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Abstract: In this paper, we construct a golden semisymmetric metric F'-connection on a locally decomposable golden
Riemannian manifold and investigate some properties of its curvature, conharmonic curvature, Weyl projective curvature,

and torsion tensors. Moreover, we define the transposed connection of this connection and study its curvature properties.
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1. Introduction

Hayden introduced the idea of a metric connection with torsion on a Riemannian manifold [4]. A linear
connection V on a Riemannian manifold (M, g) is called a metric connection with torsion with respect to g

if ﬁg = 0 and its torsion tensor is nonzero. In [15], Yano defined a semisymmetric metric connection on a
Riemannian manifold. A semisymmetric metric connection is a metric connection whose torsion tensor is in
the form: S(X,Y) =p(Y)X — p(X)Y, where p is a 1-form. Chaki and Konar [1] obtained the expression for
the curvature tensor of a Riemannian manifold that admits a semisymmetric metric connection with vanishing

curvature and recurrent torsion tensors.
A locally decomposable Riemannian manifold can be defined as a triplet (M, g, F'), which consists of a

manifold M endowed with an almost product structure F' and a Riemannian metric g such that g(FX,Y) =
g(X,FY) and VF = 0 for all vector fields X and Y on M, where V is the Levi-Civita connection of
g. For a locally decomposable Riemannian manifold (M, g, F'), Prvanovic defined a product semisymmetric
F'-connection that is a generalization of semisymmetric metric connections and proved that if this has a
zero curvature tensor then the Riemannian space is product conformally flat [11]. A more general product
semisymmetric F'-connection is also studied: this is not a metric connection but is a product-recurrent metric
connection. For further references, we refer to [7-10].

The notion of golden Riemannian structure was introduced in [2] as a (1,1)-tensor field F' and a
Riemannian metric g on a manifold M that satisfy F? = F + I and g(FX,FY) = g(FX,Y) + g(X,Y)
for all vector fields X and Y on M. In [3], the second author and collaborators proved that a necessary
and sufficient condition for the triplet (M, g, F) to be a locally decomposable golden Riemannian manifold

is that ¢pg = 0, where ¢p is the Tachibana operator applied to g. In this paper, we construct a golden
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semisymmetric metric F'-connection on a locally decomposable golden Riemannian manifold. First we study
some properties concerning its torsion tensor. Then we calculate curvature, conharmonic curvature, and Weyl
projective curvature tensors of this connection and investigate their properties. Finally we define and study the

transposed connection of this connection.

2. Preliminaries

Let M be an m-dimensional differentiable manifold of class C'* covered by any system of coordinate neigh-
bourhoods (z"), where here and in the sequel the indices h,1,j, k,... Tun over the range 1,2,...,n. Also note
that summation over repeated indices is always implied.

Consider a (1,1)-tensor F' with components Fij and a (p,q)-tensor K with components Kgllfj Jp

satisfying the condition

J1 ]p m o __ J1---Jp m o__ _ J1 mo__
Km12 Fil - Kvlm g F - K1172 mFiq -
Kznm JpF 1 ghmedepga Kjuz M jp

1...0q i1...0g m

then the tensor K is called a pure tensor with respect to the tensor F'.

The Tachibana operator ¢ applied to a pure (p, ¢)-tensor K is given by

(QSFK)]@” g (21)

= E0n K] — 0 (Ko F)lr

q 14
J1- 4]1, Ju ju j1...m...jp
+ § : K Sl + § : (8kau aka ) Kil...iq ’
A=1 pn=1
where
Jie-dp J1 Jp m o__ J1---Jp m
(K © F)il...iq - szg F - K’Lllz szq
_ miz2.-Jp g1 _ _ Jijz--m gy
= KRS = = KR

The operator (2.1) first introduced by Tachibana [14] (for Tachibana operator and its applications, see [13] and
[16]). If the pure tensor K satisfies ¢p K = 0, then it is called a ¢-tensor. If the (1,1)-tensor F' is a product
structure, then a ¢-tensor is a decomposable tensor [14].

