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1. Introduction and preliminaries

Fusion frame theory is a natural generalization of frame theory in separable Hilbert spaces, introduced by

Casazza and Kutyniok in [4]. Fusion frames are applied to signal processing, image processing, sampling theory,

filter banks, and a variety of applications that cannot be modeled by discrete frames [11, 14].

Let I be a countable index set and recall that a sequence {fi}i∈I is a frame in a separable Hilbert space

H if there exist constants 0 < A ≤ B <∞ such that

A∥f∥2 ≤
∑
i∈I

|⟨f, fi⟩|2 ≤ B∥f∥2, (f ∈ H). (1.1)

The constants A and B are called the lower and upper frame bounds, respectively. It is said that {fi}i∈I is a

Bessel sequence if the right inequality in (1.1) is satisfied. Given a frame {fi}i∈I , the frame operator is defined

by

Sf =
∑
i∈I

⟨f, fi⟩fi, (f ∈ H).

It is a bounded, invertible, and self-adjoint operator [6]. The family {S−1fi}i∈I is also a frame for H , the

so-called canonical dual frame. In general, a Bessel sequence {gi}i∈I ⊆ H is called an alternate dual or simply

a dual for the Bessel sequence {fi}i∈I if

f =
∑
i∈I

⟨f, gi⟩fi, (f ∈ H). (1.2)
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The synthesis operator T : l2 → H of a Bessel sequence {fi}i∈I is defined by T{ci}i∈I =
∑
i∈I cifi . By

(1.2) two Bessel sequences {fi}i∈I and {gi}i∈I are duals of each other if and only if TGT
∗
F = IH , where TF

and TG are the synthesis operators {fi}i∈I and {gi}i∈I , respectively. For more details on the frame theory we

refer to [3, 6].

Now we review the basic definitions and primary results of fusion frames. Throughout this paper, πV

denotes the orthogonal projection from Hilbert space H onto a closed subspace V .

Definition 1.1 Let {Wi}i∈I be a family of closed subspaces of H and {ωi}i∈I a family of weights, i.e. ωi > 0 ,

i ∈ I . Then {(Wi, ωi)}i∈I is called a fusion frame for H if there exist the constants 0 < A ≤ B <∞ such that

A∥f∥2 ≤
∑
i∈I

ω2
i ∥πWif∥2 ≤ B∥f∥2, (f ∈ H). (1.3)

The constants A and B are called the fusion frame bounds. If we only have the upper bound in (1.3) we call

{(Wi, ωi)}i∈I a Bessel fusion sequence. A fusion frame is called A -tight if A = B , and Parseval if A = B = 1. If

ωi = ω for all i ∈ I , the collection {(Wi, ωi)}i∈I is called ω -uniform and we abbreviate 1- uniform fusion frames

as {Wi}i∈I . A family of closed subspaces {Wi}i∈I is called an orthonormal basis for H when ⊕i∈IWi = H and

it is a Riesz decomposition of H , if for every f ∈ H there is a unique choice of fi ∈Wi such that f =
∑
i∈I fi .

A family of closed subspaces {Wi}i∈I is called a Riesz fusion basis whenever it is complete for H and there

exist positive constants A , B such that for every finite subset J ⊂ I and arbitrary vector fi ∈Wi , we have

A
∑
i∈J

∥fi∥2 ≤ ∥
∑
i∈J

fi∥2 ≤ B
∑
i∈J

∥fi∥2.

It is clear that every Riesz fusion basis is a 1-uniform fusion frame for H , and also a fusion frame is a

Riesz basis if and only if it is a Riesz decomposition for H ; see [2, 4].

For every fusion frame a useful local frame is proposed in the following theorem.

Theorem 1.2 [4] Let {Wi}i∈I be a family of subspaces in H and {ωi}i∈I a family of weights. Then

{(Wi, ωi)}i∈I is a fusion frame for H with bounds A and B , if and only if {ωiπWiej}i∈I,j∈J is a frame

for H , with the same bounds, where {ej}j∈J is an orthonormal basis for H .

A connection between local and global properties is given in the next result; see [4].

