Turkish Journal of Mathematics Turk J Math
(2017) 41: 1191 — 1203

© TUBITAK
TUBITAK Research Article doi:10.3906/mat-1507-37

http://journals.tubitak.gov.tr/math/

Some properties of alternate duals and approximate alternate duals of fusion
frames

Ali Akbar AREFIJAMAAL, Fahimeh ARABYANI NEYSHABURI*
Department of Mathematics and Computer Sciences, Hakim Sabzevari University, Sabzevar, Iran

Received: 08.07.2015 . Accepted /Published Online: 28.11.2016 . Final Version: 28.09.2017

Abstract: In this paper we extend the notion of approximate dual to fusion frames and present some approaches to
obtain alternate dual and approximate alternate dual fusion frames. We also study the stability of alternate dual and

approximate alternate dual fusion frames.
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1. Introduction and preliminaries

Fusion frame theory is a natural generalization of frame theory in separable Hilbert spaces, introduced by
Casazza and Kutyniok in [4]. Fusion frames are applied to signal processing, image processing, sampling theory,
filter banks, and a variety of applications that cannot be modeled by discrete frames [11, 14].

Let I be a countable index set and recall that a sequence {f;}icr is a frame in a separable Hilbert space
H if there exist constants 0 < A < B < oo such that

AIFIP <D KA PP <BIFIE (fFeH). (1.1)

i€l

The constants A and B are called the lower and upper frame bounds, respectively. It is said that {f;},cr is a

Bessel sequence if the right inequality in (1.1) is satisfied. Given a frame {f;};cs, the frame operator is defined
by

Sf=Y_(ff)fi,  (FEM).

iel

It is a bounded, invertible, and self-adjoint operator [6]. The family {S~!f;}ics is also a frame for H, the
so-called canonical dual frame. In general, a Bessel sequence {g;};cr C H is called an alternate dual or simply

a dual for the Bessel sequence {f;}ier if

F=> (fo)fi.  (feH). (1.2)

iel
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The synthesis operator T : 1> — H of a Bessel sequence {f;};cr is defined by T{c;}ic; = > icrCifi- By
(1.2) two Bessel sequences {f;}ier and {g;}icr are duals of each other if and only if T¢Th = Iy, where Tk
and T¢ are the synthesis operators {f;}icr and {g;}ier, respectively. For more details on the frame theory we
refer to [3, 6].

Now we review the basic definitions and primary results of fusion frames. Throughout this paper, my
denotes the orthogonal projection from Hilbert space H onto a closed subspace V.

Definition 1.1 Let {W;}icr be a family of closed subspaces of H and {w; }ier a family of weights, i.e. w; >0,
i€1I. Then {(W;,w;)}ier is called a fusion frame for H if there exist the constants 0 < A < B < 0o such that

AIfIP <Y willmw, P < BIFIP, (F e ). (1.3)

i€l

The constants A and B are called the fusion frame bounds. If we only have the upper bound in (1.3) we call
{(W;,w;i) Yier a Bessel fusion sequence. A fusion frame is called A-tight if A= B, and Parseval if A=B=1.1f
w; = w forall ¢ € I, the collection {(W;,w;)}ier is called w-uniform and we abbreviate 1- uniform fusion frames
as {W;}ier. A family of closed subspaces {W; }cr is called an orthonormal basis for H when @;c;W; = H and
it is a Riesz decomposition of H, if for every f € H there is a unique choice of f; € W; such that f =3, fi.

A family of closed subspaces {W,};cr is called a Riesz fusion basis whenever it is complete for H and there

exist positive constants A, B such that for every finite subset J C I and arbitrary vector f; € W;, we have

AZ 1fll? <l Zfi“Q < BZ 11 £:lI.

ieJ icJ i€

It is clear that every Riesz fusion basis is a 1-uniform fusion frame for #, and also a fusion frame is a
Riesz basis if and only if it is a Riesz decomposition for #; see [2, 4].

For every fusion frame a useful local frame is proposed in the following theorem.

Theorem 1.2 [}] Let {W;};er be a family of subspaces in H and {w;}icr o family of weights. Then
{(Wi,wi)}ier is a fusion frame for H with bounds A and B, if and only if {wimw,e€;}icr jes is a frame

for H, with the same bounds, where {e;};cs is an orthonormal basis for H.

A connection between local and global properties is given in the next result; see [4].

Theorem 1.3 For each i € I, let W; be a closed subspace of H and w; > 0. Also let {fi;}jes, be a frame
for W; with frame bounds «; and B; such that

0 < a=inficra; < B = sup;crf; < oo. (1.4)

Then the following conditions are equivalent:
(i) {(Wi,wi)}ier is a fusion frame of H with bounds C and D.

