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Abstract: In this study, we generalize double tangent bundles to double jet bundles. We present a secondary vector
bundle structure on a 1-jet of a vector bundle. We show that the 1-jet of a vector bundle carries two vector bundle
structures, namely primary and secondary structures. We also show that the manifold charts induced by primary and
secondary structures belong to the same atlas. We prove that double jet bundles can be considered as a quotient of
the second order jet bundle. We show that there exists a natural involution that interchanges between primary and

secondary vector bundle structures on double jet bundles.
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1. Introduction

In general, there are two ways to define k-jets. The first definition is based on using the sections of a fibered
manifold. In this definition, a k-jet is an equivalence class determined by an equivalence relation «. Two
sections of a fibered manifold are called k-related by the relation « if they have the same Taylor polynomial
expansion at the point x truncated at order k. This definition usually leads to a geometric approach, which is
applied to the study of systems of differential equations (we refer the reader to [1, 2, 4, 9-11] for more details).

The second definition of jet bundles is based on using the functions from N to M, where N and M
are smooth manifolds. In this definition, a k-jet of a function f at x is an equivalence class defined by an
equivalence relation . The equivalence of two functions is defined in the same way as the equivalence of
sections. The collection of all k-jets is called a k-jet bundle. One particular case is when N = R. In this case,
the jet bundle is called a tangent bundle of higher order. This jet bundle possesses a certain kind of geometric
structure, which is called an almost tangent structure of higher order. More generally, if N = R? | then the jet
bundle is called the tangent bundle of p* velocities. This concept was introduced by Ehresmann to develop
classical field theory in an autonomous sense [6].

In this paper, we will consider the second definition: 1-jets with source at the origin of RP, and
targeted in M, which gives a good approach in generalizing tangent bundles. The canonical involution in
this work is a generalization of the canonical involution defined on tangent bundles. The canonical involution
on tangent bundles is used to provide a practical description of a torsion of a connection. It was proven that

symmetric connections are exactly the ones whose horizontal distributions are preserved by canonical involution
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[8]. Moreover, there is a correspondence between symmetric connections and sprays on tangent bundles [8].
Since a jet bundle is a generalization of a tangent bundle, the canonical involution in this work can be used to
find generalized symmetric connections and therefore generalized sprays on jet bundles.

The organization of this work is as follows: in Section 2, we provide some preliminary theorems that will
be used in our proofs. In Section 3, we introduce a study of the 1-jet of an arbitrary vector bundle and present
a secondary vector bundle structure on a 1-jet of the vector bundle. Due to two vector bundle structures, the
1-jet of a jet bundle is considered as a double vector bundle (DVB). In terms of the induced manifold structures
on the total space of the DVB, we prove that both belong to the same atlas. We also prove that the 1-jet of
a jet bundle (double jet bundle) can be considered as a quotient of a second order jet bundle. Moreover, we
show that two vector bundle structures are isomorphic on a double jet bundle by defining a canonical involution
that interchanges between such structures. In Section 4, we prove some identities and statements that we use

throughout the paper.

2. Preliminaries
In this section we summarize some necessary preliminary materials that we need for a self-contained presentation

of our paper.

2.1. First order jets: J, M

Let C*°(RP) be the algebra of C* -functions on the Euclidean space R” with natural coordinates (u1,ua, ..., up).
Let f,g € C*°(RP); f is equivalent to ¢ if f(0) = g(0) and 9/0u,;(f) = 0/0ui(g) at u =0 € RP for every
1 =1,2,...,p; clearly, this is an equivalence relation.