Theorem 1.3 For each i ∈ I , let Wi be a closed subspace of H and ωi > 0 . Also let {fi,j}j∈Ji be a frame

for Wi with frame bounds αi and βi such that

0 < α = infi∈Iαi ≤ β = supi∈Iβi <∞. (1.4)

Then the following conditions are equivalent:

(i) {(Wi, ωi)}i∈I is a fusion frame of H with bounds C and D .

(ii) {ωifi,j}i∈I,j∈Ji is a frame of H with bounds αC and βD .
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Recall that for each sequence {Wi}i∈I of closed subspaces in H , the space

∑
i∈I

⊕Wi = {{fi}i∈I : fi ∈Wi,
∑
i∈I

∥fi∥2 <∞},

with the inner product

⟨{fi}i∈I , {gi}i∈I⟩ =
∑
i∈I

⟨fi, gi⟩,

is a Hilbert space. For a Bessel fusion sequence {(Wi, ωi)}i∈I of H , the synthesis operator TW :
∑
i∈I ⊕Wi → H

is defined by

TW ({fi}i∈I) =
∑
i∈I

ωifi, ({fi}i∈I ∈
∑
i∈I

⊕Wi).

Its adjoint operator T ∗
W : H →

∑
i∈I ⊕Wi , which is called the analysis operator, is given by

T ∗
W (f) = {ωiπWi(f)}i∈I , (f ∈ H).

Let {(Wi, ωi)}i∈I be a fusion frame. The fusion frame operator SW : H → H is defined by SW f =
∑
i∈I ω

2
i πWif

is bounded, invertible as well as positive. Hence, we have the following reconstruction formula [4]:

f =
∑
i∈I

ω2
i S

−1
W πWif, (f ∈ H).

The family {(S−1
W Wi, ωi)}i∈I , which is also a fusion frame, is called the canonical dual of {(Wi, ωi)}i∈I . Also,

a Bessel fusion sequence {(Vi, νi)}i∈I is called an alternate dual of {(Wi, ωi)}i∈I , [8] whenever

f =
∑
i∈I

ωiνiπViS
−1
W πWif, (f ∈ H). (1.5)

In [8], it was proved that every alternate dual of a fusion frame is a fusion frame. Also, we can easily

see that a Bessel fusion sequence {(Vi, υi)}i∈I is an alternate dual fusion frame of {(Wi, ωi)}i∈I if and only if

TV ϕvwT
∗
W = IH , where the bounded operator ϕvw :

∑
i∈I
⊕
Wi →

∑
i∈I
⊕
Vi is given by

ϕvw({fi}i∈I) = {πViS
−1
W fi}i∈I . (1.6)

Moreover, a Bessel fusion sequence V = {(Vi, ωi)}i∈I given by Vi = S−1
W Wi ⊕ Ui is an alternate dual fusion

frame of {(Wi, ωi)}i∈I in which Ui is a closed subspace of H for all i ∈ I [13]. Recently, Heineken et al.

introduced the other concept of dual fusion frames [10]. For two fusion frames {(Wi, ωi)}i∈I and {(Vi, υi)}i∈I ,
if there exists a mapping Q ∈ B(

∑
i∈I
⊕
Wi,

∑
i∈I
⊕
Vi), such that TVQT

∗
W = IH , then {(Vi, υi)}i∈I is called

a Q-dual of {(Wi, ωi)}i∈I . Clearly, every alternate dual fusion frame is a ϕvw -dual. Q-duals are useful tools for

establishing the reconstruction formula. For more information on fusion frames, we refer the reader to [2, 4, 5].
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2. Alternate approximate duals

Alternate dual fusion frames play a key role in fusion frame theory; however, their explicit computations seem

rather intricate. In this section, we introduce the notion of the approximate alternate dual for fusion frames and

discuss the existence of alternate dual fusion frames from an approximate alternate dual. Moreover, we present

a complete characterization of alternate duals of Riesz fusion bases. The notion of the approximate dual for

discrete frames has already been introduced by Christensen and Laugesen in [7] and then for g -frames in [12];

however, many of their results are invalid for fusion frames. Throughout this section we consider a Riesz fusion

basis as a 1-uniform fusion frame.

