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1. Introduction

Hayden introduced the idea of a metric connection with torsion on a Riemannian manifold [4]. A linear

connection ∇̃ on a Riemannian manifold (M, g) is called a metric connection with torsion with respect to g

if ∇̃g = 0 and its torsion tensor is nonzero. In [15], Yano defined a semisymmetric metric connection on a

Riemannian manifold. A semisymmetric metric connection is a metric connection whose torsion tensor is in

the form: S(X,Y ) = p(Y )X − p(X)Y , where p is a 1-form. Chaki and Konar [1] obtained the expression for

the curvature tensor of a Riemannian manifold that admits a semisymmetric metric connection with vanishing

curvature and recurrent torsion tensors.

A locally decomposable Riemannian manifold can be defined as a triplet (M, g, F ), which consists of a

manifold M endowed with an almost product structure F and a Riemannian metric g such that g(FX, Y ) =

g(X,FY ) and ∇F = 0 for all vector fields X and Y on M , where ∇ is the Levi-Civita connection of

g . For a locally decomposable Riemannian manifold (M, g, F ), Prvanovic defined a product semisymmetric

F -connection that is a generalization of semisymmetric metric connections and proved that if this has a

zero curvature tensor then the Riemannian space is product conformally flat [11]. A more general product

semisymmetric F -connection is also studied: this is not a metric connection but is a product-recurrent metric

connection. For further references, we refer to [7–10].

The notion of golden Riemannian structure was introduced in [2] as a (1, 1)-tensor field F and a

Riemannian metric g on a manifold M that satisfy F 2 = F + I and g(FX,FY ) = g(FX, Y ) + g(X,Y )

for all vector fields X and Y on M . In [3], the second author and collaborators proved that a necessary

and sufficient condition for the triplet (M, g, F ) to be a locally decomposable golden Riemannian manifold

is that ϕF g = 0, where ϕF is the Tachibana operator applied to g . In this paper, we construct a golden
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semisymmetric metric F -connection on a locally decomposable golden Riemannian manifold. First we study

some properties concerning its torsion tensor. Then we calculate curvature, conharmonic curvature, and Weyl

projective curvature tensors of this connection and investigate their properties. Finally we define and study the

transposed connection of this connection.

2. Preliminaries

Let M be an n -dimensional differentiable manifold of class C∞ covered by any system of coordinate neigh-

bourhoods (xh), where here and in the sequel the indices h, i, j, k, ... run over the range 1, 2, ..., n . Also note

that summation over repeated indices is always implied.

Consider a (1, 1)-tensor F with components F j
i and a (p, q)-tensor K with components K

j1j2...jp
i1i2...iq

satisfying the condition

K
j1...jp
mi2...iq

F m
i1 = K

j1...jp
i1m...iq

F m
i2 = ... = Kj1...jp

i1i2...m
F m
iq =

K
mj2...jp
i1...iq

F j1
m = K

j1m...jp
i1...iq

F j2
m = ... = Kj1j2...m

i1...iq
F jp
m ;

then the tensor K is called a pure tensor with respect to the tensor F .

The Tachibana operator ϕF applied to a pure (p, q)-tensor K is given by

(ϕFK)
j1...jp
ki1...iq

(2.1)

= F m
k ∂mK

j1...jp
i1...iq

− ∂k (K ◦ F )
j1...jp
i1...iq

+

q∑
λ=1

(∂iλF
m

k ) K
j1...jp
i1...m...iq

+

p∑
µ=1

(
∂kF

jµ
m − ∂mF

jµ
k

)
K

j1...m...jp
i1...iq

,

where

(K ◦ F )
j1...jp
i1...iq

= K
j1...jp
mi2...iq

F m
i1 = ... = Kj1...jp

i1i2...m
F m
iq

= K
mj2...jp
i1...iq

F j1
m = ... = Kj1j2...m

i1...iq
F jp
m .

The operator (2.1) first introduced by Tachibana [14] (for Tachibana operator and its applications, see [13] and

[16]). If the pure tensor K satisfies ϕFK = 0, then it is called a ϕ -tensor. If the (1, 1)-tensor F is a product

structure, then a ϕ-tensor is a decomposable tensor [14].

A golden Riemannian manifold is a manifold M equipped with a (1, 1)-tensor field F with components

F j
i and a Riemannian metric g with components gij that satisfy the following conditions:

F k
i F j

k = F j
i + δji (2.2)

and

F k
i gkj = F k

j gki (or equivalently F k
i F t

j gkt = F k
i gkj + gij). (2.3)

It follows from (2.3) that Fij = Fji . Riemannian golden and almost product structures are related to each

other. In fact, the connection between a golden structure F and almost product structure J on M is as follows
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[2]:

J = ∓ 1√
5
(2F − I) (2.4)

or conversely

F =
1

2
(I ∓

√
5J). (2.5)

Furthermore, it is clear that a Riemannian metric g is pure with respect to a golden structure F if and only

if the Riemannian metric g is pure with respect to the corresponding almost product structure J . Using the

above-mentioned relation, from (2.1) a simple computation gives the following:

ϕFK = ∓
√
5

2
ϕJK (2.6)

for any (p, q)-tensor K . A golden Riemannian manifold (M, g, F ) is a locally decomposable golden Riemannian

manifold if and only if the Riemannian metric g is a decomposable tensor, i.e. (ϕJg)kij = 0 [3]. We note that

the condition (ϕJg)kij = 0 is equivalent to ∇kJ
j

i = 0 [13]. Here we use the notation ∇k to denote the operator

of the Riemannian covariant derivation. Throughout this paper, the notation ∇k will be used for the same
purpose.

