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Abstract: In this paper, we have given new definitions and obtained the unique solution of a fractional causal terminal
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1. Introduction

Recently, the study of differential equations [6] with causal operators [13] has rapidly developed and some
results are assembled in [8,13,19,26]. The theory of causal operators is a powerful tool unifying the fractional
order differential equations [4,16,25,27], ordinary differential equations [1,8,11,28], integro-differential equations
[23], differential equations with finite or infinite delay, Volterra integral equations [23], and neutral functional
equations [8,13,20]. There has been rapidly growing interest in the study of fractional differential equations
[2,4,5,13,16,18,21,22,25,27] because recent investigations in science and engineering have indicated that the
dynamics of many systems can be described more accurately by using differential equations of a noninteger

order.
It has recently been shown that causal differential equations [2,8,9,13,19,20,26] provide excellent models

for real world problems [8] and its real time applications in a variety of disciplines. This is not only the main
advantage of causal differential equations in comparison with the traditional models [12] and there is growing
interest in this new area to study the concept of causal dynamic systems [8,13]. The theory of a terminal value
problem [1,3,10,12,21,23,24] for ordinary differential equations is more complicated than that of the initial value
problems of ordinary differential equations. Hence, it is an interesting theory to study.

The study of a terminal value problem for ordinary differential equations by using the method of upper
and lower solutions can be found in [12], as the information is given at the end point of the interval and one has
to work backwards to find the initial value at which the solution must start in order to reach the prescribed value
at the end point of the interval. This problem becomes more interesting in the case of a fractional differential
equation [4,16,18,21,22,25,27], where it closely resembles a boundary value problem [7,17], in the sense that the
initial value is inherently involved in the definition of the differential operator and the terminal value provides

the condition at the right end point of the interval.
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The method of the generalized quasilinearization technique [3,7,11,13-15,17,21,25-28] not only offers
monotone sequences that converge uniformly to the solutions of nonlinear fractional causal differential equations
as in the generalized monotone iterative technique, but they also show that the convergence is quadratic. It is
an advantage to employ numerical methods for real world applications. In a fractional causal terminal value
problem (FCTV P) is used to obtain upper and lower sequences in terms of the solutions of a linear FCTV P
and bound the solutions of a given nonlinear FCTV P. Moreover, we have also shown that these monotone

sequences converge to the unique solution of the nonlinear equation uniformly and quadratically.

2. Preliminaries
In this section, we present some definitions and basic results that are needed in our subsequent work.

Let £ = C[J,X], where J is an appropriate time interval, and X represents either finite or infinite
dimensional space, depending on the requirement of the context, so that E is a function space.

The operator @ : F — FE is said to be a causal operator if for each couple of elements z,y in E such
that z (s) = y(s) for 0 < tp < s < t the equality (Qz)(s) = (Qy)(s) holds for 0 <tg <s<t, t<T; T isa
given number.

If E is a space of measurable functions on [tg, T') for ty > 0, then the definition needs a slight modification,
requiring the property to be valid almost everywhere on [tg,T]. One can point out that for causal operators
a notation identical to what is encountered for a general equation with a memory can be stated as follows. A

representation of the form

(Qz)(t) = Q(t, zy),

where for each ¢ € [to,T), Q(t,x:) is a functional on E that takes values in X, for each ¢, while the whole
family of functionals, t € [tg,T'), defines the operator from E = C([ty,T), X) to itself.

Let 0 <t and to < T be arbitrary and let E = C'[[to,T],R"] be a function space. The map Q : E — FE
is said to be a causal or a nonanticipative map if x, y € E has the property that if z(s) = y(s) for to < s <t
then Q(s,zs) = Q(s,ys), to <s<t, t<T.

Next, we give the definition of and relationship between the Riemann-Liouville and Caputo fractional

differential equations. The Riemann—Liouville fractional causal terminal value problem is given by
Dlu(t) = Q(tyur), u(T) =u" =u(t)(T =)' |i=r, (2.1)
where 0 < ¢ < 1. The corresponding Volterra fractional integral equation is given by

u(t) =ul (t) + ﬁ / (t— 7')q_1 Q (t,u,)dr, (2.2)

t

T uT(T—)0 ! . )
where u' (t) = T and T (g) is the standard Gamma function.