A golden Riemannian manifold is a manifold M equipped with a (1, 1)-tensor field F' with components

FZJ and a Riemannian metric g with components g;; that satisfy the following conditions:
Fikaj = F’ +0] (2.2)

and

Efgp; = ijgki (or equivalently Fiijtgkt = F,%gj + 9ij)- (2.3)

It follows from (2.3) that Fj; = Fj;. Riemannian golden and almost product structures are related to each

other. In fact, the connection between a golden structure F' and almost product structure J on M is as follows
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J=F—2F -1 (2.4)

S

or conversely
1
F=c(IF V5J). (2.5)
Furthermore, it is clear that a Riemannian metric g is pure with respect to a golden structure F if and only

if the Riemannian metric g is pure with respect to the corresponding almost product structure J. Using the

above-mentioned relation, from (2.1) a simple computation gives the following:

ork =20, K (26)

for any (p,q)-tensor K. A golden Riemannian manifold (M, g, F') is a locally decomposable golden Riemannian

manifold if and only if the Riemannian metric g is a decomposable tensor, i.e. (¢sg),,. =0 [3]. We note that

kij
the condition (¢g);,; = 0 is equivalent to Vj, J;7 =0 [13]. Here we use the notation Vj to denote the operator

of the Riemannian covariant derivation. Throughout this paper, the notation Vj will be used for the same
purpose.

3. The golden semisymmetric metric F'-connection

Let (M,g,F) be a locally decomposable golden Riemannian manifold. We consider an affine connection v

with components ffj on M. If the affine connection V satisfies
i) Vigi; = 0 (3.7)
i) ViF? = 0,
then it is called a metric F-connection. When the torsion tensor §Zk] of V is given by
Sk = p;of — pidk + pF Y — pFUEF (3.8)

where p; are local components of an 1-form (covector field), we call the affine connection Va golden semisym-

metric metric F'-connection.

Let ffj be the components of the golden semisymmetric metric F'-connection V. If we put

Tk k k
rE =T 4T, (3.9)

35
where Ffj are the components of the Levi-Civita connection V of g and TZ; are the components of a (1,2)-

tensor field T on M , then the torsion tensor §ij of V is given by
Sk =0 -T% =1k - TF.
Since the connection (3.9) satisfies the condition (¢) of (3.7), by following the method shown in [4], we get
Tilz' =p;0F —pFgi + PtthFik — p M Fy,
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where p* = p;g'*, F* = F,t¢g* and F; = ijgik. Thus the connection (3.9) becomes the following form:
Y =T +p;0f —p*gi; + peFy' F* —p FHE. (3.10)
Moreover, using (3.10) once verifies
6kFij = gki(ptth _ptth) = 0

Therefore the components ff] of the golden semisymmetric metric F'-connection V can be expressed in the

form (3.10).

4. Torsion properties of the golden semisymmetric metric F-connection

In this section, we investigate some properties concerning the torsion tensor of the connection (3.10).

Theorem 4.1 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). The torsion tensor S of the connection (3.10) is pure.

Proof By using (2.2) and (3.8), it follows that 57’?njFim = gfijm = gfyF k. ie. the torsion tensor S is

m )

pure. ([
A F-connection is pure if and only if its torsion tensor is pure [13]. Thus we can say that the connection

(3.10) is pure with respect to F, i.e., the following condition holds:

Ik Fm =T F™ =T7F}

mj+i im gt m-

Theorem 4.2 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connec-
tion (3.10). The torsion tensor S of the connection (3.10) is a ¢-tensor if the generator p is a ¢-tensor.
Proof Let (M,g,F) be a locally decomposable golden Riemannian manifold and V be its Levi-Civita
connection with components FZ A zero tensor is pure and therefore we have: a torsion-free F'-connection is
always pure. Thus the Levi-Civita connection V of g on M is pure with respect to F'.

If we apply the Tachibana operator ¢y to the torsion tensor S of the connection (3.10), we get

(¢F§)kijl = ka(amgzl'j)—ak(gfnjﬂm)
- RO T+ Ty - 1)

—Fim(vkgfnj + Fimgij + Fijgfns - Fgcsgfnj)'
Using the purity of the torsion tensor S and Levi-Civita connection V, the relation above reduces to
(¢F§)kijl = ka(vmgzl'j) - F‘im(vkginj)' (4.11)
For the generator p, we calculate

(PrP)k; = F"(Ompj) — Ok(F;""pim)
= ka(vmpj + FvsanS) - ij(vkpm + I'}ps)

= F" (Vapj) = F;" (Vipm)-
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From here, we can say that the generator p is a ¢-tensor if and only if
F" (Vmps) = Fi" (Vipm)- (4.12)

Substituting (3.8) into (4.11), we find

(0rS)i = [ (Vmps) — ;™ (Vipm)16) — [ (Vinpi) — F;™ (Vipm)]6!
HE"E (Vips) — F;* (Vips) — Vs F!
—[F"F; 5 (Vinps) — F;* (Vips) — vk‘pi]Fjl'
Assuming that the generator p is a ¢-tensor, by virtue of (2.2) the last relation becomes (¢F§)kijl =0, ie.

the torsion tensor S is a ¢-tensor. This completes the proof. O

In view of (2.6), we can easily say that the ¢-tensor p is also a decomposable tensor, i.e. ¢;p = 0, where
J is the product structure associated with the golden structure F'. From on now, we shall consider such a
special case of golden semisymmetric metric F'-connections whose generator p is a ¢-tensor (or decomposable

tensor), i.e. the following condition always holds:

F,™ (Vimpj) = F;" (Vipm)

or equivalently
kaz (Vmpj) = Jj"L (Vkpm) .