First, we recall the notion of an approximate dual for discrete frames. Let F = {fi}i∈I and G = {gi}i∈I
be Bessel sequences for H . Then F and G are called approximate dual frames if ∥IH − TGT

∗
F ∥ < 1. In this

case, {(TGT ∗
F )

−1gi} is a dual of F ; see [7].

Now we introduce approximate duality for fusion frames.

Definition 2.1 Let {(Wi, ωi)}i∈I be a fusion frame. A Bessel fusion sequence {(Vi, υi)}i∈I is called an

approximate alternate dual of {(Wi, ωi)}i∈I if

∥IH − TV ϕvwT
∗
W ∥ < 1.

Putting

ψvw = TV ϕvwT
∗
W , (2.1)

we have the following reconstruction formula:

f =
∑
i∈I

(ψvw)
−1ωiυiπViS

−1
W πWif =

∞∑
n=0

(I − ψvw)
nψvwf, (f ∈ H).

Proposition 2.2 Let V = {(Vi, υi)}i∈I be an approximate alternate dual of a fusion frame W = {(Wi, ωi)}i∈I .
Then V is a fusion frame.

Proof Let B and D be Bessel bounds of W and V , respectively. Then

∥ψ∗
vwf∥2 = sup

∥g∥=1

|⟨TWϕ∗vwT ∗
V f, g⟩|2

= sup
∥g∥=1

|⟨
∑
i∈I

ωiυiπWiS
−1
W πVif, g⟩|2

≤ sup
∥g∥=1

∑
i∈I

υ2i ∥πVif∥2
∑
i∈I

ω2
i ∥S−1

W πWig∥2

≤ ∥S−1
W ∥2B

∑
i∈I

υ2i ∥πVif∥2,

for every f ∈ H . It follows that

∥f∥2 ∥(ψ
−1
vw)

∗∥−2

∥S−1
W ∥2B

≤
∑
i∈I

υ2i ∥πVif∥2 ≤ D∥f∥2. 2

The following proposition describes the approximate duality of fusion frames with respect to local frames.
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Proposition 2.3 Let {ej}j∈J be an orthonormal basis of H . Then the Bessel sequence V = {(Vi, υi)}i∈I is

an approximate alternate dual fusion frame of a fusion frame W = {(Wi, ωi)}i∈I if and only if {υiπViej}i∈I,j∈J
is an approximate dual of {ωiπWiS

−1
W ej}i∈I,j∈J .

Proof For each f ∈ H we have

∑
i∈I,j∈J

|⟨f, ωiπWiS
−1
W ej⟩|2 =

∑
i∈I

∑
j∈J

|⟨ωiS−1
W πWif, ej⟩|2

=
∑
i∈I

ω2
i ∥S−1

W πWif∥2

≤ ∥S−1
W ∥2

∑
i∈I

ω2
i ∥πWif∥2.

This implies that F = {ωiπWiS
−1
W ej}i∈I,j∈J is a Bessel sequence for H . Similarly, G = {υiπViej}i∈I,j∈J is also

a Bessel sequence for H . Moreover,

TGT
∗
F f =

∑
i∈I,j∈J

⟨f, ωiπWiS
−1
W ej⟩υiπViej

=
∑

i∈I,j∈J
ωiυiπVi⟨S−1

W πWif, ej⟩ej

=
∑
i∈I

ωiυiπViS
−1
W πWif

= TV ϕvwT
∗
W f = ψvw

for all f ∈ H . This completes the proof. 2

Theorem 2.4 Let W = {(Wi, ωi)}i∈I be a fusion frame and V = {(Vi, υi)}i∈I be a Bessel fusion sequence,

and also let {gi,j}j∈Ji be a frame for Vi with bounds Ai and Bi for every i ∈ I such that 0 < a =

infi∈I Ai ≤ supi∈I Bi = b < ∞ . Then V is an approximate alternate dual fusion frame of W if and only

if G = {υigi,j}i∈I,j∈Ji is an approximate dual of F = {ωiπWi
S−1
W g̃i,j}i∈I,j∈Ji where {g̃i,j}j∈Ji is the canonical

dual of {gi,j}j∈Ji .