3. The golden semisymmetric metric F -connection

Let (M, g, F ) be a locally decomposable golden Riemannian manifold. We consider an affine connection ∇̃

with components Γ̃k
ij on M . If the affine connection ∇̃ satisfies

i) ∇̃hgij = 0 (3.7)

ii) ∇̃hF
j

i = 0,

then it is called a metric F -connection. When the torsion tensor S̃k
ij of ∇̃ is given by

S̃k
ij = pjδ

k
i − piδ

k
j + ptF

t
j F k

i − ptF
t

i F k
j , (3.8)

where pi are local components of an 1-form (covector field), we call the affine connection ∇̃ a golden semisym-

metric metric F -connection.

Let Γ̃k
ij be the components of the golden semisymmetric metric F -connection ∇̃ . If we put

Γ̃k
ij = Γk

ij + T k
ij , (3.9)

where Γk
ij are the components of the Levi-Civita connection ∇ of g and T k

ij are the components of a (1, 2)-

tensor field T on M , then the torsion tensor S̃k
ij of ∇̃ is given by

S̃k
ij = Γ̃k

ij − Γ̃k
ji = T k

ij − T k
ji.

Since the connection (3.9) satisfies the condition (i) of (3.7), by following the method shown in [4], we get

T k
ij = pjδ

k
i − pkgij + ptF

t
j F k

i − ptF
ktFij ,
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where pk = pig
ik , F kt = F t

i gik and Fij = F k
j gik . Thus the connection (3.9) becomes the following form:

Γ̃k
ij = Γk

ij + pjδ
k
i − pkgij + ptF

t
j F k

i − ptF
ktFij . (3.10)

Moreover, using (3.10) once verifies

∇̃kF
j

i = gki(p
tF j

t − ptF
jt) = 0.

Therefore the components Γ̃k
ij of the golden semisymmetric metric F -connection ∇̃ can be expressed in the

form (3.10).

4. Torsion properties of the golden semisymmetric metric F -connection

In this section, we investigate some properties concerning the torsion tensor of the connection (3.10).

Theorem 4.1 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). The torsion tensor S̃ of the connection (3.10) is pure.

Proof By using (2.2) and (3.8), it follows that S̃k
mjF

m
i = S̃k

imF m
j = S̃m

ij F
k

m , i.e. the torsion tensor S̃ is

pure. 2

A F -connection is pure if and only if its torsion tensor is pure [13]. Thus we can say that the connection

(3.10) is pure with respect to F , i.e., the following condition holds:

Γ̃k
mjF

m
i = Γ̃k

imF m
j = Γ̃m

ijF
k

m .

Theorem 4.2 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). The torsion tensor S̃ of the connection (3.10) is a ϕ-tensor if the generator p is a ϕ-tensor.

Proof Let (M, g, F ) be a locally decomposable golden Riemannian manifold and ∇ be its Levi-Civita

connection with components Γh
ij . A zero tensor is pure and therefore we have: a torsion-free F -connection is

always pure. Thus the Levi-Civita connection ∇ of g on M is pure with respect to F .

If we apply the Tachibana operator ϕF to the torsion tensor S̃ of the connection (3.10), we get

(ϕF S̃)
l

kij = F m
k (∂mS̃l

ij)− ∂k(S̃
l
mjF

m
i )

= F m
k (∇mS̃l

ij + Γs
miS̃

l
sj + Γs

mjS̃
l
is − Γl

msS̃
s
ij)

−F m
i (∇kS̃

l
mj + Γs

kmS̃l
sj + Γs

kjS̃
l
ms − Γl

ksS̃
s
mj).

Using the purity of the torsion tensor S̃ and Levi-Civita connection ∇ , the relation above reduces to

(ϕF S̃)
l

kij = F m
k (∇mS̃l

ij)− F m
i (∇kS̃

l
mj). (4.11)

For the generator p , we calculate

(ϕF p)kj = F m
k (∂mpj)− ∂k(F

m
j pm)

= F m
k (∇mpj + Γs

mjps)− F m
j (∇kpm + Γs

kmps)

= F m
k (∇mpj)− F m

j (∇kpm).
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From here, we can say that the generator p is a ϕ-tensor if and only if

Fm
k (∇mpj) = Fm

j (∇kpm). (4.12)

Substituting (3.8) into (4.11), we find

(ϕF S̃)
l

kij = [F m
k (∇mpj)− F m

j (∇kpm)]δli − [F m
k (∇mpi)− F m

i (∇kpm)]δlj

+[F m
k F s

j (∇mps)− F s
j (∇kps)−∇kpj ]F

l
i

−[F m
k F s

i (∇mps)− F s
i (∇kps)−∇kpi]F

l
j .

Assuming that the generator p is a ϕ-tensor, by virtue of (2.2) the last relation becomes (ϕF S̃)
l

kij = 0, i.e.

the torsion tensor S̃ is a ϕ-tensor. This completes the proof. 2

In view of (2.6), we can easily say that the ϕ-tensor p is also a decomposable tensor, i.e. ϕJp = 0, where

J is the product structure associated with the golden structure F . From on now, we shall consider such a

special case of golden semisymmetric metric F -connections whose generator p is a ϕ-tensor (or decomposable

tensor), i.e. the following condition always holds:

F m
k (∇mpj) = F m

j (∇kpm)

or equivalently

J m
k (∇mpj) = J m

j (∇kpm).

In this case, (4.11) gives the following condition:

F m
k (∇mS̃l

ij) = F m
i (∇kS̃

l
mj) = F m

j (∇kS̃
l
im). (4.13)

Theorem 4.3 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). If the torsion tensor S̃ of the connection (3.10) satisfies the following

∇̃kS̃
l
ij + ∇̃jS̃

l
ki + ∇̃iS̃

l
jk = 0, (4.14)

then, under the condition of (traceF − 2)
2− (n−4)(n+ traceF −6) ̸= 0 , the generator p is closed, i.e. dp = 0 .