In this case, (4.11) gives the following condition:
F"(VmSL) = F,™(ViSt,;) = F;™(ViSL,,). (4.13)

Theorem 4.3 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). If the torsion tensor S of the connection (3.10) satisfies the following
VSl +V;8k; + VS, =0, (4.14)

then, under the condition of (traceF — 2)° — (n—4)(n+traceF —6) # 0, the generator p is closed, i.e. dp = 0.
Conversely, if the generator p is closed, then the relation (4.14) is satisfied.

Proof We calculate
ViSt; + V;Sh; + ViShy (4.15)
= (Vipj — Vipr)oL + (Vipr — Vip;)o
+(Vipj = Vp)d + [(Vin) B = (Vi) ]!
H(Vip) Fy! — (%kpt)Fit]Fjl +[(Vip) ' - (%ipt)th]Fkl
= (Vapj — Vipe)oL + (Vipr, — Vipi)oh + (Vip; — Vpi)dl,

+(Vipe — 6tpk)thFil + (Vipe — 6tpi)FktFjl + (ﬁjpt - 6tpj)FitFkl‘
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It is easy to see that ﬁkpt — ﬁtpk = Vip: — Vipr = (dp)re. Because of this, (4.15) immediately gives that
dp = 0 implies %kgl + %gl .+ %igl»k =0.

If we assume that VkSl +V; Skz +V; Slk =0, then we get

(Vipj — Vip)0i + (Vipe — Vipi)dh + (Vip; — V;pi) 0}, (4.16)

H(Vipe = Vb F} E A+ (Vipe = Vi) B F + (Vo — Vipy ) F ' F = 0.
Contracting (4.16) with ¢, , we have

(Vipj — Vipk)gim + (Vivk — Vibi)gim + (Vipj — ViDi)gkm
+(Vipt — Viepr) Fj Eyn + (Vipe — Vapi) Fx' Ejm + (Vipe — Vip; ) B Fiop = 0.

Transvecting the last relation with ¢*™ and F™ respectively, it follows that
(n—4) (Vpr — Vip;) + (traceF — 2) Fy,' (Vjpr — Vip;) =0 (4.17)

and
(traceF — 2) (Vjpx — Vipj) + (n + traceF — 6) F}' (V;pr — Vypj) = 0. (4.18)

When we multiply (4.17) by (n + traceF — 6) and (4.18) by (traceF — 2) and subtract the first from the second,

then we obtain

(traceF —2)* — (n — 4)(n + traceF — 6)} (Vipr — Vip;) =0.

If (traceF — 2)*—(n—4)(n+traceF —6) # 0, then (Vipr — Vip;) = (dp)jx = 0, i.e. the generator p is closed. O

5. Curvature properties of the golden semisymmetric metric F'-connection

The curvature tensor ]?E”,i of the connection (3.10) is obtained from the well-known formula

Ez;kl: = alfékr 0; Flk + Fzm ik F]m zk:

Then the curvature tensor El j } can be expressed as follows:
R'lei = Uk 5 A. ik + 5;./4% + gik.Ajl — gjk.Ail (5.19)
—F'FA, + FRMA + FrFAjy — Fip U Ay,
where Rijkl are the components of the Riemann curvature tensor of the Levi-Civita connection V and

1
fpmptanijk. (5.20)

1
7pmpmgkj *pmptFktij —+ 2

Ajr, = Vipr — pipr + 3

On lowering the upper index in (5.19), we obtain
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fiijkl = Rijn — gaAjr + gji Ak + gieAji — gjAu — FuF, tAjt (5.21)
+FlektAit + szﬂ tAjt - F]kFl tAit.
It is obvious that the curvature tensor satisfies Rijkl =— Nﬂkl and Eijkl = fﬁiﬂk.

In order to use it later, we need the following useful lemma.