The fractional causal terminal value problem of the Caputo type is given by

‘Dru(t) = Q(t,ur), u(T)=ur (2.3)



YAKAR and ARSLAN/Turk J Math

where 0 < ¢ < 1 and the terminal value T and the solution u (T, tg,ug) = ur. If uw € C([[to,T],R"]) satisfies

(2.3), it also satisfies the Volterra fractional integral

u(t) =ur (t) + ﬁ / (t—7)"""Q (1, uy) dr, (2.4)

t
and vice versa. The relationship between the two types of fractional derivatives is given by
Diu(t) = D (u(t) —u(T)). (2.5)

Let p=1—q and Cp ([to, T],R) = {u:u € C([to,T],R) and (T —t)’ u(t) € C([to,T],R)} and consider

the fractional terminal value problem
DY (u(t)—u®)=f (tu(t), u(T)=u” =u(t)(T — t) e le=T, (2.6)

where f € C[[to,T] x R,R] and u® (t) = %. Terminal conditions where « (T') = u” and u (¢) function

is a solution of the fractional terminal value problem.

Definition 2.1 (/22]) A function f : (to,T] — R is Hélder continuous if there are nonnegative real constants
C, a such that |f (z) — f (y)| < Clz —y|* for all z, y € (to,T].

Lemma 2.1 ([16, 25]) Let m € Cy [[to, T],R] be locally Hélder continuous with exponent X > q, and for any
t1 € (to, T], we have that on (t1,T]

m(t1) =0, m(t) <0 forty <t <t.
Then
¢Dim (t1) < 0. (2.7)

Lemma 2.2 ([18]) Let {u. (t)} be a family of continuous functions on [to,T], for € >0, such that

Du, (t) = f (t,ue (t))

ul = ue () (T — )" |y—p, and |f (t,uc ()] < M forty <t <T.

€

Then the family of the sequence of the functions {u. (t)} is equicontinuous on [ty,T].

Definition 2.2 The functions v,w € Cy [[to, T],R] are said to be lower and upper solutions (2.3) of FCTV P if

v and w satisfy the differential inequalities respectively

‘Diwv(t) > Qt,v), v(T)<ur
‘Diw(t) < Qt,w), w(T)>ur,

where the causal operator Q € E = C(R4,R), Q : E — E is continuous.
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Definition 2.3 ([1/]) Q : E — E is said to be seminondecreasing in t for each = if

Q(thxtl) = Q(t17yt1) and Q(tvgjt) < Q(tayt)7 0 St<ty < T’ T € R+

provided that
Te, =Y, () <yt), 0<t <ty <T, T €R,.

Definition 2.4 (/26]) Let Q € C(R4,R). At z € E

(Q(z +h))(t) = Q(t, z4) + L (2, h) (¢) + [|hl[n (x, h) (1),
where im0 [|7(z, h)(t)|| = 0 and L(x,-)(t) is a linear operator. L(x,h)(t) is said to be the Fréchet derivative
of Q at x with the increment h for the remainder n(x,h)(t).

Theorem 2.1 Assume that Q (t,u:) € C[Ry x R,R] is continuous causal operator @@ € E = C(R4,R),
Q: E — E. In addition to v,w € Cp [to, T],R]| with continuous exponent X\ > q, assume that

(1) D (t) > Q (t,v4) ;

(1) “Diw (t) < Q (t,we) ;

(i9i) Q (t,us) is nondecreasing in u for each t, to <t <T with one of the inequalities (i) or (ii) being
strict.

Then v (T) < w (T') implies v (t) < w (t) for ¢ € [to,T].
Proof Assume that one of the inequalities is strict; let m(t) = v(¢) — w(t). If the conclusion of the theorem
is not true, there exists t1 € (to,T] such that m(t;) =0, m(t) <0 for to <t <.

Consider the case when t1 € (tp, 7], then m(t1) =0, m(t) <0 on (t9,¢1). By using Lemma 2.1, we get
that to be *D%m (¢1) < 0. Thus

Q (t1,v,) < ‘D (ty) < “Diw (t1) < Q (t1,wy)

Q (t17vt1) < Q (tlawtl)
is a contradiction. Therefore, v(t) < w(t).