Proof We first show that F is a Bessel sequence for H . Indeed, for each f ∈ H

∑
i∈I,j∈Ji

|⟨f, ωiπWiS
−1
W g̃i,j⟩|2 =

∑
i∈I

ω2
i

∑
j∈Ji

|⟨πViS
−1
W πWif, g̃i,j⟩|2

≤
∑
i∈I

ω2
i

Ai
∥πViS

−1
W πWif∥2

≤
∥S−1

W ∥2

a

∑
i∈I

ω2
i ∥πWif∥2.
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Moreover, by Theorem 1.3, G is a Bessel sequence for H . On the other hand,

TV ϕvwT
∗
W f =

∑
i∈I

ωiυiπViS
−1
W πWif

=
∑
i∈I

ωiυi
∑
j∈Ji

⟨πViS
−1
W πWif, g̃i,j⟩gi,j

=
∑

i∈I,j∈Ji

⟨f, ωiπWiS
−1
W g̃i,j⟩υigi,j = TGT

∗
F f.

This completes the proof. 2

The following theorem gives the idea that will lead to one of the main results of this section.

Theorem 2.5 Let W = {(Wi, ωi)}i∈I be a Riesz fusion basis. For an approximate alternate dual fusion frame

{(Vi, ωi)}i∈I of W , the sequence {(ψ−1
vwVi, ωi)}i∈I is an alternate dual fusion frame of W .

Proof Suppose that {ei,j}j∈Ji is an orthonormal basis of Wi , for each i ∈ I . Then F := {ωiei,j}i∈I,j∈Ji is

a frame for H by Theorem 1.3. Now, for each f ∈ H , we obtain∑
i∈I,j∈Ji

|⟨f, ωiπVi
S−1
W ei,j⟩|2 =

∑
i∈I

∑
j∈Ji

|⟨ωiS−1
W πVi

f, ei,j⟩|2

≤
∑
i∈I

ω2
i ∥S−1

W πVif∥2

≤ ∥S−1
W ∥2

∑
i∈I

ω2
i ∥πVif∥2.

Thus, G := {ωiπViS
−1
W ei,j}i∈I,j∈Ji is a Bessel sequence for H . Moreover,

ψvwf =
∑
i∈I

ω2
i πViS

−1
W πWif =

∑
i∈I,j∈Ji

ω2
i πViS

−1
W ⟨f, ei,j⟩ei,j

=
∑

i∈I,j∈Ji

⟨f, ωiei,j⟩ωiπViS
−1
W ei,j = TGT

∗
F f.

Hence, by the assumption, G is an approximate dual of F . This implies that the sequence {(TGT ∗
F )

−1ωiπViS
−1
W ei,j}i∈I,j∈Ji

is a dual for {ωiei,j}i∈I,j∈Ji . On the other hand, the sequence {ωiei,j}i∈I,j∈Ji is a Riesz basis for H by Theorem

3.6 of [2]. Using the fact that discrete Riesz bases have only one dual, we obtain

(TGT
∗
F )

−1ωiπViS
−1
W ei,j = S−1

F ωiei,j (i ∈ I, j ∈ Ji). (2.2)

Furthermore, it is not difficult to see that SF = SW . Indeed, for all f ∈ H we have

SF f =
∑

i∈I,j∈Ji

⟨f, ωiei,j⟩ωiei,j

=
∑
i∈I

ω2
i

∑
j∈Ji

⟨πWif, ei,j⟩ei,j

=
∑
i∈I

ω2
i πWif = SW f.
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Now, since TGT
∗
F = ψvw , by substituting ψvw and SW in (2.2), we finally conclude that

ψ−1
vwπViS

−1
W ei,j = S−1

W ei,j , (i ∈ I, j ∈ Ji).

In particular,

ψ−1
vwVi ⊇ S−1

W Wi, (i ∈ I). (2.3)

It immediately follows that {(ψ−1
vwVi, ωi)}i∈I is an alternate dual fusion frame of {(Wi, ωi)}i∈I . 2

By the above theorem we obtain the following characterization of alternate duals of Riesz fusion bases.