Lemma 5.1 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connection

(3.10). Then the tensor A given by (5.20) is a ¢-tensor and thus the following relation holds:

(VmAij) B = (VeAm;) ;™ = (VeAim) F;™.
Proof The tensor A is pure with respect to F'. In fact

F A, —F'A, = (Vip) F' — (Vipr) FF = 0.

We calculate
(0pA); = B (OmAij) = Oc(Am; F;™)
= B (Vidij + T3 A + T3 Ais)
—E," (ViAng + Ui Asj + i Ams)-
Using the purity of the tensor 4 and the Levi-Civita connection V, we get
(¢FA)kij = (VimAij) ™ — (Vidpj) F™. (5.22)
Substituting (5.20) into (5.22), standard calculations give
(@0pA)i; = (Vi Vip;) B = (VieVip;) F;™. (5.23)
If we apply the Ricci identity to the generator p, then we have
(Vi Vipj) B™ = (ViVup) B — ps Ry F™
= (ViVipm) F;™ — ps Ry, i B}
and
(Vkvmpj) ™ = (ViVipm) ij
= (ViVipm) F;™ = ps Ry F;™.
With the help of the last two equations, from (5.23), it follows that
(¢FA)kij = _pS(Rmi;ka — Ry ;).

In a locally decomposable golden Riemannian manifold (M, g, F), the Riemannian curvature tensor R is pure

[3]. This immediately gives (¢p.A),.. = 0. Hence, from (5.22) we can write

kij

(Vi Aij) F™ = (VeAm;) Bi™ = (VieAim) ;™.
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Theorem 5.2 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). The curvature tensor R of the connection (3.10) is a ¢-tensor and thus the following relation
holds:

(VmRijlt)ka = (kamjtl)Fim = (VkRimtl)ij = (VkRz'ﬁfL)Flm :(kaijlm)F .

m

Proof Using the purity of the tensor A, standard calculations give

R,"F,) =R, F"™ =R, L F™ =R\ R

ijk tm ijm

i.e. the curvature tensor R is pure.

Applying the Tachibana operator ¢g to the curvature tensor E, we have

(65 R) i (5.24)
= E"OnRyl) = Oc(Rp i F™)
= ka(vmﬁijlt + ani‘ésjlt + anjﬁislt + anléijst - anséijlm)
_Fim(vkﬁm;l + FZmEstt + szémstl + FZlém;s - FZsémjl)
= (vméiﬂt)ka - (Vkém;l)Fim
from which, by (5.19), we find

~ ot
(¢FR)kijl = ((ZSFR)kij; + [(Vk‘Ajm) E™ = (ViAj) ka]éf
(Vi) ™ = (VieAim) F, ™6,
In a locally decomposable golden Riemannian manifold (M, g, F), the Riemannian curvature tensor R is a

~ ot
¢—tensor [3]. Thus, taking into account Lemma 5.1, the preceding relation becomes (¢rR);,;; =0, i.e. the

curvature tensor R is a ¢-tensor. Thus, by (5.24), we can write
(VR B = (ViR ) F™ = (ViR ) F™ = (ViR ™.

This completes the proof. O

Using (2.6), we obtain, as a result to Theorem 4.2 and 5.2, the following theorem.

Theorem 5.3 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). Both the torsion tensor S and the curvature tensor R of the connection (3.10) are decomposable

tensors with respect to the product structures associated with the golden structure F'.
Theorem 5.4 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (5.10). If the curvature tensor R of the connection (3.10) satisfies the following

(5.25)

) éijklN_ Rklij~: 0
1) Rijri + Riiji + Rk =0

876



GEZER and KARAMAN/Turk J Math

then, under the condition of (traceF — 2)2 —(n—4)(n+traceF —6) # 0, the generator p is closed. Conversely,
if the generator p is closed, then the relations (5.25) are satisfied.

Proof i) From (5.21), we obtain

Riju — Eklij = (Au—Ai) gix + (Axj — Ajk) ga + (Air — Awi) 951
+ (Aj — Ayj) gir + Fy (thAkt — FktAjt>
+Fj (FLA, — FPAy) + Fi (Fl tAjt - th'Alt>
- jk(FltAz‘t - FitAlt)
from which
f{ijkl - éklij (5.26)
= (Au—Aa) gjr + (Ax; — Aji) ga + (Aik — Awi) 951
+ (Aji — Aij) gie + FaFy' (Age — Awk)
+Fj R (Aie — Au) + FinFy ' (Aje — Ayy)
—FjFy 't (A — Ay) .
It immediately follows from (5.26) that dp = 0 implies Eijkl — ﬁk”j =0.
If we assume that Eijkl — Rklij =0, then (5.26) becomes
0 = (Au—Ai)gjr + (Arj — Aji) gir + (Aik — Ari) 951
+ (Aji — Aij) gir + FaF}' (Are — Aw)
+F Byl (A — Au) + FaFy ' (Aje — Ayj)
—Fi By (A — Aw) -
Transvecting the last relation with ¢” and F* respectively, we find

(n—4) (Ajp — Agj) + (traceF — 2) F,t (Ajs —Aj) =0

and
(traceF — 2) (Ajr — Ayj) + (n + traceF — 6) Fi,' (Aj; — Ayj) = 0.