Now let M be an m-dimensional manifold. Consider the set C*°(RP; M) of all smooth maps ¢ : RP — M |
and take elements ¢,£ € C°°(RP; M). Then ¢ is equivalent to £ if f o ¢ is equivalent to f o & for every f €
C°°(M). This is again an equivalence relation, denoted by j!(¢) the equivalence class of ¢ € C°°(RP; M) and
called a 1-jet in M at $(0). We denote JJM the set of all equivalence classes in C(RP; M). If (U, z1,...2m)
is a local chart in M, then (J;U,xl, ooy T, L, ..2™) is the local chart for J;M, with a =1,2,...,p by

i(j1(9)) = zi((0))
r o) = 252, &

Let j'¢ be an arbitrary point, and let ¢, : R — M be the differentiable curve given by ¢, (u) =
#(0, ..., u,...0), with u at the o'" place; then, associated to j'¢ there is a unique (p + 1)-tuple [z; X1, ..., X,)]
given by

d
= 0 Xa = % (— R
v = 6(0) 42 (=-lo)
where d/du is the canonical vector field tangent to R. From now on, we shall write [z;X1,..., X,] simply as
[z; X,] and shall identify j'¢ = [z; X,] if there is no confusion.
oL

Remark 1 In later sections, we sometimes use the notation X, for g>|o.

Now we focus on some functorial properties of jet bundles.
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Theorem 2 [5]

(i) If h: M — N s a differentiable function, then h induces a canonical differentiable map h' : JT}M — J;N
given by

h'(j'¢) = j'(ho o), Vite € J)M,

and in terms of previous identification, we have h'([z; Xo]) = [h(2); he X4 ].

(ii) If h is a diffeomorphism, then the induced map is also a diffeomorphism and, moreover, (h*)~! = (h=1)L.
For the manifolds M and N, J; (M x N) is diffeomorphic to JZ}M X J;N,

(ii) If M is a real vector space of dimension m, then J;M inherits a wvector space structure: for any

jrf.ilg € J;M and X € R, operations are given by

Pitf+itg=3'(f+9), M=),

where f+g and \f are defined in the usual way. Vector space operations of JyM as [x; Xo] + Ny; Ya] =
[+ Ay; Xo + AYa].

2.2. Second order jets: J3 M

Now we consider the 2-jets by taking classes having equivalence up to all derivatives of second order. The
natural atlas of this bundle can be obtained as follows:
Let ¢,¢’ € C°(R?", M). We say that ¢ is equivalent to ¢’ if

$(0,0) = ¢'(0,0)
0 o9’
67%|(0,0) P l(0,0)
82¢ 82¢/

i|(0,0)
3u@8u5

—li0.01- 1<a,f<2
(9'1_14078715 |(0,0) e 6 = 4p

Let E be a finite dimensional real vector space, and then J22pE is regarded as a finite dimensional real

vector space. Let L(R?”, E) denote the vector space of linear functions A : R?” — E and let S3(R??; E) denote

the vector space of all symmetric bilinear functions B : R?? x R?? — E. The function

0¢ 0%¢ -
.2 _
= (¢(0,0), 50,00 55— , 1<a,B<?2
J ¢ — (¢(0,0) s l(0,0) D0 l(0,0)) a, 8 <2p
is a canonical isomorphism, where

_ Ugy a=1,2,..,p,

Ha = Wq a=p+ 17 72p
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We note that we identify R?? with R? x RP. Let ¢ : U — E be a local chart of M that, without loss of
generality, we assume maps onto a vector space F. Let (z,A4,B) € JQQP(E); the corresponding 2-jet is the one
represented by

1

_T _
.B.4.
2U u

op(a)=c+Au+

In terms of curve notations discussed for the first order jets, we may identify j2¢ € J22p with the triple

5°¢ = [2; Aa; Bag), 1<aj<2p,

where

¢

A& - =

i~ |(0,0)
and

0%

B.z=
5 = Fuadi, O

3. Jet bundle to a vector bundle

Let g : E — M be a vector bundle with the local bundle trivialization

Yimg'(U) = U x E,

where U is an open subset of M. Then J;E can be considered as a jet bundle on E (the total space of VB

7g ). The bundle trivialization on J;E is
¥ : JIE — E x L(R?, R™*F)
by

I') = (2(0), 5 lo).