Corollary 2.6 Let W = {(Wi, ωi)}i∈I be a Riesz fusion basis. A Bessel sequence V = {(Vi, ωi)}i∈I is an

alternate dual fusion frame of W if and only if

Vi ⊇ S−1
W Wi, (i ∈ I). (2.4)

Proof If V satisfies (2.4), clearly V is an alternate dual of W . On the other hand, since every alternate dual

fusion frame is an approximate alternate dual with ψvw = IH , by (2.3) the result follows. 2

Corollary 2.6 also shows that, unlike discrete frames, Riesz fusion bases may have more than one dual. Moreover,

in the next proposition, we show that every fusion frame has at least an alternate dual.

Proposition 2.7 Every fusion frame has an alternate dual fusion frame different from the canonical dual fusion

frame.

Proof Let {(Wi, ωi)}i∈I be a fusion frame with frame operator SW . First suppose that there exists i0 ∈ I

such that Wi0 ̸= H . Take Vi = S−1
W Wi for i ̸= i0 and Vi0 = S−1

W Wi0 ⊕ Ui0 where Ui0 ⊆ (S−1
W Wi0)

⊥ is an

arbitrary closed subspace. Obviously, {(Vi, ωi)}i∈I is an alternate dual fusion frame of {(Wi, ωi)}i∈I . Indeed,

TV ϕvwT
∗
W f =

∑
i∈I,i̸=i0

ω2
i πViS

−1
W πWif + ω2

i0πVi0
S−1
W πWi0

f

=
∑

i∈I,i̸=i0

ω2
i πS−1

W Wi
S−1
W πWif + ω2

i0πS−1
W Wi0⊕Ui0

S−1
W πWi0

f

=
∑
i∈I

ω2
i πS−1

W Wi
S−1
W πWif = f,

for every f ∈ H . On the other hand, assume that Wi = H for all i ∈ I . It immediately follows that

{ωi}i∈I ∈ l2 . Take V1 = H and Vi = {0} for i > 1, and assume that ν1 =
∑

i∈I ω
2
i

ω1
and νi = ωi for i > 1.

Then SW f =
(∑

i∈I ω
2
i

)
f and for every f ∈ H we have∑
i∈I

ωiνiπViS
−1
W πWif =

∑
i∈I

ωiνiπViS
−1
W f = ω1ν1πV1S

−1
W f

=

(∑
i∈I

ω2
i

)
S−1
W f = f.

This shows that {(Vi, νi)}i∈I is an alternate dual fusion frame of {(Wi, ωi)}i∈I . 2
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Example 2.8 Let W = {Wi}i∈I be a Riesz fusion basis. Considering

Vi = (spanj ̸=i{Wj})⊥, (i ∈ I),

we claim that V = {(Vi, υi)}i∈I is an alternate dual of {Wi}i∈I for all {υi}i∈I ∈ l2 . Take fi ∈ Wi ; since

{S−1/2
W Wi}i∈I is an orthogonal family of subspaces in H so S−1

W fi ∈ Vi . Hence, Vi ⊇ S−1
W Wi for every i ∈ I

and so V is a dual of W by Corollary 2.6. In fact, this dual is the unique maximal biorthogonal sequence for

{Wi}i∈I ; see also Proposition 4.3 in [4].

Suppose that {Wi}i∈I is a Riesz fusion basis. By Theorem 3.9 in [2], there exists an orthonormal fusion basis

{Ui}i∈I and a bounded bijective linear operator T : H → H for which TUi = Wi for all i ∈ I . Therefore,

the canonical dual of a Riesz fusion basis is also a Riesz fusion basis. The following theorem shows that other

alternate duals of {Wi}i∈I are not Riesz fusion basis. This result is the infinite dimensional version for alternate

dual frames of Proposition 3.7 (2) in [9].

Theorem 2.9 Let W = {Wi}i∈I be a Riesz fusion basis. The only dual {Vi}i∈I of W that is Riesz basis is

the canonical dual.