(1) {wifi;tierjes, is a frame of H with bounds aC and SD.
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Recall that for each sequence {W;};ecs of closed subspaces in H, the space

S @Wi = {{fitier: fi € Wi, d_|Ifill* < o0},

i€l i€l

with the inner product

{fitier{gi}ier) = Z<fiagi>’

el

is a Hilbert space. For a Bessel fusion sequence {(W;,w;)}ier of H, the synthesis operator Ty : ) ;c; ©W; — H
is defined by

{fl zGI szfw ({fz}lef € Z@Wi)'

i€l iel

Its adjoint operator Ty, : H — ;. ®W;, which is called the analysis operator, is given by

Ty (f) = {wimw, (f) }ier, (f €H).

Let {(W;,w;)}ier be a fusion frame. The fusion frame operator Sy : H — H is defined by Sw f = >, wimw, f

is bounded, invertible as well as positive. Hence, we have the following reconstruction formula [4]:

fzzwgsaflﬂwif’ (fEH)

iel

The family {(Sy, Wl,wz)}lg, which is also a fusion frame, is called the canonical dual of {(W;,w;)}ier. Also,

a Bessel fusion sequence {(V;,v;)}icr is called an alternate dual of {(W;,w;)}ier, [8] whenever
f = ZiniTFVL.Sﬁ/lﬁwif, (f S H) (15)
icl

In [8], it was proved that every alternate dual of a fusion frame is a fusion frame. Also, we can easily
see that a Bessel fusion sequence {(V;,v;)}icr is an alternate dual fusion frame of {(W;,w;)}ier if and only if
Ty v Ty, = I3, where the bounded operator ¢y : > ,c; @ Wi — >, P Vi is given by

bow({ fi}ier) = {mv, Sy’ fi}ier- (1.6)

Moreover, a Bessel fusion sequence V = {(V;,w;)}ics given by V; = S;'W; @ U; is an alternate dual fusion
frame of {(W;,w;)}ier in which U; is a closed subspace of H for all ¢ € I [13]. Recently, Heineken et al.
introduced the other concept of dual fusion frames [10]. For two fusion frames {(W;,w;)}ier and {(V;,v;) bier,
if there exists a mapping Q € B(D_,c; @ Wi, > _;c; @D Vi), such that Ty QTy;, = I3, then {(V;,v;)}ier is called
a Q-dual of {(W;,w;)}ier. Clearly, every alternate dual fusion frame is a ¢, -dual. @-duals are useful tools for

establishing the reconstruction formula. For more information on fusion frames, we refer the reader to [2, 4, 5].
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2. Alternate approximate duals

Alternate dual fusion frames play a key role in fusion frame theory; however, their explicit computations seem
rather intricate. In this section, we introduce the notion of the approximate alternate dual for fusion frames and
discuss the existence of alternate dual fusion frames from an approximate alternate dual. Moreover, we present
a complete characterization of alternate duals of Riesz fusion bases. The notion of the approximate dual for
discrete frames has already been introduced by Christensen and Laugesen in [7] and then for g-frames in [12];
however, many of their results are invalid for fusion frames. Throughout this section we consider a Riesz fusion

basis as a 1-uniform fusion frame.
First, we recall the notion of an approximate dual for discrete frames. Let F' = {f;}ic; and G = {g; }ier

be Bessel sequences for H. Then F and G are called approzimate dual frames if || Iy — TeTr|| < 1. In this
case, {(TcTr)"tg;} is a dual of F; see [7].

Now we introduce approximate duality for fusion frames.

Definition 2.1 Let {(W;,w;)}icr be a fusion frame. A Bessel fusion sequence {(Vi,v;)}ier is called an
approzimate alternate dual of {(W;,w;)}ier if

||I'H - TV¢UwTI§/|‘ <L
Putting

1/}1)11) = TVQbUwT{/kVa (21)
we have the following reconstruction formula:

F=> o) wivimy Syt f = D> (= tww)"Yowf,  (f € H).

iel n=0

Proposition 2.2 Let V = {(V;,v;) }ier be an approzimate alternate dual of a fusion frame W = {(W;, w;) }ier -

Then V is a fusion frame.

Proof Let B and D be Bessel bounds of W and V', respectively. Then

[nu fI? = HSIH1P1|<Tw¢ZwT$f,g>I2
g:
= sup |<waﬂwisv_vl77wf7g>|2
lol=1
< sup Y oFllmy fIIP Y Wi lISy mwgll?
lgll=15er il
< ISHIPBY vl £,
icl

for every f € H. It follows that

(Vo) 1~°

I
P e < > vilmi fI? < DIFIP. O
[Sw 2B

i€l

The following proposition describes the approximate duality of fusion frames with respect to local frames.