Conversely, if the generator p is closed, then the relation (4.14) is satisfied.

Proof We calculate

∇̃kS̃
l
ij + ∇̃jS̃

l
ki + ∇̃iS̃

l
jk (4.15)

= (∇̃kpj − ∇̃jpk)δ
l
i + (∇̃ipk − ∇̃kpi)δ

l
j

+(∇̃ipj − ∇̃jpi)δ
l
k + [(∇̃kpt)F

t
j − (∇̃jpt)F

t
k ]F l

i

+[(∇̃ipt)F
t

k − (∇̃kpt)F
t

i ]F l
j + [(∇̃jpt)F

t
i − (∇̃ipt)F

t
j ]F l

k

= (∇̃kpj − ∇̃jpk)δ
l
i + (∇̃ipk − ∇̃kpi)δ

l
j + (∇̃ipj − ∇̃jpi)δ

l
k

+(∇̃kpt − ∇̃tpk)F
t

j F l
i + (∇̃ipt − ∇̃tpi)F

t
k F l

j + (∇̃jpt − ∇̃tpj)F
t

i F l
k .
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It is easy to see that ∇̃kpt − ∇̃tpk = ∇kpt − ∇tpk = (dp)kt . Because of this, (4.15) immediately gives that

dp = 0 implies ∇̃kS̃
l
ij + ∇̃jS̃

l
ki + ∇̃iS̃

l
jk = 0.

If we assume that ∇̃kS̃
l
ij + ∇̃jS̃

l
ki + ∇̃iS̃

l
jk = 0, then we get

(∇kpj −∇jpk)δ
l
i + (∇ipk −∇kpi)δ

l
j + (∇ipj −∇jpi)δ

l
k (4.16)

+(∇kpt −∇tpk)F
t

j F l
i + (∇ipt −∇tpi)F

t
k F l

j + (∇jpt −∇tpj)F
t

i F l
k = 0.

Contracting (4.16) with glm , we have

(∇kpj −∇jpk)gim + (∇ipk −∇kpi)gjm + (∇ipj −∇jpi)gkm

+(∇kpt −∇tpk)Fj
tFim + (∇ipt −∇tpi)Fk

tFjm + (∇jpt −∇tpj)Fi
tFkm = 0.

Transvecting the last relation with gim and F im respectively, it follows that

(n− 4) (∇jpk −∇kpj) + (traceF − 2)F t
k (∇jpt −∇tpj) = 0 (4.17)

and

(traceF − 2) (∇jpk −∇kpj) + (n+ traceF − 6)F t
k (∇jpt −∇tpj) = 0. (4.18)

When we multiply (4.17) by (n+ traceF − 6) and (4.18) by (traceF − 2) and subtract the first from the second,

then we obtain [
(traceF − 2)

2 − (n− 4)(n+ traceF − 6)
]
(∇jpk −∇kpj) = 0.

If (traceF − 2)
2−(n−4)(n+traceF−6) ̸= 0, then (∇jpk −∇kpj) = (dp)jk = 0, i.e. the generator p is closed. 2

5. Curvature properties of the golden semisymmetric metric F -connection

The curvature tensor R̃ l
ijk of the connection (3.10) is obtained from the well-known formula

R̃ l
ijk = ∂iΓ̃

l
jk − ∂jΓ̃

l
ik + Γ̃l

imΓ̃m
jk − Γ̃l

jmΓ̃m
ik.

Then the curvature tensor R̃ l
ijk can be expressed as follows:

R̃ l
ijk = Rijk

l − δliAjk + δljAik
+ gikA l

j − gjkA l
i (5.19)

−F l
i F t

k Ajt + F l
j F t

k A
it
+ FikF

ltAjt − FjkF
ltAit,

where Rijk
l are the components of the Riemann curvature tensor of the Levi-Civita connection ∇ and

Ajk = ∇jpk − pjpk +
1

2
pmpmgkj − pmptF

t
k F m

j +
1

2
pmptF

t
mFjk. (5.20)

On lowering the upper index in (5.19), we obtain
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R̃ijkl = Rijkl − gilAjk + gjlAik + gikAjl − gjkAil − FilF
t

k Ajt (5.21)

+FjlF
t

k Ait + FikF
t

l Ajt − FjkF
t

l Ait.

It is obvious that the curvature tensor satisfies R̃ijkl = −R̃jikl and R̃ijkl = −R̃ijlk .

In order to use it later, we need the following useful lemma.

Lemma 5.1 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connection

(3.10). Then the tensor A given by (5.20) is a ϕ-tensor and thus the following relation holds:

(∇mAij)F
m

k = (∇kAmj)F
m

i = (∇kAim)F m
j .

Proof The tensor A is pure with respect to F . In fact

F t
k Ait − F t

i Atk = (∇ipt)F
t

k − (∇tpk)F
t

i = 0.

We calculate

(ϕFA)
kij

= F m
k (∂mAij)− ∂k(AmjF

m
i )

= F m
k

(
∇mAij + Γs

miAsj + Γs
mjAis

)
−F m

i (∇kAmj + Γs
kmAsj + Γs

kjAms).

Using the purity of the tensor A and the Levi-Civita connection ∇ , we get

(ϕFA)
kij

= (∇mAij)F
m

k − (∇kAmj)F
m

i . (5.22)

Substituting (5.20) into (5.22), standard calculations give

(ϕFA)
kij

= (∇m∇ipj)F
m

k − (∇k∇mpj)F
m

i . (5.23)

If we apply the Ricci identity to the generator p , then we have

(∇m∇ipj)F
m

k = (∇i∇mpj)F
m

k − psR
s

mijF
m

k

= (∇i∇kpm)F m
j − psR

s
mijF

m
k

and

(∇k∇mpj)F
m

i = (∇k∇ipm)F m
j

= (∇i∇kpm)F m
j − psR

s
kimF m

j .