where ® € C°(RP,E). Then ®(0) = (¢)"!(z,y) and

oug ' oue ' Oug

o),

where Z; = z;0mg, y; = y; opra o1, and x;,y; are the local coordinate functions of M and E, respectively.
Using curve notation gives:

jlq) = [x7y§Xa7Ya]

where
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and

3(% e} (D)
Y, =22,
Oug lo

Moreover, for each smooth manifold M, J) M carries a vector bundle structure (see Lemma (12)). Since
E is a smooth manifold, then J;E carries a VB structure, where the intrinsic operations are given by the
following:

For a local bundle chart ¢ : (mgo7) =t — 7 L (U)x L(RP,R™*¥) | the mapping +; and e; on (7)~'{(z,y)}

are defined locally as

51 4151 = ()T () M, y), (pra o ) (51 ®) + (pro o ¥) (@)
and

Aoy ® = ()7 ((¥) M@, y), A (pra 0 ¥) (D)),

where 7 : JJE — E is the projection map of the first jet bundle (J)E, 7, E, L(R?, R™*+F)). Using curve notation,

one can see that
GO 4+ e = (2, y; Xo, Yo +1 [2,y; X, Y] = [2,y; Xo + X, Yo + Y]]
and
Aoy [z, y; Xo, Vo] = [2,y; A X0, AYS],

where U is an open subset of M .

Remark 3 Hereafter, we will refer to the above vector bundle structure as the primary structure.

3.1. Secondary VB structure on JI}IE

We recall that there exists an induced canonical smooth function 74 : J;E — JP}M , where g : E — M a
smooth bundle projection of E. One can easily prove that 7 is a surjective map. Moreover, it can be seen

from Theorem 2 that .J) E is a vector space (isomorphic to L(R?, E)). If we let the local trivialization of E be
the map v, then ! : J;(WIEI(U)) — J)(U x E) is a diffeomorphism.

Now we consider the trivialization domains:
Lemma 4 Let W]EI(U) be a local trivialization domain of the bundle E. Then

Jp (g (U)) = (mz) ' (JyU) = (mg 0 @) 71 (U). (2)

Proof To prove equation (2), we will prove the following;:
() T2 (V) € (=) (ILU),
(i) (m)~"(JU) C (re 0 7)~1(U), and
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(iii) (mg o ®)~1(U) C J}(mg " (U)).
Suppose that

jte € Iy (mg L (U)).

By its own definition, ¢(0) € 7z '(U), and then

me(¢(0) €U = j'(meo®) e ,U
= m(j'®) e LU
= j'¢ € (m) (SU).
Then J}((mg) ' (U)) C (mg)~'(JAU). The first statement is proven.
Suppose that j'® € (mg)~!(JyU). Then
(i ®) € J,U jt(rg o ®) € JJU
(mg 0 ®)(0) € U
©(0) € (me)~'(U)
7 H(@(0) € 7 (mg ' (U))

A

i € (mg o 7)1 (U).

Then (mg) ' (JyU) C (g o @) "' (U). The second statement is proven.

On the other hand, suppose that j'® € (mg o 7)~*(U). Then

(reo@)(j'®) €U = (ma(7(j'®))) €U
= W]E(CI)(O)) eU
= ®0) e (U)
= j® e Jy(mg (U)),
which shows that (mg o @)1 (U) C J} (7% *(U)). This completes the proof. O

Proposition 5 Let mg : E — M be a vector bundle. Then wg : JJE — JIM s a vector bundle so that the
manifold J;IE has two vector bundle structures, namely its primary vector bundle structure as the first jet bundle
of manifold E and a secondary structure with JI}M as the base manifold. Moreover, the induced charts on J;JE

from the primary and secondary structures belong to the same atlas.

Proof First, we start the proof by showing that ! is the bundle trivialization of the secondary jet bundle
J;E:
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Since Pryo¢! =g , then m : JJE — J) M is a smooth fiber bundle. (Here Pry : JiU x JJE — JU

represents the first projection. We note that J;(U x E) and J;U X J;E are diffeomorphic by setting

Gt = (3N (f1),5' (f2)), where f = (fi,f2) :RP = U x E.)
Now we identify j'® € J;IE as quadruple [z, X,;y, Ya] such that

and

_ O(rg o ®)
Xo = W'O 3)
_O(praotpo®)
v, = Aerzevot), 0

Showing that the fiber map is linear proves that m} is a vector bundle over J[}M .