The common solution of the two equations above gives
[(traceF —2)® — (n — 4)(n + traceF — 6) (Ajr — Aij) =0.
If (traceF —2)* — (n —4) (n + tarceF — 6) # 0, then the last relation gives
A, — Ag; =0
from which the result follows because of Aj, — Ap; = Vjpr — V;pk.
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1) From (5.21) and (3.8), we have
éijkl + Ek;ijl + éj/m = (61@5:; + %ngz + %gf’k)ghl. (5.27)

With the help of (5.27) and Theorem 4.3, the result immediately follows.

Example 5.5 The Fuclidean space R™ is given by Fuclidean metric

9ij Y3
g = ()= (9090
° 95 95

6j 0\ .. _—
- ( 0 57 ),7»7]—17~-.7]€, Z,]—k—Fl,...,n.

1J

In the example, Greek indices take on values 1 to n. Take J as the standard product structure on R™, so that

we have
Jigl
(12 = ( L Z)
J) 2
<Oéj>"1 E, i,j=k+1
= i v 9 Z7.] = 90 9 Z?] = 7"'7n'
870

Then the triplet (R™,g,J) is a locally decomposable Euclidean space. The golden structures Fiy on R™ obtained

- F} F! 16 £l
AR H )T\l )

Also note that the triplet (R™, g, F1) is a locally decomposable golden Fuclidean space.
We suppose that po is a gradient, po = (pi,p;) = (0if,0;f), f being a decomposable function. The

condition for the function f to be locally decomposable is given by [13]

from J are as follows:

(01df)op = J5 0608 f — 05(J5 00 f) + (93J5)uf = 0.

Then the components of the golden semisymmetric metric Fy -connection in (R™, g, F1) are the following:

Ik = Tk —Tk —Tk
ij ij ij ij
5 V5 E
= 2@ 3 — @) 8" 0] £ 7 [(855) 0% — (9F) 73]
Tk _ Tk _Tk _Tk
5 = L=l =T15

- Z [(357) 8t — (051) 870 | & ? [(0:1) 8% — (n.f) 6" 35] -
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The torsion tensor of the golden semisymmetric metric Fyi -connection has the components

Sk = gk =gk — gk

= Z[(ajf>5f—<aif>5ﬂi§[(a;.f) 3% — (@) o}
Sy = Sh=55=955

= (o) 8-+ ?[w)a’“ (9:1) 6%

Simple calculations show that the torsion tensor S is pure with respect to Fy and furthermore (¢, S)Zaﬁ =0
or equivalently (gZ)JS)Zaﬁ =0, e S is decomposable.

The components of the curvature tensor R of the golden semisymmetric metric Fi -connection are the

following:
ﬁijk b= fiz]kl ~szl - éij’kl ~Ukz
= Ei}lj = ~ijg = Nszz
- _yéAjk + ?Agk) 8L (O A+ ?Agk)
Gy Y2 — g St £ O
E;jkl - Rﬁkl - Nmkl = Rl
_ R'”ki _ é?jki _ ~¢sz _ szlkl
= —5ﬁ(§«45k + ?Ajk) + 55'(;4% + ?«‘bk)
+5ik(§A§i ?Aga - m(ZA%i ?Aé),
where

Ajp = Az = 040,f — > [(éw) (G;f) + (Oc f) (i%-f)}

[akf ( f) + (0:1) (05 f)]
+§5hmajk [(95f) (Omf) + (Onf) (Omf)]

\f

Sahmajk [(05f) (Omf) + (Onf) (O )]
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and AP = g*PA,o. One checks that (¢r.A)oas = 0. Using this, one verifies that the curvature tensor