Proof Suppose that the Riesz basis {Vi}i∈I is an alternate dual fusion frame of W . By Corollary 2.6,

S−1
W Wi ⊆ Vi for all i ∈ I . Assume that there exists j ∈ I such that S−1

W Wj ⊂ Vj , and pick a nonzero

0 ̸= f ∈ Vj ∩ (S−1
W Wj)

⊥ . Since {S−1
W Wi}i∈I is a Riesz fusion basis we can choose a unique sequence {gi}i∈I

such that f =
∑
i∈I gi where gi ∈ S−1

W Wi for all i ∈ I . Therefore, the vector f has two representations of the

elements in the Riesz fusion basis {Vi}i∈I , which is a contradiction. Hence, Vi = S−1
W Wi for every i ∈ I . 2

Suppose that L ∈ B(H) is invertible and {(Vi, υi)}i∈I is an alternate dual (approximate alternate dual)

fusion frame of W = {(Wi, ωi)}i∈I . It is natural to ask whether {(LVi, υi)}i∈I is an alternate dual (approximate

alternate dual) fusion frame of {(LWi, ωi)}i∈I .

Theorem 2.10 Let W = {(Wi, ωi)}i∈I be a fusion frame and L ∈ B(H) be invertible such that L∗LWi ⊆Wi

for every i ∈ I . The following statements hold:

(i) If V = {(Vi, υi)}i∈I is an alternate dual fusion frame of W , then the sequence LV = {(LVi, υi)}i∈I is an

alternate dual fusion frame of LW = {(LWi, ωi)}i∈I .

(ii) If V is an approximate alternate dual fusion frame of W such that

∥IH − ψvw∥ < ∥L∥−1∥L−1∥−1,

then LV is an approximate alternate dual fusion frame of LW .

Proof The sequence {(LWi, ωi)}i∈I is a fusion frame with the frame operator LSWL
−1 and πLWi = LπWiL

−1 ;

see [5]. Therefore, for each f ∈ H , we obtain∑
i∈I

ωiυiπLViS
−1
LWπLWif =

∑
i∈I

ωiυiLπViS
−1
W πWiL

−1f

= LL−1f = f.
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This proves (i). To show (ii) first note that ψLv,Lw = LψvwL
−1 and hence

∥(IH − ψLv,Lw)f∥ = ∥(IH − Lψv,wL
−1)f∥

= ∥L(IH − ψv,w)L
−1f∥

< ∥f∥

for all f ∈ H . This follows the result. 2

3. Stability of approximate alternate duals

In frame theory, every f ∈ H is represented by the collection of coefficients {⟨f, fi⟩}i∈I . From these coefficients,

f can be recovered using a reconstruction formula by dual frames. In real applications, in these transmissions

usually a part of the data vectors changes or reshapes; in other words, disturbances affect the information. In

this respect, the stability of frames and dual frames under perturbations has a key role in practice. The stability

of approximate duals of discrete frames and g-frames can be found in [7, 12]. In the following, we discuss the

stability of approximate alternate dual fusion frames under some perturbations. First, we fix the definition of

perturbation.

Definition 3.1 Let {Wi}i∈I and {W̃i}i∈I be closed subspaces in H . Also let {ωi}i∈I be positive numbers and

ϵ > 0 . We call {(W̃i, ωi)}i∈I an ϵ-perturbation of {(Wi, ωi)}i∈I whenever, for every f ∈ H ,

∑
i∈I

ω2
i ∥(πW̃i

− πWi
)f∥2 < ϵ∥f∥2.

Theorem 3.2 Let V = {(Vi, υi)}i∈I be an approximate alternate dual fusion frame of a fusion frame W =

{(Wi, ωi)}i∈I . Also let {(Ui, υi)}i∈I be an ϵ-perturbation of V , such that

ϵ <

(
1− ∥IH − ψvw∥√

B∥S−1
W ∥

)2

, (3.1)

where B is the upper bound of W . Then {(Ui, υi)}i∈I is also an approximate alternate dual fusion frame of

W . In particular, if W is a Parseval fusion frame and we choose V =W , then the result holds for ϵ < 1 .