Let j'®,j'®" € (mg) "' {j'0}, for each j'0 = [x; X,] € JyM . Then j'® = [z, Xo;y, Vo] for a = 1,2, ..., p,

and j'®' = [z, X4;9,Y!]. The secondary vector bundle operations on this fiber are defined by:

jle 4, jlo

and

(W) 710, (pra o 9") (71 @) + (710, pra 0 1) (51 @)
[, Xasy +y', Yo + Y]

Ne, il = ()TN0 A (prz00)(5'D))

['ra Xaj MY, /\Ya]a

where j'®,j'®" € (r})~1{j'0}, and A € R. Thus,

Vi xa) ([ Xa;y, Yol 4, Ao, [2, X050, Y] = 9 ([, Xasy + A, Yo + AY,])

which is equal to

= [y+ M\ Yo+ Y]
[y7 Yoc] +]E A o [y/a YQ/}7

z/}[la:,Xa] ([3’5, Xa; Y, Ya]) t2Aeg 1/)[11,X,,] ([x, Xas y/’ Yolz])

This shows that 1/)[193 x,] is a linear function. Therefore, JyE is a vector bundle with its secondary

structure.

By now, we have shown that J;]E carries two vector bundle structures (namely primary and secondary).

One can easily see that these two structures define coordinate charts on the total space JI}E. Now we will show

that these two charts belong to the same atlas. To do this, we will show that the identity map of J;E is a

diffeomorphism between two VB structures based on J;M and E.

Let E have the local coordinate maps #;,y; with 1 <7 < m,1 < j < k. Considering the primary

structure on J;IE, for all jl¢ € J;Ev there exist triples (z,y, p) with
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®(0) =~ (x,y) and p: RP — R™*+*  which is a linear function that corresponds to the matrix A = [8% 0} .

Uy

Here the term ®; is defined by
& — (Z; 0 D) a=1,2..m,
“ | (gjo®) a=m+1,...m+k.
Therefore, the matrix A consists of two submatrices: they are
|2t | and (2] (5)
On the other hand, considering the secondary structure on J;]E, given any j'® € JZ}E, there exists
quadruple (z, f;y,g), where ®(0) = ¢~ 1(x,y), f = [%b] , and
9= 52 ]
It is clear that the matrix representations of f and g are defined the same as in Equation 5. Let € be

the identity map of JI}E. Let Wi, ¥y, and ¥g be the local trivializations of jet bundles JZ}E, J;M, and JI}E7
respectively. Suppose further that

¢ : U C M — R™ is a coordinate chart. Then the local form of  (which we denote by Q) is given by the

following commutative diagram:

() (D) i (mz 0 7))
P2 ©1
o(U) x L(R?,R™) x E x L(R",RF)—L L () x E x L(R",R™) x L(R",R¥)
where
1= (p % idExL(Rp,Rm)xL(Rp,Rk)) o(p x¢§)o 1/;7
and
2 = (p X idL(Rp,Rm)xExL(Rp,Rk)) o(¥m x ¥g)o wl»

and

f:L(RP,Rm+k) - L(RP’RM) % L(RP,Rk)
fg — f(fg):(fvg),
where f,(u) = (f(u), g(u)).

From Lemma 16, the local form ) is (x, f,y,9) = (x,y, f,g). Tt is clear that the local form is a surjective map.

Since ) = pri X prg X prg X pry, then the local form is differentiable with its own inverse. Therefore, Qs a

diffeomorphism, which implies that two structure charts belong to the same atlas. O

Remark 6 The secondary structure defined on tangent bundles can be found in [8].
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3.2. J,(JyM) as a quotient manifold

Let us consider the case E = J;M for the smooth manifold M. By Lemma 12, J;M is a vector bundle.
By Proposition 5, J;(JI}M ) has two vector bundle structures both based on J;M . To define the double jet
manifold, we begin with the idea of smooth functions on J;M .