R is pure with respect to Fy and furthermore (¢p, )aaﬁw 0 or equivalently (¢JR)M57 =0, i.e. R is
decomposable.
The components of the curvature (0,4)-tensor R are the following:
Rijm = RTjkl = REjEl = Rij/kl = Rijid
= Ry =Rym=Rym
5 NG 5 V5
= —Ou( A £ - Ap) + 0 A £ - Ay
V5 5 V5
+5zk( .A]l + 1 Ajl) - 5jk(Z-Ail + T.Agl)
Rijkl = Rﬁkl = RijEl = Rz‘jki
= Rgg = Bym = Bgm = Bgg
5 V5 V5
= 511(4A3ki 1 Ajk)+6jl( AikiTAik)
\f 5 V5
It is a straightforward verification that the conditions
gaaﬁfy = _]jomﬁ'yv
Raaﬁ'y = _Roa'y,Ba
Ro‘aﬂ’y RBWO" forn >4
Roapy + Ragor + Bagay =0,
are fulfilled.
Contracting (5.19) with respect to ¢ and [, we obtain
Ejk = Rjp— (n—4)Aj, — traceAgjx (5.28)

— (traceF — 2) FktAjt — Fj F" Ay
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for Ricci tensors of the connection (3.10) (Ejk) and the Levi-Civita connection (R,j) respectively. Contracting

the preceding relation with ¢7%, for the scalar curvatures 7 and 7 of these connections, we have

T=1—2(n—2)traceA — 2 (traceF — 1) F'' Ay;.

Actually, we can get

Rji — Rij = (n— 4) (A, — Aj) + (traceF — 2) F}t (Ape — Au) .-

From this, it is easy to see that if the generator p is closed, then Ejk = Ekj.

The conharmonic curvature tensor with respect to the connection (3.10) is given by
- ~ 1 1~ ~ - ~
Vigot = Rijr — —— [Rjkgil — Rirgji — Rugir + Rilgjk} : (5.29)

Putting the values of }NBijkl and R from (5.21) and (5.28) respectively in (5.29), we have

Vigii (5.30)
= Vijkl - Fz‘letAjt + Flekt.Ait + Fi F tAjt
1
- jkﬂ tAit - m[(2¢4jk - gjk(tTaCQA)

+ijFmt.Amt +(2- traceF)FktAjt)gil
—(2Aix — gir(trace A) + Fi, F™ Ay + (2 — traceF)FktAit)gjl
—(2A;; — gji(traceA) + F F™ Ay + (2 — traceF)Flt.Ajt)gik

+(2A: — gu(traceA) + Fy F™ Ay + (2 — traceF)FltAit)gjk],

where Vjj; is the conharmonic curvature tensor with respect to the Levi-Civita connection. Since in a
Riemannian manifold Vi = —Vji and Vijr = —Vijik, we can easily find Vijr = —Vjuu and Viju = —Vijik -

Theorem 5.6 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connec-
tion (3.10). If the conharmonic curvature tensors with respect to the connection (3.10) and the Levi-Civita

connection coincide, then the 1-form p satisfies
Vip' + M (Vep!) By + Xopip' + Xspep' By F = 0,

traceF—1 Ay = (traceF—1)(traceF —2)+(n—2)(n—4)
s =

n—2 2(n—2) and

where A\ =

_ (traceF—2)(n—2)+(traceF—1)(traceF+n—6)
Az = 2(n—2) :
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Proof Let us assume that \Z-jkl = Vijri. Then from (5.30) we have

— iletAjt + FjFlA, + FikFltAjt (5.31)
1

— ijltAit - m[(zAﬂc - gjk(tTaCGA)

+ijFmtAmt +(2- traceF)Fkt.Ajt)gil

—(2Air — gir(traceA) + Fy, F™ Ay + (2 — traceF)Fkt.Ait)gjl

—(2A;; — gji(traceA) + Fj F™ Ay + (2 — traceF)FltAjt)gik

+(2A5 — gu(traceA) + Fy F™ Ay + (2 — traceF)FltAit)gjk]

= 0.
Contracting (5.31) with g%, we find
t F-1
traceA + " " " Flt A, = 0,
n—2
from which it follows that
Vip' + A1 (Vep') By '+ Aapip' + Aspp' By =0,
where \ = fracef=l ), = (tMCEF_l)(tmg?ji_g)z)ﬂn_m("_4) and
Ay = (traceF—2)(n—2)+(traceF—1)(traceF+n—=6) ) 0O

2(n—2)

Theorem 5.7 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connec-
tion (3.10). If the conharmonic curvature tensor with respect to the connection (3.10) vanishes, then the 1-form
p satisfies

Vip' + M (Vep') B+ Aapip' + Aspep' By P+ 01 = 0,

_ t F—1)(t F—2 —2 —4
where \j = trage_I; 1 , Ny = (trace )( Tagc((;_g))Jr(n )(n )7

Az = (traceF—2)(n—2)+(traceF—1)(trace F+n—6)

5(n—2) , A= ﬁ and T is the scalar curvature of (M,g).