Proof Notice that {(Ui, υi)}i∈I is a Bessel fusion sequence; in fact,

∑
i∈I

υ2i ∥πUif∥2 =
∑
i∈I

υ2i ∥πVif + (πUi − πVi)f∥2

≤

(∑
i∈I

υ2i ∥πVif∥2
)1/2

+

(∑
i∈I

υ2i ∥(πUi − πVi)f∥2
)1/2

2

≤ (
√
D +

√
ϵ)2∥f∥2,
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where D is the upper bound of V . On the other hand,

∥(IH − ψuw)f∥ ≤ ∥(IH − ψvw)f∥+ ∥(ψvw − ψuw)f∥

≤ ∥(IH − ψvw)f∥+ sup
∥g∥=1

∣∣∣∣∣
⟨∑
i∈I

ωiυi(πVi − πUi)S
−1
W πWif, g

⟩∣∣∣∣∣
= ∥(IH − ψvw)f∥+ sup

∥g∥=1

∣∣∣∣∣∑
i∈I

⟨
ωiS

−1
W πWif, υi(πVi − πUi)g

⟩∣∣∣∣∣
≤ ∥(IH − ψvw)f∥+

√
ϵ

(∑
i∈I

ω2
i ∥S−1

W πWif∥2
)1/2

≤ ∥(IH − ψvw)f∥+
√
ϵB∥S−1

W ∥∥f∥ < ∥f∥,

where the last inequality is implied from (3.1). The rest follows by the fact that each Parseval fusion frame is

a dual of itself. 2

Example 3.3 Consider

W1 = R2 × {0}, W2 = {0} × R2, W3 = span{(1, 0, 0)},

V1 = span{(0, 1, 0)}, V2 = {0} × R2, V3 = span{(1, 0, 0)}.

Then W = {Wi}3i=1 is a fusion frame and ∥S−1
W ∥ = 1 . Also, we have ∥IH − ψvw∥ = 1

2 , and so the Bessel

sequence V = {Vi}3i=1 is an approximate alternate dual fusion frame of W . Now, if we take

U1 = V1, U2 = V2, U3 = span{(α, β, 0)},

where 1
2 ≤ α < 1 and 0 ≤ β ≤ 1

100 , then U = {Ui}i∈I is an ϵ-perturbation of V with ϵ < 1
8 . Hence, by

Theorem 3.2, U is also an approximate alternate dual fusion frame of W .

The next result is obtained immediately from Theorem 3.2.

Corollary 3.4 Let {(Vi, υi)}i∈I be an alternate dual fusion frame of a fusion frame W = {(Wi, ωi)}i∈I . Also,

let {(Ui, υi))}i∈I be an ϵ-perturbation of V , and

√
ϵB ≤ 1

∥S−1
W ∥

, (3.2)

where B is the upper bound of W . Then {(Ui, υi)}i∈I is an approximate alternate dual fusion frame of W .

Theorem 3.5 Let V = {(Vi, υi)}i∈I be an approximate alternate dual fusion frame of a fusion frame W =

{(Wi, ωi)}i∈I . Also, let {Ui}i∈I be an ϵ-perturbation of W with

√
ϵ <

1− (
√
BD∥S−1

W − S−1
U ∥+ ∥IH − ψvw∥)√

D∥S−1
U ∥

, (3.3)
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where B and D are the upper bounds of W and V , respectively. Then {(Vi, υi)}i∈I is also an approximate

alternate dual fusion frame of U = {(Ui, ωi)}i∈I .

Proof Applying the Cauchy–Schwarz inequality for every f ∈ H , we have

∥(IH − ψvu)f∥ ≤ ∥(IH − ψvw)f∥+ ∥(ψvw − ψvu)f∥

≤ ∥(IH − ψvw)f∥+ sup
∥g∥=1

∣∣∣∣∣
⟨∑
i∈I

ωiυiπVi(S
−1
W πWi − S−1

U πUi)f, g

⟩∣∣∣∣∣
≤ ∥(IH − ψvw)f∥+ sup

∥g∥=1

∣∣∣∣∣
⟨∑
i∈I

ωiυi(S
−1
W − S−1

U )πWif, πVig

⟩∣∣∣∣∣
+ sup

∥g∥=1

∣∣∣∣∣
⟨∑
i∈I

ωiυiS
−1
U (πWi − πUi)f, πVig

⟩∣∣∣∣∣
≤ ∥(IH − ψvw)f∥+

√
D
(
∥S−1

W − S−1
U ∥

√
B +

√
ϵ∥S−1

U ∥
)
∥f∥

< ∥f∥,

where the last inequality is obtained by the assumption.