Now let us define for €, L > 0 arbitrary,

v(t)=v(t)—eBy (=2L (t —t9)?).

where E, is the Mittag-Leffler function defined as E4(z) = > F(qZTkH), g > 0. Then v (t) < v (t) for t € [to,T]
k=0

and v(T) <o (T).
Thus, it follows from (i) and the fact that Q (¢,u;) is nondecreasing that
‘D (t) = °D%(t)+2LeEy (—2L (t —t9)?) > Q (t,v4) + 2LeE, (—2L (t — t)?)
> Q(t,vt) + 2LeE, (—2L (t — t9)?) > Q (¢, ) -

It then follows by the foregoing argument that ¥ (t) < w(¢). Finally, and letting ¢ — 0, we have
v(t) <wl(t).
The proof is complete. o
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Theorem 2.2 Let v,w € Cy ([to, T],R] such that v(t) <w(t), t € [to,T] and Q : Q@ — R is the continuous
causal operator, where Q = [(t,u) :v () <u<w(t), t € [to,T]].

Suppose that

(1) “DTo (t) = Q (£, v1) ;

(i7) “Diw (t) < Q (t,we) ;

(i13) Q (t,us) < A (t) on Q such that A\ € L' [R_,R].

Then the FCTV P has a solution that satisfies v (t) < u(t) < w(t) on [to,T] provided that v (T) <
u(T) <w(T) for some ty > 0.
Proof Consider P : [ty,T] x R — R defined by

P (t,u;) = max{v (t), min{u, w(t)}}. (2.8)

Then @ is a continuous causal operator and by the assumption (iii), we get Q (¢t,u;) < A(t), so that
Q (t, P (t,ut)) defines a continuous extension of @Q to [to, T] xR, which is also bounded. Therefore, the FCTV P

of
‘Diu=Q(t, P (t,ur)), u(T)=ur (2.9)

has a solution u (¢) on [tg, T]. We show v (t) < u(t) < w (t) for ¢ € [to,T], and therefore u (¢) is a solution of
(2.3).
For €, L > 0, consider
v(t) = wv(t)—eE,(—2L(t—t9)?), (2.10)
w(t) = w(t)+eE, (—2L(t—t9)?).

Then w(t) > w(t), v(t) < v(t) and V(T) < w(T) < w(T). We claim that v(t) < uw(t) < w(t)
on [to,T]. Suppose that it is not true and thus there exists t; € [to, 7] such that w(¢;) = w(¢;) and
TH) <u(t)<@(t), to <t<t.

Then w(t1) > w(t;) and hence P(t1,uy) = w(t1). Also v(t1) < P(t1,uy,) < w(t1). Setting m(t) =

u(t) —w(t), we have m(t;) =0 and m(t) <0, to <t <t;. Hence by Lemma 2.1 we get °D%m (t1) < 0, which
yields

Q (t1, P(tl, utl)) = Cun (tl) SC qu (tl) =¢ qu (tl) — 2L€Eq (—2L (tl — to)q)
< Q (tlthl) - 2L€Eq (72[’ (tl - to)q) = Q (tl»P(tlautl)) - QLEEQ (72L (tl - to)q)
< Q(tlvp(tlvuh))v

which is a contradiction. The other case can be proved in a similar manner.

Consequently, we have ¥ (t) < u (t) < w(t) on t € [ty,T] and letting € — 0 we get v(t) < u(t) < w(t),

on [0,T]. The proof is completed. O

3. Quasilinearization method

In this section, we will extend the generalized quasilinearization method for nonlinear terminal value problems in
[3] and prove the main theorem that gives several different conditions to apply the method of quasilinearization
to the nonlinear FCTV P.
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Theorem 3.1 Let Q, ® : C[R4,R] — C[R4,R] be a continuous causal operator, @ (t,us), ®(t,u;) €
C[R. x R,R],

(M) 1Q (t,ug)] < A(@)|u(t)] on Q = [(t,u) € [to, T] x C¥[[to,T],R] : v (t) <u<w(t)], where A €
L'[0,00);