Proof Let us assume that ‘Z‘jkz = 0. Then from (5.30) we have
‘/ijkl — Filet.Ajt + Flekt.Ait + FikFltAjt

1
n—2
+Fj F™ A + (2 — traceF)FktAjt)gil

—Fj B A, [(2A;j1 — gjr(traceA)
—(2Aik — gir(traceA) + Fi, F™ Ay + (2 — trace F)F,L AL ) g
—(2A;; — gji(traceA) + F F™ Ay + (2 — traceF)Flt.Ajt)gik

+(2A: — gu(traceA) + Fy F™ Ay + (2 — traceF)FltAit)gjk]
= 0.

882



GEZER and KARAMAN/Turk J Math

When we contract the last equation by ¢*, using the condition ‘/:L‘jklgil = Vljk b= — 1595k, We obtain
traceF — 1 1
t A+ ——F*A —7 = 0
raceA + n_2 tl+2(2—n)T
Vil + M1 (Vip') By' + dapip' + Aspip' B '+ \ar - = 0,
where A, = fracell ),  (raeel uraeck dyn-2(n-t)
A3 = umaaF*z)md”g&“_c;f*l)(tMCEFJr"*G), M = 72(21_70 and 7 is the scalar curvature of (M,g). This
completes the proof. O

The Weyl projective curvature tensor with respect to the connection (3.10) is given by

P = Rijri — 1 Rjrgi — Rikgji| - (5.32)
Substituting the values of Eijkl and Ry, from (5.21) and (5.28) respectively into (5.32) we get
Piyr = Pijr + ginAj — gipAin (5.33)
—FiletAjt + FlektAit + Fi F, tAjt — ijFl tAit

1
_m[(?)Ajk - gjk(traceA) + ijFmtAmt

+(2 - traceF)FktAjt)gil — (BAik — gi Al +
FikatA7nt+(2 - traceF)FktAit)gle
where Pjji; is the Weyl projective curvature tensor with respect to the Levi-Civita connection. Interchanging
i and j in (5.33), and then adding it to (5.33), we obtain
Isijkl + ?jikl = Piji + Pjit.
Since in a Riemannian manifold P;jr; + Py = 0, we have f’ijkz = - ~jikl.

Theorem 5.8 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connec-

tion (3.10). If the Weyl projective curvature tensor with respect to the connection (3.10) vanishes, then the
L-form p is closed, under the condition of (traceF —2)* — (n — 4)(n + traceF — 6) # 0.

Proof Let us assume that Ejkl = 0. Then from (5.33) it follows that
0 = Py +giAj — girAu
— iletAjt + FlektAit + Fin F tAjt — F Fy t.Ait

1
n—1

+(2 - traceF)FktAjt)gu — (BAip — gin A, +

[(3Ajk — gjk(traceA) + ijFmtAmt

Fip F™ A +(2 — traceF)FktAit)gjl}.
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Contracting the previous equation with ¢, using Pijk k=0 we get
(n —4) (Vipr, — Vipj) + (traceF — 2) F}.* (Vpy — Vip;) = 0. (5.34)

Transvecting (5.34) by F}*, we find
(traceF — 2)* — (n — 4)(n + traceF — 6)| (V;px — Vip;) =0

from which the result immediately follows, under the condition of (traceF — 2)* —(n—4)(n+traceF —6) # 0. O

6. The transposed connection of the golden semisymmetric metric F-connection

The transpose of a connection V' on M is defined by
VY = VyX +[X,Y] (6.35)

for all vector fields X and Y on M. These type connections have been studied by some author (see [5, 6, 10]).
Taking into account S (X,Y) = VY — V3 X — [X,Y], (6.35) can be rewritten in the form

WY =VyY — 5 (X,Y).

’

The torsion tensor 'S  of the transposed connection 'V’ is S° = —S . Denoting by 'V the transposed
connection of the connection (3.10), the relations (3.8) and (3.10) lead to

T =TF + pio;" — p"gij + pF U FF — pt FFF. (6.36)

In view of Theorem 5.3, the torsion tensor *S" of the transposed connection (6.36) is a decomposable tensor.
Covariant differentiating the golden structure F' and the Riemannian metric g with respect to the
transposed connection tV we find
ViF =0
and

tekgij = pigjk + pigir — 20k9i; — 20e Py Fij + poFy' Fri + poFy' Frj # 0.

Hence we can say that the transposed connection (6.36) is a golden semisymmetric nonmetric F'-connection.