2

Example 3.6 Consider

V1 = R3, V2 = {0} × R2, V3 = span{(1, 0, 0)}.

Then V = {Vi}3i=1 is an alternate dual of Parseval fusion frame W = {Wi}3i=1 , in which

W1 = span{(0, 0, 1)}, W2 = span{(0, 1, 0)}, W3 = span{(1, 0, 0)}.

On the other hand, letting

U1 =W1, U2 =W2, U3 = span{(1, 1

50
, 0)},

then {Ui}i∈I is an ϵ-perturbation of W with ϵ < 0.02 . Using the fact that

0.02 <
1−

√
2∥IH − S−1

U ∥√
2∥S−1

U ∥
,

we obtain that V is an approximate alternate dual fusion frame of {Ui}i∈I by Theorem 3.5.

We know that many concepts of the classical frame theory have not been generalized to the fusion

frames. For example, in the duality discussion, if V = {(Vi, υi)}i∈I is an alternate dual of fusion frame

W = {(Wi, ωi)}i∈I , then W is not an alternate dual fusion frame of V . Indeed, take

W1 = span{(1, 0, 0)}, W2 = span{(1, 1, 0)},

W3 = span{(0, 1, 0)}, W4 = span{(0, 0, 1)},
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and ω1 = ω3 = ω4 = 1, ω2 =
√
2. Then W = {(Wi, ωi)}i∈I is a fusion frame for R3 with an alternate dual as

V = {(Vi, υi)}i∈I where

V1 = span{(0, 1, 0)}, V2 = R3, V3 = span{(1, 0, 0)}, V4 = span{(0, 0, 1)},

and υ1 = υ3 = 3 , υ2 = 3
√
2, υ4 = 1; see Example 3.1 of [1]. A straightforward calculation shows that W

is not an alternate dual fusion frame of V . Moreover, for an alternate dual fusion frame V of W , the fusion

frame W is not an approximate alternate dual fusion frame of V in general. The next theorem gives a sufficient

condition for a fusion frame being an approximate alternate dual of its dual.

Theorem 3.7 Let {(Vi, υi)}i∈I be an alternate dual of fusion frame {(Wi, ωi)}i∈I such that

∥S−1
W − S−1

V ∥ < ∥SW ∥−1/2∥SV ∥−1/2.

Then {(Wi, ωi)}i∈I is an approximate alternate dual fusion frame of {(Vi, υi)}i∈I .

Proof By the assumption TV ϕvwT
∗
W = IH , where ϕvw is given by (1.6). Also, it is not difficult to see that

ϕ∗vw{fi} = {πWiS
−1
W fi} for all {fi} ∈

∑
i∈I ⊕Vi . Hence,

∥IH − TWϕwvT
∗
V ∥ = ∥TWϕwvT ∗

V − TWϕ
∗
vwT

∗
V ∥

≤ ∥TW ∥∥TV ∥∥ϕwv − ϕ∗vw∥

≤ ∥TW ∥∥TV ∥∥S−1
W − S−1

V ∥ < 1.

2

The fusion frame W in Example 3.6 is not an alternate dual of V ; however, a straightforward calculation shows

that

∥S−1
V − S−1

W ∥ =
1

2
, ∥SV ∥ = 2.

Hence, W is an approximate alternate dual of V by Theorem 3.7. It is worth noticing that, unlike discrete

frames, {ψ−1
wvWi}3i=1 is not dual of {Vi}3i=1 . Indeed, ψ

−1
wv = 2IH and so

∑
i∈I

πψ−1
wvWi

S−1
V πVi =

1

2
IH.
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