With the help of the last two equations, from (5.23), it follows that

(ϕFA)
kij

= −ps(R
s

mijF
m

k −R s
kimF m

j ).

In a locally decomposable golden Riemannian manifold (M, g, F ), the Riemannian curvature tensor R is pure

[3]. This immediately gives (ϕFA)
kij

= 0. Hence, from (5.22) we can write

(∇mAij)F
m

k = (∇kAmj)F
m

i = (∇kAim)F m
j .

2
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Theorem 5.2 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). The curvature tensor R̃ of the connection (3.10) is a ϕ-tensor and thus the following relation

holds:

(∇mR̃ t
ijl )F

m
k = (∇kR̃

t
mjl)F

m
i = (∇kR̃

t
iml)F

m
j = (∇kR̃

t
ijm)F m

l =(∇kR̃
m

ijl )F t
m.

Proof Using the purity of the tensor A , standard calculations give

R̃ m
ijk F l

m = R̃ l
mjkF

m
i = R̃ l

imkF
m

j = R̃ l
ijmF m

k ,

i.e. the curvature tensor R̃ is pure.

Applying the Tachibana operator ϕF to the curvature tensor R̃ , we have

(ϕF R̃)
t

kijl (5.24)

= F m
k (∂mR̃ t

ijl )− ∂k(R̃
t

mjlF
m

i )

= F m
k (∇mR̃ t

ijl + Γs
miR̃

t
sjl + Γs

mjR̃
t

isl + Γs
mlR̃

t
ijs − Γt

msR̃
m

ijl )

−F m
i (∇kR̃

t
mjl + Γs

kmR̃ t
sjl + Γs

kjR̃
t

msl + Γs
klR̃

t
mjs − Γt

ksR̃
s

mjl)

= (∇mR̃ t
ijl )F

m
k − (∇kR̃

t
mjl)F

m
i

from which, by (5.19), we find

(ϕF R̃)
t

kijl = (ϕFR)
t

kijl + [(∇kAjm)F m
l − (∇mAjl)F

m
k ]δti

+[(∇mAil)F
m

k − (∇kAim)F m
l ]δ t

j .

In a locally decomposable golden Riemannian manifold (M, g, F ), the Riemannian curvature tensor R is a

ϕ−tensor [3]. Thus, taking into account Lemma 5.1, the preceding relation becomes (ϕF R̃)kijl
t
= 0, i.e. the

curvature tensor R̃ is a ϕ-tensor. Thus, by (5.24), we can write

(∇mR̃t
ijl)Fk

m = (∇kR̃
t
mjl)Fi

m = (∇kR̃
t
iml)Fj

m = (∇kR̃
t
ijm)Fl

m.

This completes the proof. 2

Using (2.6), we obtain, as a result to Theorem 4.2 and 5.2, the following theorem.

Theorem 5.3 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). Both the torsion tensor S̃ and the curvature tensor R̃ of the connection (3.10) are decomposable

tensors with respect to the product structures associated with the golden structure F .

Theorem 5.4 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). If the curvature tensor R̃ of the connection (3.10) satisfies the following{
i) R̃ijkl − R̃klij = 0

ii) R̃ijkl + R̃kijl + R̃jkil = 0
(5.25)
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then, under the condition of (traceF − 2)
2− (n−4)(n+ traceF −6) ̸= 0 , the generator p is closed. Conversely,

if the generator p is closed, then the relations (5.25) are satisfied.

Proof i) From (5.21), we obtain

R̃ijkl − R̃klij = (Ali −Ail) gjk + (Akj −Ajk) gil + (Aik −Aki) gjl

+(Ajl −Alj) gik + Fil

(
F t
j A

kt
− F t

k Ajt

)
+Fjl

(
F t
k Ait − F t

i Akt

)
+ Fik

(
F t
l Ajt − F t

j A
lt

)
−Fjk(F

t
l Ait − F t

i Alt)

from which

R̃ijkl − R̃klij (5.26)

= (Ali −Ail) gjk + (Akj −Ajk) gil + (Aik −Aki) gjl

+(Ajl −Alj) gik + FilF
t

j (Akt −Atk)

+FjlF
t

k (Ait −Ati) + FikF
t

l (Ajt −Atj)

−FjkF
t

l (Ait −Ati) .

It immediately follows from (5.26) that dp = 0 implies R̃ijkl − R̃klij = 0.

If we assume that R̃ijkl − R̃klij = 0, then (5.26) becomes

0 = (Ali −Ail) gjk + (Akj −Ajk) gil + (Aik −Aki) gjl

+(Ajl −Alj) gik + FilF
t

j (Akt −Atk)

+FjlF
t

k (Ait −Ati) + FikF
t

l (Ajt −Atj)

−FjkF
t

l (Ait −Ati) .

Transvecting the last relation with gil and F il respectively, we find

(n− 4) (Ajk −Akj) + (traceF − 2)Fk
t (Ajt −Atj) = 0

and

(traceF − 2) (Ajk −Akj) + (n+ traceF − 6)Fk
t (Ajt −Atj) = 0.

The common solution of the two equations above gives[
(traceF − 2)

2 − (n− 4)(n+ traceF − 6)
]
(Ajk −Akj) = 0.

If (traceF − 2)
2 − (n− 4) (n+ tarceF − 6) ̸= 0, then the last relation gives

Ajk −Akj = 0

from which the result follows because of Ajk −Akj = ∇jpk −∇jpk .
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ii) From (5.21) and (3.8), we have

R̃ijkl + R̃kijl + R̃jkil = (∇̃kS̃
h
ij + ∇̃jS̃

h
ki + ∇̃iS̃

h
jk)ghl. (5.27)

With the help of (5.27) and Theorem 4.3, the result immediately follows. 2

Example 5.5 The Euclidean space Rn is given by Euclidean metric

g = (gαβ) =

(
gij gij
gij gij

)

=

(
δij 0
0 δij

)
, i, j = 1, ..., k, i, j̄ = k + 1, ..., n.