Let ¢ : R? x RP — M be a smooth function. We define

® R — )M

u = 0u) = (o), (6)

where ¢,, is defined by

¢y RP — M
v - ¢u(v) = d’(uvv)'

It can easily be seen that ¢, is a smooth function.

RP JyM

Here

(Yo®)(u) = (Pu(0),

—— lw=0), u € R?

Opu
(6(0,0), 52 1=0)

is a smooth function. Therefore, ® € C>(R?, J} M).

Proposition 7 Let & and ¢ be the functions defined by Equation 6. Then J;(J;M) is a quotient of JQQPM,
with the quotient map A defined by the following:

A: J3,(M) = Jy(JyM)
J2p—  J'D.

Proof Let 9 be a local trivialization of the vector bundle JI}M ; then considering local charts for J22pM , and
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J;(J;M ), we have the following commutative diagram:

J2,M A JH(JIM)
v boyt=1
M x L(R? R™) x Sy(R» R™)——D 0 x L(R?,R™) x L(RP,R™) x L(RP,R™) )

where ¢ denotes the local trivialization of J}(M x L(RP,R™)), and ¢? stands for the local trivialization of
JQQPM . We note that, due to Proposition 5, it is also possible to use the induced chart of the primary structure.

For any A € L(R?’,R™), we can identify A in terms of the submatrices of form m x p with A = [A,A44]
where A,, As € L(RP,R™). Similarly, for any B € S2(R*,R™), we can identify B as the submatrices

Bag Bdﬁ>
Bus = .
= \B,; B

Suppose that (z, A, B) € M x L(R?**,R™). Let (¢?)"!(z, A, B) = j2¢ with the following properties:

0¢ 0%
T = ¢(Oa0)> A= %“0,0)a [Ba/ﬂ = 8aaﬂ5 |(0,0)~
Therefore, the submatrices Ay, As, Bag, Bag, B,s, and By, are
¢ 0¢
o« = 3, l0o) Agy = D l(0,0)
and
0%¢ 0% 0% 0%¢
[Bag] 8%%\(0,0) [Bag| = 8wauﬁ|(0’°) [B,sl = 3uaw5|(0’0) [Bysl = 8waw5‘(0’0)'
Then,
A, A,B) = (($o¢")oNo(4*) ") (x, A, B)
= ((You')oN)(j%(¢))
= (oyph)(j'®)
= Y[ (Yo@))
0 i)
= (o)), 222 ¥
From the last line of Equation 8, one can see that
09(0

(60 ®)(0) = (3" (60)) = (6(0,0), 2229 ) € M x LR, R™),

ow
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and

Ao (I’)| -~ (3¢(u70) | %9
oug, 0 Ou, O OuOwg

l(0,0)) € L(RP,R™) x L(RP,R™P).

Continuing to Equation (8), we have

w U 2
A, A,B) = ((¢<0,0),8¢<0,>|w_0), 29(w,0) 926

Ow, Oug, hu=o, O Owg u_w_0)>

_ 0¢(u, w) 9¢(u,0) ¢
_ (¢(0’0)’8wa | (u,0)=(0,0)» D |u:07auaawﬁ|(u,w):(0,0)

= (xaAdaAayBaB)'

The map (A, B) = (x, Aa, Ao, B,
and thus A is. O

B) is a surjective linear map. It follows immediately that A is a submersion,

Remark 8 Using curve notation on each j2¢ and j'® in J22pM and J;(J;M) respectively as follows:

726 = 3 [Aa Al Bagl,
and considering the primary structure on J;(J;M) , we have
7'® = [(z, Xa); (Ya, Cap)],
where (z,X,) = ®(0), and (Yo, Cap) = Cf?%b.
Considering the secondary structure on J;(J]}M), we have
7' = [(2, X1); (Ya, Clg)].