(M) v,w € C1][to, T],R] are the lower and upper solutions (2.3) of FCTV P such that v (t) <w(t), t €
[to, T

(M3) wo,wo € CY[to, T|,R] with vy (t) < wp (t) on [to,T], vo(T), wo (T) exist and

(@) “Dy (1) > Q (t,vor) , w0 (T) < ur for ¢ € [t0,T];
(b) ¢Dwy () < Q (¢, wor), wo (T) > ur for t € [to, T);

(My) Q, ® € CU[RL,R] and for (t,u) € Q, the Fréchet derivatives Qu (t,ur), Py (T, ur), Quu (£, ur)
and @y, (t,uy) exist and are continuous on [0,00) such that Q, (t,us) < B, Quu (t,us) + Puy (t,ur) <0 for
some function ® with |® (t,us)] < A (&) |u ()|, |Pu(tu)] < F and Quu (t,ur) > 0, Py (tug) < 0 on
R, x R, where B, F, A\ € L' [0,0).

Then there exist monotone sequences {vy,}, {wy} converging uniformly to the unique solution u (T tg,up) =
ur of (2.3) on [to,T) and the convergence is quadratic.

Proof Let us initially define a continuous causal operator ¥ : C'[Ry,R] = C [Ry,R] and (Vu) (t) = ¥ (¢, us) €
C Ry x R,R], such that
U (t,ur) = Q (b, ur) + D (¢,ur) . (3.1)

In view of (My4), we have Uy, (t,ur) < 0, and | (t,u)] < (A(E)+ A1 () |u(t)] = Plu(t)|, where

P=(\(t)+ A (t) € L'[0,00). Moreover, |¥, (t,u;)] < B+ F = P, € L' [0,00). Using the generalized mean

value theorem and (3.1), we have
Q(t,ur) < U (t,an) + Ty (¢, o) (u—a) — D (t,ue),
where u, a € C?[[ty, T],R] such that «(t) <w(t), t € [to,T]. We get
G (t,ug,op) =W (t, o) + Uy (8, ) (u— ) — @ (¢, ue) (3.2)
and see that

Gtu, ) > Q(tu) (3.3)
G (tug,ur) = Q(t,ue).

Moreover, using the nonincreasing property of @, (¢,u;),
Gy (tyug, o) = Wy () — Doy (E,ur) > Uy, (B, r) — Py (B, ) > Qu (E, 1) > 0.
Thus, G (t, ut, o) is nondecreasing in u for each fixed (¢, ) € [tg, T] x C?[[to,T],R]. Further,
G (tyus,ap) = U (t o) + Uy (8 up) (u— ) — P (¢, ue),
which, together with (M;), (My), and (3.2), implies that

G (tur, o) = Plaf+ B(Jul + |af) + Ay ful = Py (8) laf + Ps (8) [ul = H (¢ ), (3.4)
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where P, = P+ B, P3 = A\ + B € L'[0,00). Now, using the mean value theorem and exploiting the

nonincreasing nature of U, (¢,u;), we obtain

G(tyug, o) — G (tu, ) < Wy (¢ ) (a1 — ) + Uy (8, a2) (2 — 1) (3.5)

\I]uu (tv Mt2) (Ml - Oé2) (011 - a2)
< 0

where as < po < p1 < 7. Expression (3.5) implies that G (¢, us, ) is nonincreasing in « for each fixed
(tau) € [thT] x C1 [[t07T] 7R] .
Set v = By and consider the following FCTV P

Dy (t) =G (t,ut, Bro), w(T)=rr (3.6)

Because of expression (3.4), the problem (3.6) has a unique solution £ (t) on [a,00), a > 0 satisfying

uy (T) = ur. Furthermore, in view of (M3) and (3.3), we have

“DiBy > Q(t, Bor) = G (t, Bro, Bro) » Bo (T) <7

and
“Diw (t) < Q (tawt) < G(tthvﬁto)v w (T) > T

which imply that

v (t) <up (t) <wl(t) for some a > 0.