In the example, Greek indices take on values 1 to n . Take J as the standard product structure on Rn , so that

we have

(
J β
α

)
=

(
Jj
i Jj

i

Jj
i Jj

i

)

=

(
0 δj

i

δji 0

)
, i, j = 1, ..., k, i, j̄ = k + 1, ..., n.

Then the triplet (Rn, g, J) is a locally decomposable Euclidean space. The golden structures F± on Rn obtained

from J are as follows:

F± =

(
F j
i F j

i

F j
i F j

i

)
=

(
1
2δ

j
i ±

√
5
2 δj

i

±
√
5
2 δji

1
2δ

j

i

)
.

Also note that the triplet (Rn, g, F±) is a locally decomposable golden Euclidean space.

We suppose that pα is a gradient, pα = (pi, pi) = (∂if, ∂if) , f being a decomposable function. The

condition for the function f to be locally decomposable is given by [13]

(ϕJdf)σβ = Jα
σ ∂α∂βf − ∂σ(J

α
β ∂αf) + (∂βJ

α
σ )∂αf = 0.

Then the components of the golden semisymmetric metric F± -connection in (Rn, g, F±) are the following:

Γ̃k
ij = Γ̃k

ij
= Γ̃k

ij
= Γ̃k

ij

=
5

4

[
(∂jf) δ

k
i − (∂hf) δ

hkδij
]
±

√
5

4

[(
∂jf
)
δki −

(
∂hf

)
δhkδij

]

Γ̃k
ij

= Γ̃k
ij
= Γ̃k

ij
= Γ̃k

ij

=
5

4

[(
∂jf
)
δki −

(
∂hf

)
δhkδij

]
±

√
5

4

[
(∂jf) δ

k
i − (∂hf) δ

hkδij
]
.
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The torsion tensor of the golden semisymmetric metric F± -connection has the components

S̃k
ij = S̃k

ij
= S̃k

ij
= S̃k

ij

=
5

4

[
(∂jf) δ

k
i − (∂if) δ

k
j

]
±

√
5

4

[(
∂jf
)
δki − (∂if) δ

k
j

]

S̃k
ij

= S̃k
ij
= S̃k

ij
= S̃k

ij

=
5

4

[(
∂jf
)
δki − (∂if) δ

k
j

]
±

√
5

4

[
(∂jf) δ

k
i − (∂if) δ

k
j

]
Simple calculations show that the torsion tensor S̃ is pure with respect to F± and furthermore (ϕF±S)

γ
σαβ = 0

or equivalently (ϕJS)
γ
σαβ = 0 , i.e. S̃ is decomposable.

The components of the curvature tensor R̃ of the golden semisymmetric metric F± -connection are the

following:

R̃ l
ijk = R̃ l

ijk
= R̃ l

ijk
= R̃ l

ijk
= R̃ l

ijk

= R̃ l
ijk

= R̃ l
ijk

= R̃ l
ijk

= −δli(
5

4
Ajk ±

√
5

4
Ajk) + δlj(

5

4
Aik ±

√
5

4
Aik)

+δik(
5

4
Al

j ±
√
5

4
Al

j
)− δjk(

5

4
Al

i ±
√
5

4
Al

i
)

R̃ l
ijk

= R̃ l
ijk

= R̃ l
ijk

= R̃ l
ijk

= R̃ l
ijk

= R̃ l
ijk

= R̃ l
ijk

= R̃ l
ijk

= −δli(
5

4
Ajk ±

√
5

4
Ajk) + δlj(

5

4
Aik ±

√
5

4
Aik)

+δik(
5

4
Al

j
±

√
5

4
Al

j)− δjk(
5

4
Al

i
±

√
5

4
Al

i),

where

Ajk = Ajk = ∂k∂jf − 5

4

[(
∂kf

) (
∂jf
)
+ (∂kf) (∂jf)

]
∓
√
5

4

[
(∂kf)

(
∂jf
)
+
(
∂kf

)
(∂jf)

]
+
5

8
δhmδjk

[(
∂hf

)
(∂mf) + (∂hf) (∂mf)

]
±
√
5

8
δhmδjk

[(
∂hf

)
(∂mf) + (∂hf) (∂mf)

]
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Ajk = Ajk = ∂k∂jf − 5

4

[
(∂kf)

(
∂jf
)
+
(
∂kf

)
(∂jf)

]
∓
√
5

4

[(
∂kf

) (
∂jf
)
+ (∂kf) (∂jf)

]
±
√
5

8
δhmδjk

[(
∂hf

)
(∂mf) + (∂hf) (∂mf)

]
+
5

8
δhmδjk

[(
∂hf

)
(∂mf) + (∂hf) (∂mf)

]
and Aβ

σ = gαβAσα . One checks that (ϕF±A)σαβ = 0 . Using this, one verifies that the curvature tensor

R̃ is pure with respect to F± and furthermore (ϕF±R̃) η
σαβγ = 0 or equivalently (ϕJ R̃) η

σαβγ = 0 , i.e. R̃ is

decomposable.