It follows from equations (3) and () that X, Y, , and C} 5 are defined by the following:

Amod 0
X;:(aTa)’ Y;:(pr2o¢oq>)(0):%|o7
and
, :3(prgowo<1>)| _ 0%® |
b Oug, 0 O Owg 0
The local form of A follows immediately such that the curve notation (discussed in Section 2) is as
follows:

A([:U; [Aoon'c}; Baﬁ]) = [xv As; Aas BaB]'

Now we shall define an involution on second order jet bundles that will help us to define the involution
of J;(J;M ).
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Theorem 9 There exists a canonical involution  : J22PM — JQQPM that descends via A to J;(JI}M) giving

the involution € : J)(Jy M) — JY(JJM).

To prove this theorem, we need to show that /isa diffeomorphism, and the induced map ¢ is well
defined.

Proof Let §:R? — R?? denote the flip map (u,w) — (w,u) (the map that flips first and second p-tuples).
Define

0 J5,M — J3,M

U7*¢) = *(d o).
The local form of ¢ is the involution (z, A, B) — (z, A, B) such that
o B.. B .
— . ap af
(5.4 B) = (. lAs ] (520 5. 9)

(For detailed proof of Equation (9), see Appendix, Section 4, Corollary 15.)

The linear function corresponding to matrix A is

AUW) = AU + AW = [AgAg).(W,U) = A(f(U,W)).

Therefore, A = Ao f. The symmetric bilinear form corresponding to matrix B is

B(U,W),(U,W)) = (U,W)".B.(UW)
= BdBUU + BQBWU + BngW + BQ5WW
= }U,W)".BfUW)
= B(UW),j(U,W)).
Thus, B = Bo (f,f). Then the local form of { is the function
(:L', A7 B) - (./L', A © f’ B © (f’ f))7

which is a diffeomorphism. To finish the proof, we need to show that the above defined ¢ is well defined.
Let j2¢,j%¢' € J5,M , and suppose that A(j?¢) = A(j*¢'). Then,

D(A(29)) = Y(A(2¢))
= (PoA)(5%¢) = (Yo A)(j?¢)

By Diagram (7), we have
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(Aop?)(5%0) = (Aov?)(2¢)

9 dp ¢ / ¢’ oy ¢
= (¢(0,0 — = 0,0), , y————
((0,0), Ow,’ Ouy,’ Ouaawﬂ) (¢'(0,0) Owy’ Oug” Qugdwg
= ((i)(O,O),Ad,Aa,BaB) = (d)’(O,O),A’d,A’a,B;B).
With the last equation, we can conclude that B, 5= B; 5 Since the matrices B and B’ are symmetric, then
B,; = [Bag]",
which implies

Now we focus on the function /. Using commutative Diagram (7), we have
YoA=~Aoy?

Then

(WoAol)(j%¢) = (oA (dof))
= (Aoy?)(%(¢oF))

R o(o o 9%(db o
— A(6(0,0), E;b%fﬁ alfj’au?)

= A(z, [Ad,Aa],(Bzg Bz§>)

= (.’E, Aa, Ad, Bdg)
= (1‘/, A:x’ A/o'u ;B)
= (PoAol)(j%¢).
On the other hand, because ) is injective, it follows immediately that
(Ao D)(5%¢) = (Ao O)(5%¢). (10)

Equation (10) implies that ¢ is a function on J;M . Since A is a surjective submersion, and ¢ is a diffeomor-

phism, then ¢ is a differentiable function (see [3] and [7], 16.7.7,ii). Since ¢ is an involution, i.e. ¢ has its own
inverse, then £ is also an involution, and the function ¢ is a diffeomorphism. O

In the following proposition, we define the aforementioned involution £.
Proposition 10 The involution £ : J;(JI}M) — J;(J;M) is defined by the following:

E([y, Yo Xo, Cozﬁ]) = [ana;You [Coz,B]T]
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Proof Suppose that v = [y,Y,; Xq,Cagl € JI}(J;M). Due to A being a surjective function, there exists
j2¢ =[x, A, Bss] € J3,M such that

aB dB
and
[y7Ya;XaaCaﬁ] = A(]2¢) = A([l‘7Ade&B]) = [x’AéHAOHBaB]‘
Then,
T =1, Ya:Ad, Xa:Aon CO&BZBaB'

On the other hand, since the matrix Bz is symmetric, then [B,;]" = Bag. Then

[y, Ya; Xas Cagl) = (Lo M)(79)) = (Ao l)(;%9)
= [I,AQ;AQ,B('X/[;].
= [y7Xa;You [BQB]T}

= [ya Xa; Yo, [Oozﬁ]T]v

which finishes the proof. O

In the following proposition, we shall show that the primary and secondary vector bundle structures on

1071 ‘ -
J,(J, M) are isomorphic.