Next, consider the FCTV P
Cun (t) = G (t7 Ut, ﬁtl) , U (T) =T (37)

In a similar manner, we can also show that FCTV P (3.7) has a unique solution [ (t) satisfying

B2 (T) = 7. Using (3.3) and the nonincreasing property of G (¢, us, ) in «, we have
‘DB (t) = G (L, B, Bro) > G (L, Be1, Br1) » B1(T) = yr,
which implies that (3 (¢) is a lower solution of (3.7) and
‘Diw(t) < Q(t,w) <G (twe, Bur), B(T) = r

implies that w (¢) is an upper solution of (3.7). Further, 81 (T') < 82 (T) < w (T) . Again, by virtue of Theorem
2.2, we get
B1(t) < Ba(t) <wl(t), t€la,T) for some a > 0.

Using mathematical induction, we obtain a monotone sequence {f,} satisfying
V<SP <P2<P3< . <Pt < B <won by, T],
where (3, is the solution of the following FCTV P
‘DI (t) = G (t, ug, Byn-1y) » w(T) = 1.
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The monotone sequence {f,} converges [ (¢t) as a pointwise limit as n approaches infinity. To show that £ (t)

is in fact a solution of (2.3), we observe that 3, is a solution of the following linear FCTV P

‘D (t) =G (ta Btna ﬁt(nfl)) =F, (t) 5 ﬂn (T) =T, (38)

where G is continuous on R, and

F, (t) =V (ta/Bt(nfl)) + Wy (t, ﬂt(nfl)) (6n - /Bn—l) - (taﬁt(n)) .

Therefore, in view of (3.4), it follows that for each n € N, the sequence {F, (t)} is a sequence of continuous
functions and is bounded by H (¢, 3;,) € L' [0,00). Consequently, [ F, (s)ds < co. Now, taking the limits
t

both side as n — oo, we have

lim F, (t) = lim G (£, Bin, Bi(n-1)) = Q (£, 1) -

n— oo

Now using the Lebesgue dominated convergence theorem, we get

oo oo

lim [ F,(s)ds= /Q (s,us)ds < oo.

n—o00
t t

Hence, the solution of (3.8) is given by
o0
Bn (t) = ~yr — /Fn (s)ds,

t

which, by taking the limit as n — oo, yields
5=~ [ Qs ds
t

which is a solution of (2.3).

Finally, in order to show that the convergence is quadratic, we set

On (t) = ﬁ(t) 7ﬂn (t)’ n= 172733""
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Observe that o, (t) > 0 and o, (c0) = 0. Now, by using mean value theorem and the assumption (My) we

obtain
‘Dioyiy(t) = “DIB(t) = DBny1(t)
= Qt,8) — [¥ (£, Biny) + Wu (£, Ben)) (Brt1 — Bn) — @ (L, Be(nt1)) ]

N 2
= v, (t,ﬂt(n)) (B = Bn) + Uy (t,&) % -

o (t, Betny) (Brgr — Bn) — (® (¢, 8e) — @ (L, Benr1))) (3.9)

PRV
= W (8 Bi) (B Buen) + W (160 PP (i) (8 )

(om (t))2

> Qu (b, Be(n)) ons1 () + P (£, G1)) o

DIP (1)

9 (on (t))2, On41 (00) =0, where 8, < (¢ < 8.

> —B(t)ons (t) -

By the application of Theorem 2.2, we obtain

On+1 (t) <7 (t) for some t > a > 0,

r (t) = exp (73(5) ds) VCqu(S) (o (5))% exp (- 73(1) dl) ds]

t

where

and solution of the following linear FCTV P
Dir(t)=—B(t)r(t)

Thus,

oo

/w (0 (5))% exp ( 73(1) dl) ds] .

t t

on+1 (1) < exp (/B (s) ds)

Hence, it follows that

o0

exp (73 (s) ds) /CDqTP(S) (0 (5))? exp (— 73 ) dl) ds

t t

IN

|ont (8)]

< Klow(s)’ T

2
= Alon(s)[",
where |exp (f B(s) ds)‘ <K, |f w (0 (5))? exp (— [ B() dl) ds| < 2T, and A = KT.
t t t
This shows that the convergence is quadratic. These complete the proof of the theorem. O
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4. Conclusion

We have investigated a new concept for the fractional causal terminal value problem and obtained the unique

solution of the fractional causal terminal value problem by combining the technique of the generalized quasilin-

earization method.
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