1194



AREFIJAMAAL and ARABYANI NEYSHABURI/Turk J Math

Proposition 2.3 Let {e;};cs be an orthonormal basis of H. Then the Bessel sequence V = {(V;,v;)}icr is
an approximate alternate dual fusion frame of a fusion frame W = {(W;, w;) bier if and only if {vimv,e;}icr jes

is an approximate dual of {WiWWiSV_[/lej}ieLjeJ.

Proof For each f € H we have

Z [(frwimw, Syt e)]? = ZZK%SV_V%TWJ,%HZ

i€l jed i€l jeJ
= > wilSw'mw. I

iel

15312 > willmw £,

iel

IN

This implies that F = {w;mw, S;V]-ej}iej)jej is a Bessel sequence for H. Similarly, G = {v;mv,e;}icr jes is also

a Bessel sequence for H. Moreover,

TeTRf = Y, (fwimw,Sy'e)vimye;
ierjer

1
= Z wiviTy, (Sy Tw, £, e5)e;
iel,jed

E : -1
= wivmviSW 7TWif
icl

= TV ¢vw T{;V f = wvw

for all f € H. This completes the proof. O

Theorem 2.4 Let W = {(W;,w;)}ier be a fusion frame and V = {(V;,v;)}icr be a Bessel fusion sequence,
and also let {gij}jes, be a frame for V; with bounds A; and B; for every i € I such that 0 < a =

infier A; < sup;e; B; = b < oo. Then V is an approzimate alternate dual fusion frame of W if and only
if G =A{vigijtierjes, is an approzimate dual of F = {wiﬂ'WiS‘;/lgi,j}ieLjEJi where {gi j}jes, is the canonical
dual of {gi,;}jer; -

Proof We first show that F' is a Bessel sequence for H. Indeed, for each f € H

o KfwimwSw'gi)? = Y wi Y [(mviSy'mw.f.gi)

iel,jed; el JjEJ;
2
Wy _
< Zjﬂﬂwswlﬁwifﬂg
iel 7t
Sytl?
< IS o 112

iel
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Moreover, by Theorem 1.3, GG is a Bessel sequence for H. On the other hand,

Tv oo Ty f = Z wiviTy; Syt T, f

il
= Y wwi Y (TSt mw f,Gig)9i
el jeJ;
= > (fwimw, Syl Gig)vigi; = TeTrf.
iel,jed;
This completes the proof. O

The following theorem gives the idea that will lead to one of the main results of this section.

Theorem 2.5 Let W = {(W;,w;)}icr be a Riesz fusion basis. For an approzimate alternate dual fusion frame
{(Vi,wi) Yier of W, the sequence {(¢,.1Vi,w;)}Yier is an alternate dual fusion frame of W .

Proof Suppose that {e; ;};es, is an orthonormal basis of W;, for each i € I. Then F := {wje; j}ier jes; 1S

a frame for H by Theorem 1.3. Now, for each f € H, we obtain

> fwimy Sitei))? DO lwiSwimv freig)?

icl,jeld; el jed;
< > WFlISy v fI1?
el
< ISP Wil £112.
el

Thus, G := {w;my, S‘/_Vlei7j}iej7jeji is a Bessel sequence for H. Moreover,

1 _
Yowf =Y WimvSptrw f = Y wimSpt(f e
icl el jed;
= Z (f,wieij)wimy, Sy e = TaThf.
iel jed;

Hence, by the assumption, G is an approximate dual of F'. This implies that the sequence {(TT5)  tw;my; S;[,l €ijtiel jed;
is a dual for {w;e; ;}icr jes, . On the other hand, the sequence {w;e; ;}icr jes, is a Riesz basis for 7 by Theorem

3.6 of [2]. Using the fact that discrete Riesz bases have only one dual, we obtain
(TgTI’?)_lmeiSﬁ,leiJ = S;lwiei’j (Z S I,] c Jz) (22)

Furthermore, it is not difficult to see that Sp = Sy . Indeed, for all f € H we have

Spf = Z (fiwieijlwiei,;

i€l,jed;

_ 2

= Y W (rw.freij)ei;
el jeJ;

= Y wirw,f = Swf.
el
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Now, since TgT% = 1y, by substituting 1, and Sy in (2.2), we finally conclude that
, PY g ) Yy
w;jﬂviS;Vlem = S;VIeim (Z S I,j S Jl)
In particular,
YowVi 2 Sy Wi, (i€ 1). (2.3)

It immediately follows that {(;.1V;,w;)}ier is an alternate dual fusion frame of {(W;,w;)}ier- O

By the above theorem we obtain the following characterization of alternate duals of Riesz fusion bases.