Proposition 11 For any smooth manifold M , the function
L oqlggl 1/ 71
O Jy (I, M) — J,(J, M),

which is defined in Theorem 9, is a J;M—isomorphism of vector bundles in the following way:

¢
JHIM) —L L (i)
m iy
JEM =~ JIM (11)

Proof To prove the theorem, we only need to show that ¢ preserves fibers.
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Suppose that j'® € 771([z, X,]). Then from Remark 8, j'® = [z, X,;Ys, Cap]. Using Proposition 10,

we have
(rtof)(j'®) = (7 of)([r,Xa;Ya,Capl)
= 771([$7Ya§Xa,[Caﬁ}T)
= [1‘7 Xoé]
= ('),
which proves that ¢ preserves fibers. Thus, £ is a bundle isomorphism. O
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A. Appendix

Below, we present some identities and statements that are used in this paper.

Lemma 12 (J;M,T(‘,M,L(RP,RW)) is a vector bundle with the bundle projection wys : JI}M — M, which
is defined by mar(j1o) = ¢(0) for all jl¢ € J;M, the above manifold structure on J;M, and the intrinsic

operations on my{x} defined by

[#; Xo] + [2; X)) = [2; Xo + X]] Ao [z; X, = [250X,] (A1)
forall x € M.

Proof 1In [5], it is proven that J) M is a bundle with the local trivialization
Wy i JyU — U x L(RP,R™),

where JIU = {j'¢ : ¢(0) € U}. Showing that (W), : 7y {x} = L(RP,R™)) is an isomorphism implies that
(J;M, m, M, L(R?,R™) is a vector bundle. From Equation 1, we have

(Uar)e(j'0) = 8(?7(?|0~

If we denote j'¢ = [v; X,] where X, = ¢%(d/du), then

(\I/M)z(]lﬁb) = (Xa[xl]) .

Therefore, we have

(War)a([2; Xo] + [2: X0)) = (Xa + Xo)lwi] = (Xalzi] + X(,)[xi]
= (Yar)a(l; Xal) + (Var)a([z; Xg])-

On the other hand, we have

(War)e (A o [2; Xa]) = (AXa)[2i] = M Xa)[2i] = AWar)a([2; Xal),

which shows that (Uj), is a linear function. O

Lemma 13 The function A defined in Lemma 9 is well defined.

Proof Suppose that j2¢ = j2¢' , where j2¢,j%¢’ € JQQP(M). To prove the lemma, we should show that
jl(b — jl(I)/.
The equality of 2-jets implies the following;:



KADIOGLU/Turk J Math

3925 ¢’
|(0 0) = ot ~—l(0,0)5 (A.3)
62 82¢/
e . A4
5u uﬁ|< 0 = Pan 100 (A.4)
Equation A.2 shows that
$0(0) = ¢5(0). (A.5)
Equation (A.3) leads to
9¢ o¢/ d¢ 0¢/
%ko,o) = Mko,o) and Twa\(o,o) = %k0,0)a
which implies
0¢(u,0) 0¢'(u,0)
e = u— A.
= O, hu=o = O, hu=o (4.6)
and
9¢(0, w) 9¢'(0, w)
w=0 = w=0- A.
- Owq ho=0 Owq ho=o0 (A7)
Equation (A.7) leads to
¢y Oy
= . A.
ow,  Ow, (A-8)
Combining Equations (A.5) and (A.8), we have
@(0) = j' (%) = j*(¢) = @'(0).
On the other hand, by setting @iz = u, and iz = wg in Equation A.4, we have
62(;5 (92@5/
e . A.
Buaws =0 = Duns |(0.0) (A.9)