The components of the curvature (0, 4)-tensor R̃ are the following:

R̃ijkl = R̃ijkl = R̃ijkl = R̃ijkl = R̃ijkl

= R̃ijkl = R̃ijkl = R̃ijkl

= −δil(
5

4
Ajk ±

√
5

4
Ajk) + δjl(

5

4
Aik ±

√
5

4
Aik)

+δik(
5

4
Ajl ±

√
5

4
Ajl)− δjk(

5

4
Ail ±

√
5

4
Ail)

R̃ijkl = R̃ijkl = R̃ijkl = R̃ijkl

= R̃ijkl = R̃ijkl = R̃ijkl = R̃ijkl

= −δil(
5

4
Ajk ±

√
5

4
Ajk) + δjl(

5

4
Aik ±

√
5

4
Aik)

+δik(
5

4
Ajl ±

√
5

4
Ajl)− δjk(

5

4
Ail ±

√
5

4
Ail)

It is a straightforward verification that the conditions{
R̃σαβγ = −R̃ασβγ ,

R̃σαβγ = −R̃σαγβ ,{
R̃σαβγ = R̃βγσα,

R̃σαβγ + R̃αβσγ + R̃βσαγ = 0,
for n > 4

are fulfilled.

Contracting (5.19) with respect to i and l , we obtain

R̃jk = Rjk − (n− 4)Ajk − traceAgjk (5.28)

− (traceF − 2)F t
k Ajt − FjkF

ltAlt
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for Ricci tensors of the connection (3.10) (R̃jk) and the Levi-Civita connection (Rjk) respectively. Contracting

the preceding relation with gjk , for the scalar curvatures τ and τ of these connections, we have

τ = τ − 2 (n− 2) traceA− 2 (traceF − 1)F ltAlt.

Actually, we can get

R̃jk − R̃kj = (n− 4) (Akj −Ajk) + (traceF − 2)F t
j (Akt −Atk) .

From this, it is easy to see that if the generator p is closed, then R̃jk = R̃kj .

The conharmonic curvature tensor with respect to the connection (3.10) is given by

Ṽijkl = R̃ijkl −
1

n− 2

[
R̃jkgil − R̃ikgjl − R̃jlgik + R̃ilgjk

]
. (5.29)

Putting the values of R̃ijkl and R̃ik from (5.21) and (5.28) respectively in (5.29), we have

Ṽijkl (5.30)

= Vijkl − FilF
t

k Ajt + FjlF
t

k Ait + FikF
t

l Ajt

−FjkF
t

l Ait −
1

n− 2
[(2Ajk − gjk(traceA)

+FjkF
mtAmt + (2− traceF )F t

k Ajt)gil

−(2Aik − gik(traceA) + FikF
mtAmt + (2− traceF )F t

k Ait)gjl

−(2Ajl − gjl(traceA) + FjlF
mtAmt + (2− traceF )F t

l Ajt)gik

+(2Ail − gil(traceA) + FilF
mtAmt + (2− traceF )F t

l Ait)gjk],

where Vijkl is the conharmonic curvature tensor with respect to the Levi-Civita connection. Since in a

Riemannian manifold Vijkl = −Vjikl and Vijkl = −Vijlk , we can easily find Ṽijkl = −Ṽjikl and Ṽijkl = −Ṽijlk .

Theorem 5.6 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). If the conharmonic curvature tensors with respect to the connection (3.10) and the Levi-Civita

connection coincide, then the 1-form p satisfies

∇lp
l + λ1

(
∇tp

l
)
F t
l + λ2plp

l + λ3ptp
lF t

l = 0,

where λ1 = traceF−1
n−2 , λ2 = (traceF−1)(traceF−2)+(n−2)(n−4)

2(n−2) and

λ3 = (traceF−2)(n−2)+(traceF−1)(traceF+n−6)
2(n−2) .
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Proof Let us assume that Ṽijkl = Vijkl . Then from (5.30) we have

−FilF
t

k Ajt + FjlF
t

k Ait + FikF
t

l Ajt (5.31)

−FjkF
t

l Ait −
1

n− 2
[(2Ajk − gjk(traceA)

+FjkF
mtAmt + (2− traceF )F t

k Ajt)gil

−(2Aik − gik(traceA) + FikF
mtAmt + (2− traceF )F t

k Ait)gjl

−(2Ajl − gjl(traceA) + FjlF
mtAmt + (2− traceF )F t

l Ajt)gik

+(2Ail − gil(traceA) + FilF
mtAmt + (2− traceF )F t

l Ait)gjk]

= 0.

Contracting (5.31) with gil , we find

traceA+
traceF − 1

n− 2
F ltAtl = 0,

from which it follows that

∇lp
l + λ1

(
∇tp

l
)
F t
l + λ2plp

l + λ3ptp
lF t

l = 0,

where λ1 = traceF−1
n−2 , λ2 = (traceF−1)(traceF−2)+(n−2)(n−4)

2(n−2) and

λ3 = (traceF−2)(n−2)+(traceF−1)(traceF+n−6)
2(n−2) . 2

Theorem 5.7 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). If the conharmonic curvature tensor with respect to the connection (3.10) vanishes, then the 1-form

p satisfies

∇lp
l + λ1

(
∇tp

l
)
F t
l + λ2plp

l + λ3ptp
lF t

l +λ4τ = 0,

where λ1 = traceF−1
n−2 , λ2 = (traceF−1)(traceF−2)+(n−2)(n−4)

2(n−2) ,

λ3 = (traceF−2)(n−2)+(traceF−1)(traceF+n−6)
2(n−2) , λ4 = 1

2(2−n) and τ is the scalar curvature of (M, g) .

