b20|0ﬂ6k2najk - b20|066nq2a]~k - 4c|0ﬂ6k2nbjbk + 4c|056nq2bjbk - 123b20255kyjyk - 8b4c2ﬁ7k3ajk
f4b4c|oﬂ6k3a]-k + 8b202[37k2ajk + 16b202/6'7q2ajk + 4b20|0,86k2a]-k + 8b2q0,36q2ajk - 240266kbjyk

_24c256kbkyj + 1602ﬂ7kajk + 80|0ﬂ6k:ajk)Da8 + (810b662,37kq2yjy;C — 51Ob402,87kq2yjyk
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7150b202ﬂ8kq2bjyk — 150b202,38kq2bkyj + 3962/87kyjyk; — 180b6c2,37k3yjyk + 129b40267k3yjyk
—8b22Bkq ajk + 4202 B3P byn + 4267 B2k bry; + 540b° ¢ BTk yyn — 5400 87 Py
—246b20257k2yjyk + 2466262ﬁ7q2yjyk - 4b2c|0,6’8kq2aﬂ€ — 180b202/37kyjyk + 0259k2a]'k — 80259q2ajk
+dcjoB%k aj — dcjoBPq ajy + 86 B0k ajr + 4b o83k ajn — 4867 BPkPbjyn — 48¢° B2k bry;
+48c268q2bjyk + 4802ﬂ8q2bkyj)Da6 + (270b40259k3yjyk - 990b40259kq2yjyk - 123b202ﬁ9k3yjyk
+408b26259kq2yjyk - 2462610k3bjyk - 24C2610k3bkyj + 7202ﬂ10kq2bjyk + 7202B10kq2bkyj
—360b°c? Bk y;yr, + 3606° B2 yyn + 782 Bk yjun — T8¢ B2y ke + 45c2ﬁ9kyjyk)Da4

n [c2yjyk5“ (585b2kq2 ~ 1806%K3 + 39¢k® — 117kq? + 90k — 9()(12)042

+kc2513(45k2 - 135q2)yjyk] D:| .

where D := 1/b%2a2 — 32 and
4a8(b2a2 — B2)2(1 + kb2)2(8%k + a?)?’
bq
da8(b2a2 — B2)2(1 + kb2)2(\/b2a2 — B2Bq + B2k + a2)?’

A=

Appendix B. Coefficients in (16)

(Rat); = T |:b2(b4knc|i —b2Pnb; + b4kc‘i — kanc” — b2kc|i + anqi + b2c|i —nej; — c‘i)ag

—2b*Bcknb; Vo' — B (26°y:c’k — 2by; Pk + blysc?n + 2 kb8 — 2% b B

|
72nb2y¢02 + 2nb¢/6’62 — b2c|iﬁk + 2b20|i6n + bQC‘obm - c|i/6’ — 2b4b¢/362k + nb6yic2k
—2nb*yic’k — 2knb*c); B + 26°b; B’k — 3b°biSc*n — b ey fkn + bt cjobikn
+2nb*c?b; B + brysb*cPkn + 2bb; 8P kn + 2knb®b; B + 2kn b b8 + 2b yic?
—2b%y;c® + 2bi B + 26%¢;i 3 — c”ﬁn) a® + 202 B2 cknV (bei n 4ﬁbi)a5 1B (2b2yib4602kn
+2b* Py Bkn + brys Bk + 4bty; B kn + 2% APb; B2 kn + 5b2b; B2 P kn — 2b%b; 82k
+b4qoyikn + 2b202y1ﬂn + QCQbi,BQn + bzqobzﬂkn + bzchﬂan + bzyiﬂczn — 2b1ﬂ262n
+b2q1-62k + 267y, 8¢ — 26,822 + bQC‘Oym + cjobifn + cHBQn + c|i52)o¢4