For all u € RP, j!(¢,) can be associated to the ordered pair [¢,(0), gﬁ;]. Then, combining Equations
A.6 and A.9, we have

ou, =0 O " Ougdwg (0,0)
dp(u,0)  9*¢

= Oug ﬁuaawlg‘ ©00)
05,0) %
O Ougdwg
o0’

. Al
i (A.10)

=
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which shows that j'® = j'®’. Thus, A is well defined. O

Lemma 14 Let ¢ € C*°(R?* M), and let u,, w, denote the first p coordinate functions and the second p

coordinate functions respectively on R?P. Let § be the flip map defined in Lemma 9. Then there exist the

following equations:

Ngof), _ 99 o(¢gof), _ 06
eol, = 22y, 22D, = 22, (A1)
P*(pof), _ 0%
dugdu, lo = dwgOw,, o (A.12)
P(pof), _ P9
Owsdug " Ougdw, o (A.13)
*(pof), _ 99
Owgwq 0= Jugug o (A.14)
Proof Since f(u,w) = (w,u), then
Uy O f = Wa, W O f = Uq. (A.15)
Due to the Chern rule, we have
ogof) _ (09 o duszof) (A.16)

Oug, :(6‘u5 - Oug

Combining A.15 and A.16 at point 0, we obtain Equation A.11.
On the other hand, taking the partial derivatives of the two sides of Equation A.16 at point 0 and using
the Chern rule gives Equations A.12, A.13, and A.14. O

Corollary 15 Entries of the matrices A and B in Lemma 9 can be given as follows:

Bap=Bss  Bag=DBap  Bap=DB,;  Bag

Proof Using the definition of matrix B and Equations (A.12), (A.13), and (A.14), we have

_ (o) ¢ 0%(¢of) 82

Ba = = =B.; Bd = = =B
[Bas] OuOug 0 0w, 0wy, lo ap [Ba] Owa0ug lo Oug 0w, lo af
and
A (g of) ¢ A (g of) ¢
B o = = = B 5 B o = = Ba .
[Bagl OuOwg 0 Ow,O0ug o B [Bag] Owa0wg lo OuaOug o g
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Lemma 16 The local form of the function € is

Qu, f,y,9) = (w,y, f.9).

Proof For all (u,f,y,9) € w2((me) ' (JyU)), then there exists a unique j'® € (mg)~'(JyU) such that

902(.71@) = (U,, fﬂyvg) Thus7

(u, f,9,9)

((p x ZdL RP R™)x Ex L(RP, Rk))o(‘I’M x ‘I’E)Ol/ll)( ®)
((p x idp(Re Rm)x Ex L(RP, Rk)) o (Wpr x \I’E))(Jl(w o ®))
( )

(¢ X idp e mm)yx Bx LR ) © (Yar X Ug)) (5 (75 0 @), j' (pra 0 1 o D))

. O(mg o @ O(proopo®
= (o idyqar gy (72 0 0)(0). (D oy 0 o @) (0), L2220 02)
8ua aua
0 P 0 )
= (om0 ®)(0), =D, oy 0 @)(0), T22L2) )
Therefore, there exist the following equations:

O(mg o ® 79 01 0 D
u=(pomson)0),  f=2TEM s oy om)) (preete )

On the other hand, %b : R? — R™**_ The derivative can be written of form

(o D)
Oug,

A(pri oo ®)
Oug,

A(pra o1 o ®)
Oug,

lo=1 lo lo]-

Thus,

0 opo® 0 o1od
5( au& IO) — ( (prlaujf )|O7 (pT28uZ) )

l0)-

Using this equation, we have

O o D)

((pxid)o (¥ x &) 0 P)(j' @) = ((p x id) o (1 x E))(P(0), =5~

— (<,0 % id)((pﬁ o '(/J o @)(0), (p?“z o '(/J o @)(O)v 5(6(2};&@) ))

= ((pomgo®)0), (prs oo ®)(0), (5(])7“1621/) o d) lo, 3(197“2821# o D) )

(u,y, f,9)-

)

This proves that Q(u, f,y,9) = (u,y, f,g)-

l0))
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