Proof Let us assume that Ṽijkl = 0. Then from (5.30) we have

Vijkl − FilF
t

k Ajt + FjlF
t

k Ait + FikF
t

l Ajt

−FjkF
t

l Ait −
1

n− 2
[(2Ajk − gjk(traceA)

+FjkF
mtAmt + (2− traceF )F t

k Ajt)gil

−(2Aik − gik(traceA) + FikF
mtAmt + (2− traceF )F t

k Ait)gjl

−(2Ajl − gjl(traceA) + FjlF
mtAmt + (2− traceF )F t

l Ajt)gik

+(2Ail − gil(traceA) + FilF
mtAmt + (2− traceF )F t

l Ait)gjk]

= 0.
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When we contract the last equation by gil , using the condition Vijklg
il = V l

ljk = − τ
n−2gjk , we obtain

traceA+
traceF − 1

n− 2
F ltAtl +

1

2(2− n)
τ = 0

∇lp
l + λ1

(
∇tp

l
)
F t
l + λ2plp

l + λ3ptp
lF t

l +λ4τ = 0,

where λ1 = traceF−1
n−2 , λ2 = (traceF−1)(traceF−2)+(n−2)(n−4)

2(n−2) ,

λ3 = (traceF−2)(n−2)+(traceF−1)(traceF+n−6)
2(n−2) , λ4 = 1

2(2−n) and τ is the scalar curvature of (M, g). This

completes the proof. 2

The Weyl projective curvature tensor with respect to the connection (3.10) is given by

P̃ijkl = R̃ijkl −
1

n− 1

[
R̃jkgil − R̃ikgjl

]
. (5.32)

Substituting the values of R̃ijkl and R̃ik from (5.21) and (5.28) respectively into (5.32) we get

P̃ijkl = Pijkl + gikAjl − gjkAil (5.33)

−FilF
t

k Ajt + FjlF
t

k Ait + FikF
t

l Ajt − FjkF
t

l Ait

− 1

n− 1
[(3Ajk − gjk(traceA) + FjkF

mtAmt

+(2− traceF )F t
k Ajt)gil − (3Aik − gikAm

m +

FikF
mtAmt+(2− traceF )F t

k Ait)gjl],

where Pijkl is the Weyl projective curvature tensor with respect to the Levi-Civita connection. Interchanging

i and j in (5.33), and then adding it to (5.33), we obtain

P̃ijkl + P̃jikl = Pijkl + Pjikl.

Since in a Riemannian manifold Pijkl + Pjikl = 0, we have P̃ijkl = −P̃jikl .

Theorem 5.8 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). If the Weyl projective curvature tensor with respect to the connection (3.10) vanishes, then the

1-form p is closed, under the condition of (traceF − 2)
2 − (n− 4)(n+ traceF − 6) ̸= 0 .

Proof Let us assume that P̃ijkl = 0. Then from (5.33) it follows that

0 = Pijkl + gikAjl − gjkAil

−FilF
t

k Ajt + FjlF
t

k Ait + FikF
t

l Ajt − FjkF
t

l Ait

− 1

n− 1
[(3Ajk − gjk(traceA) + FjkF

mtAmt

+(2− traceF )F t
k Ajt)gil − (3Aik − gikAm

m +

FikF
mtAmt+(2− traceF )F t

k Ait)gjl].
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Contracting the previous equation with gkl , using P k
ijk = 0 we get

(n− 4) (∇jpk −∇kpj) + (traceF − 2)Fk
t (∇jpt −∇tpj) = 0. (5.34)

Transvecting (5.34) by F i
k , we find

[
(traceF − 2)

2 − (n− 4)(n+ traceF − 6)
]
(∇jpk −∇kpj) = 0

from which the result immediately follows, under the condition of (traceF − 2)
2−(n−4)(n+traceF−6) ̸= 0. 2

6. The transposed connection of the golden semisymmetric metric F -connection

The transpose of a connection ∇′
on M is defined by

t∇
′

XY = ∇
′

Y X + [X,Y ] (6.35)

for all vector fields X and Y on M . These type connections have been studied by some author (see [5, 6, 10]).

Taking into account S
′
(X,Y ) = ∇′

XY −∇′

Y X − [X,Y ] , (6.35) can be rewritten in the form

t∇
′

XY = ∇
′

XY − S
′
(X,Y ).

The torsion tensor tS
′
of the transposed connection t∇′

is tS
′
= −S

′
. Denoting by t∇̃ the transposed

connection of the connection (3.10), the relations (3.8) and (3.10) lead to

tΓ̃k
ij = Γk

ij + piδj
k − pkgij + ptF

t
i F k

j − ptF k
t Fij . (6.36)

In view of Theorem 5.3, the torsion tensor tS
′
of the transposed connection (6.36) is a decomposable tensor.

Covariant differentiating the golden structure F and the Riemannian metric g with respect to the

transposed connection t∇̃ we find

t∇̃kF
j
i = 0

and
t∇̃kgij = pigjk + pjgik − 2pkgij − 2ptFt

kFij + ptFj
tFki + ptFi

tFkj ̸= 0.

Hence we can say that the transposed connection (6.36) is a golden semisymmetric nonmetric F -connection.

Now we shall prove the following lemma.

Lemma 6.1 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the connection

(3.10) and S̃ be the torsion tensor of the connection (3.10). Then for all vector fields X,Y and Z on M

σ
X,Y,Z

S̃
(
S̃ (X,Y )Z

)
= 0,

where σ is the cyclic sum by three arguments.
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Proof In local coordinates, we can write

σ
X,Y,Z

S̃
(
S̃ (X,Y )Z

)l
ijk

= S̃m
ij S̃

l
mk + S̃m

kiS̃
l
mj + S̃m

jkS̃
l
mi

from which, using (3.8), standard calculations directly give the result. 2

For the curvature tensor tR̃ of the transposed connection (6.36), we have

tR̃ l
ijk = ∂i

tΓ̃l
jk − ∂j

tΓ̃l
ik + tΓ̃l

im
tΓ̃m

jk − tΓ̃l
jm

tΓ̃m
ik

= R̃ l
ijk − ∇̃iS̃

l
jk − ∇̃jS̃

l
ki − (S̃m

ij S̃
l
mk + S̃m

kiS̃
l
mj + S̃m

jkS̃
l
mi).