—28%kn V(4b2yi T 3Bbi) o — ngt (yib‘lﬂczk 1 2622y Bk + 6b2ys Bk + 3b; 52k

+b2c‘0y¢k + 2c2yzﬂ + c|0yi)a2 + GBGCknyiVa + 35702knyi

)

(A.2)

(B.1)
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Irrat = Y |65 kngbia'® + (2b8c/j'k2qb¢ — b8P kngb; + bgc”knq — b8P ngb; + 26%¢Bkqb; + bsc‘ikq

_b6c|iknq — b6c‘ikq + b6c|,-nq + bGC‘iq — b4c|,-nq — b4c‘iq) a® + ( — 2qﬁ(bﬁck2bi + bzlclcbi)D2
+(=b°b* Bknqy: — 2b°cBk>*ngb; + b°2b* Bhqy: — 5b°c* B2 kngb; — b5 Blqy: + 2b°* B2 kqb;
,QbGC,Bknqbi)aS + q(2b602ﬂknyi — bSCQBknyi — 2 B%knb; — quO,Bknbi - 2b80,6’2k2y¢
—106°cB%Kb; + 2b°c? Bky; — b°c” Bny; — 20°cBky; — 20°¢i 8% kn — 26" c* B2 kb; + b*c B2nb;
—10b*cB%kb; + 2b* ¢ Bny; + knb*c), 57 — 26> B7nb; — b*cjofnb; — 26°¢* By; — 26°¢, Bk
+20* ¢ B2b; + 26" By; + bt B2k — 2b ¢ B — b5 Bhy; — bOcPb* Bhy; + b0 B2 knb;

—2b%¢* B2b; + bPep; B2n — 2b*c 87 + b2c|i62)a7 n ((2b60ﬂ2k2qyi + 86183 k2qbi + 2b* B2 kqys
+8b26,6’3kqbi)D2 + (2b402b45’3knqy¢ + 20382k ngy; + 3b°2 B2 knqy: + 8b°cB3k*ngb;
—2b* b B kqy; + T P B kngb; — 4b B kabs + 26°cB2knqy; + 8b4063k‘nqbi)>a6

+ (3b602,33knqyi +100°cB K2 qys + 266 B2 kqy; + 14b* 8%k gbs + 2b°* B kqys + 2b** B kqb;
+b60|052knqy¢ + 3b* 2 B%nqy; + 106 cB kqy; + b4c‘063knqb¢ + b4c‘iﬂ4knq + 14b*cB% kqb;
+2b462ﬂ3qyi + b4c|iﬁ4kq — 2% Bgbs + b4c‘0,6’2nqyi + b26|oﬁ3nqbi + b2c|,ﬂ4nq + bzc‘lﬂ‘lq) o’

+ ((—Sb4cﬂ4k2qyi — 6b°cB°K>qb; — 8b%cB kqyi — 6¢8°kqb)D? + (—b*cb* B knqy: — 8b°cB*k*nqy;
—6b 2B knqy; — 6b*cB°k ngb; + b6 B kqys — 32 B kngb; + 3b*? B kqy; + 2b°* BCkqb;
—8b*cB knqy; — 6b2c65knqbi))a4 - B (264025knqyi + 14b* B2k qyi + b2 c*b* Bkqyi + 66> ¢8>k gb;
—|—3b462/3qu7; + 2b262,32kqbi + b4c‘0knqyi + 2b202,8nqyi + 14b2c,82qui + 6cﬂ3kqbi + bzcmnqyi)a3

+ (656(b20k2qy¢ + c/cqyi)D2 + (6b4cﬁ6k2nqyi + 3628 knqy; — 2b°* B kqy: + 6b2056knqyi))a2
+ (6b2058k2qyz‘ 262 B kqyi + 6058qui)a} , (B.2)

where V := b%k + 1 and

. = - /b2a2 — B2

" 2(b2a2 — B2)3 (b2k + 1)2at’ T 20202 — B2 (0% + 1)%08
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