Now we shall prove the following lemma.

Lemma 6.1 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the connection

(3.10) and S be the torsion tensor of the connection (3.10). Then for all vector fields X,Y and Z on M
7 §(§(X,Y) Z) —0,

where o is the cyclic sum by three arguments.
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Proof In local coordinates, we can write

s !
_ omdl S Sl
%,ZS(S(X’Y) Z)ijk S, ¥ k& S SW+S Sm

from which, using (3.8), standard calculations directly give the result. O

For the curvature tensor 'R of the transposed connection (6.36), we have

tRzyk = aitfé'k - ajtfik + tfimtfnllc - tfl_mtf%
= Ryt —ViSy — VS, — (SpSL .+ SmSt  + SmS ).
In view of Lemma 6.1, we obtain
'Ryt = Ryt — ViShy, — V; 5%, (6.37)
It follows immediately by (6.37) that

tR]lk = R]’Lk V S 6Z§2J = _‘§2]kl: + 615}71@‘ + 6]3@” Rz]k

Theorem 6.2 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the transposed
connection (6.56). The curvature tensor 'R of the transposed connection (6.36) is a ¢-tensor.

Proof From (6.37), we get

Rmk = Ryi"F,\ — (ViSH)E, — (ViSTHE,,
téimlkF‘m = éimlkF‘m - (ﬁlgink)ij - (%mgéci)F]m
tR'ij = Rz]m - (61§§M)ka - (6J§lmz)ka

Due to (ﬁmgéj)ka— (ﬁkgfm)Flm = (Vmgfj)ka— (ngfnj)Fim = 0, using the purity of the curvature tensor

R and the torsion tensor S of the connection (3.10) we have

_tp m _tp 1 m
lek - ijkFi - Rzmij RszFk )

i.e. the curvature tensor ‘R is pure.

When we apply the Tachibana operator ¢ to the curvature tensor tﬁ, we obtain

(d)FtR)k:ijl = F m(amtRz_yl ) 8k( z_]l 77?)
= ka(vmtéijls + anitﬁnﬂg + Fn tRznl + F Ez ‘ns - FS lel )
7Frrf(vktRijlm + FZzt njl + F inl sz;Ln Rz]n )

= (V'R )F™ — (V'R )F,.
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Substituting (6.37) into the above relation, we obtain
(¢Ft§)ki]’l = (Vméijls)ka - (vkéiﬂm)Fms - (vmeigj‘l)ka (6-38)
(Vi ViSi) ™ + (ViViSTE: + (ViVi S F,r.
Substituting (3.8) into (6.38), in view of Theorem 5.2, we get
@ Ryt = (Y Vip))F™ — (VaVipm) F107 (6.39)
7[(Vm6ipl)ka - (Vk%ipm)Fl m](;;;
H(VmVip) B = (ViVipm) F; ™16
(Vi Vi) F™ = (ViVipm) F 55

It is easy to see that (V,,Vip;)F/™ — (Vkﬁipm)ij = (Vi Vip;) ™ — (Vi Vip ) F;™ . Thus (6.39) can be

rewritten in the form
(¢Ft}~2)kij; = [(VaVip)) F™ = (ViVipm) F;™6,°
—[(ViVip) F,™ = (VieVipm) Fy ™ ]0,°
(Vi Vipi) ™ = (VieVjpm) F; ™10,
(Vi Vip) B = (VieVipm) F ™16,

from which the result follows from the fact that (V,,,Vip;)F}™ = (Vi Vipy,)F;™ (see the proof of lemma 5.1). O

As a direct consequence of (2.6) and Theorem 6.2, we state the following theorem.

Theorem 6.3 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the transposed

connection (6.36). The curvature tensor R of the transposed connection (6.36) is a decomposable tensor with

respect to the product structures associated with the golden structure F'.
By (5.27) and (6.37), we obtain
tﬁijlﬁ""téjké'i'tékijl' = Eijli+§jké+éki]l‘
—~2(ViSL + VS + ViSh)
= _(Eijli+ﬁjké+§kigl')a
which in view of Theorem 5.4 gives the following theorem.

Theorem 6.4 Let (M, g, F) be a locally decomposable golden Riemannian manifold endowed with the transposed

connection (6.36). If the curvature tensor 'R of the connection (6.36) satisfies the following:
"R+ Rypi+" Ryyf =0 (6.40)

then, under the condition of (traceF — 2)° — (n—4)(n+traceF —6) # 0, the generator p is closed. Conversely,
if the generator p is closed, then the relation (6.40) is satisfied.
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