In view of Lemma 6.1, we obtain

tR̃ l
ijk = R̃ l

ijk − ∇̃iS̃
l
jk − ∇̃jS̃

l
ki. (6.37)

It follows immediately by (6.37) that

tR̃ l
jik = R̃ l

jik − ∇̃jS̃
l
ik − ∇̃iS̃

l
kj = −R̃ l

ijk + ∇̃iS̃
l
jk + ∇̃jS̃

l
ki = −tR̃ l

ijk.

Theorem 6.2 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the transposed

connection (6.36). The curvature tensor tR̃ of the transposed connection (6.36) is a ϕ-tensor.

Proof From (6.37), we get

tR̃ m
ijk F l

m = R̃ m
ijk F l

m − (∇̃iS̃
m
jk)F

l
m − (∇̃jS̃

m
ki)F

l
m,

tR̃ l
mjkF

m
i = R̃ l

mjkF
m

i − (∇̃mS̃l
jk)F

m
i − (∇̃jS̃

l
km)F m

i ,

tR̃ l
imkF

m
j = R̃ l

imkF
m

j − (∇̃iS̃
l
mk)F

m
j − (∇̃mS̃l

ki)F
m

j ,

tR̃ l
ijmF m

k = R̃ l
ijmF m

k − (∇̃iS̃
l
jm)F m

k − (∇̃jS̃
l
mi)F

m
k .

Due to (∇̃mS̃l
ij)F

m
k −(∇̃kS̃

l
mj)F

m
i = (∇mS̃l

ij)F
m

k −(∇kS̃
l
mj)F

m
i = 0, using the purity of the curvature tensor

R̃ and the torsion tensor S̃ of the connection (3.10) we have

tR̃ m
ijk F l

m = tR̃ l
mjkF

m
i = tR̃ l

imkF
m

j = tR̃ l
ijmF m

k ,

i.e. the curvature tensor tR̃ is pure.

When we apply the Tachibana operator ϕF to the curvature tensor tR̃ , we obtain

(ϕF
tR̃)

s

kijl = F m
k (∂m

tR̃ s
ijl )− ∂k(

tR̃ m
ijl F s

m )

= F m
k (∇m

tR̃ s
ijl + Γn

mi
tR̃ s

njl + Γn
mj

tR̃ s
inl + Γn

ml
tR̃

s

ijn − Γs
mn

tR̃ n
ijl )

−F s
m (∇k

tR̃ m
ijl + Γn

ki
tR̃ m

njl + Γn
kj

tR̃ m
inl + Γn

kl
tR̃ m

ijn − Γn
kl

tR̃ m
ijn )

= (∇m
tR̃

s

ijl )F
m

k − (∇k
tR̃

m

ijl )F s
m .
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Substituting (6.37) into the above relation, we obtain

(ϕF
tR̃)

s

kijl = (∇mR̃ s
ijl )Fk

m − (∇kR̃
m

ijl )Fm
s − (∇m∇̃iS̃

s
jl)F

m
k (6.38)

−(∇m∇̃jS̃
s
li)F

m
k + (∇k∇̃iS̃

m
jl )F

s
m + (∇k∇̃jS̃

m
li )F

s
m .

Substituting (3.8) into (6.38), in view of Theorem 5.2, we get

(ϕF
tR̃)

s

kijl = [(∇m∇̃ipj)F
m

k − (∇k∇̃ipm)Fm
j ]δsl (6.39)

−[(∇m∇̃ipl)F
m

k − (∇k∇̃ipm)F m
l ]δsj

+[(∇m∇̃jpi)F
m

k − (∇k∇̃jpm)F m
i ]δsl

+[(∇m∇̃jpl)F
m

k − (∇k∇̃jpm)F m
l ]δsi .

It is easy to see that (∇m∇̃ipj)F
m

k − (∇k∇̃ipm)F m
j = (∇m∇ipj)F

m
k − (∇k∇ipm)F m

j . Thus (6.39) can be

rewritten in the form

(ϕF
tR̃)

s

kijl = [(∇m∇ipj)F
m

k − (∇k∇ipm)F m
j ]δ s

l

−[(∇m∇ipl)F
m

k − (∇k∇ipm)F m
l ]δ s

j

+[(∇m∇jpi)F
m

k − (∇k∇jpm)F m
i ]δ s

l

+[(∇m∇jpl)F
m

k − (∇k∇jpm)F m
l ]δ s

i ,

from which the result follows from the fact that (∇m∇ipj)F
m

k = (∇k∇ipm)F m
j (see the proof of lemma 5.1). 2

As a direct consequence of (2.6) and Theorem 6.2, we state the following theorem.

Theorem 6.3 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the transposed

connection (6.36). The curvature tensor tR̃ of the transposed connection (6.36) is a decomposable tensor with

respect to the product structures associated with the golden structure F .

By (5.27) and (6.37), we obtain

tR̃ l
ijk+

tR̃ l
jki+

tR̃ l
kij = R̃ l

ijk+R̃ l
jki+R̃ l

kij

−2(∇̃kS̃
l
ij + ∇̃jS̃

l
ki + ∇̃iS̃

l
jk)

= −(R̃ l
ijk+R̃ l

jki+R̃ l
kij),

which in view of Theorem 5.4 gives the following theorem.

Theorem 6.4 Let (M, g, F ) be a locally decomposable golden Riemannian manifold endowed with the transposed

connection (6.36). If the curvature tensor tR̃ of the connection (6.36) satisfies the following:

tR̃ l
ijk+

tR̃ l
jki+

tR̃ l
kij = 0 (6.40)

then, under the condition of (traceF − 2)
2− (n−4)(n+ traceF −6) ̸= 0 , the generator p is closed. Conversely,

if the generator p is closed, then the relation (6.40) is satisfied.
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