Corollary 2.6 Let W = {(W;,w;)}icr be a Riesz fusion basis. A Bessel sequence V. = {(Vi,w;)}icr is an
alternate dual fusion frame of W if and only if

Vi D Syt Wy, (i el). (2.4)
Proof If V satisfies (2.4), clearly V' is an alternate dual of . On the other hand, since every alternate dual
fusion frame is an approximate alternate dual with 1, = I3, by (2.3) the result follows. O

Corollary 2.6 also shows that, unlike discrete frames, Riesz fusion bases may have more than one dual. Moreover,

in the next proposition, we show that every fusion frame has at least an alternate dual.

Proposition 2.7 Every fusion frame has an alternate dual fusion frame different from the canonical dual fusion
frame.

Proof Let {(W;,w;)}icr be a fusion frame with frame operator Sy . First suppose that there exists ig € T
such that W;, # H. Take V; = S‘/_VlVVi for i # ip and V;, = AS’V_VlVVi0 & U;, where U;, C (S;V1WiO)L is an

arbitrary closed subspace. Obviously, {(V;,w;)}icr is an alternate dual fusion frame of {(W;,w;)}ier. Indeed,

TV¢va{;Vf = Z wiz,]rViSI;/l’]rWif+w1'207TV7‘,05{;/17TW¢0f

i€l i#io

= Z WA g1 STt mw, f + wi S tmw, f

- i TSt WP w W i0 " Syt Wi ®Us, "W Wi
i€l iio

_ 2 —1 _

= D wimg Sy f = f,
il

for every f € H. On the other hand, assume that W; = H for all i € I. It immediately follows that
2

{wi}ier € 12. Take Vi = H and V; = {0} for i > 1, and assume that v; = Esiiw and v; = w; for i > 1.
Then Sw f = (Eiel wf) f and for every f € H we have

2 : -1 2 : -1 —1
WiViﬂ'ViSW 77Wif = wiymwSWf:wlumvlSWf

iel iel
= (Z wf) Sw'f=1.
iel
This shows that {(V;,v;)}ier is an alternate dual fusion frame of {(W;,w;)}ier- O
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Example 2.8 Let W = {W;};c; be a Riesz fusion basis. Considering
Vi= (Spanj;éi{wj})la (Z € I)v

we claim that V = {(Vi,v;)}ier is an alternate dual of {Wi}tier for all {v;}ier € 1?. Take fi € W;; since

{S;V1/2Wi}iel is an orthogonal family of subspaces in H so S‘,}lfi € V;. Hence, V; D S;VIWi for every i € I
and so V is a dual of W by Corollary 2.6. In fact, this dual is the unique mazximal biorthogonal sequence for
{W;}icr ; see also Proposition 4.3 in [4].

Suppose that {W;}icr is a Riesz fusion basis. By Theorem 3.9 in [2], there exists an orthonormal fusion basis
{Ui}ier and a bounded bijective linear operator T : H — H for which TU; = W; for all ¢ € I. Therefore,
the canonical dual of a Riesz fusion basis is also a Riesz fusion basis. The following theorem shows that other
alternate duals of {W;};c; are not Riesz fusion basis. This result is the infinite dimensional version for alternate

dual frames of Proposition 3.7 (2) in [9)].

Theorem 2.9 Let W = {W,};cr be a Riesz fusion basis. The only dual {V;}icr of W that is Riesz basis is
the canonical dual.

Proof Suppose that the Riesz basis {V;};cr is an alternate dual fusion frame of W. By Corollary 2.6,
SV_VIWZ- C V; for all ¢ € I. Assume that there exists j € I such that Sv_vle C V;, and pick a nonzero
0#£feV;n (S;l,le)J‘. Since {S;V1Wi}i€1 is a Riesz fusion basis we can choose a unique sequence {g;}icr
such that f =), ; g; where g; € S;VI W; for all ¢ € I. Therefore, the vector f has two representations of the
elements in the Riesz fusion basis {V;};cr, which is a contradiction. Hence, V; = S‘}}Wi forevery i€ I. O

Suppose that L € B(H) is invertible and {(V;,v;)}ier is an alternate dual (approximate alternate dual)
fusion frame of W = {(W;,w;) }ier. It is natural to ask whether {(LV;, v;)}ier is an alternate dual (approximate

alternate dual) fusion frame of {(LW;,w;)}ier-

Theorem 2.10 Let W = {(W,;,w;) }icr be a fusion frame and L € B(H) be invertible such that L*LW,; C W;
for every i € I. The following statements hold:

(i) If V.= {(Vi,vi) }ier is an alternate dual fusion frame of W, then the sequence LV = {(LV;,v;)}icr is an
alternate dual fusion frame of LW = {(LW;,w;)}ier -

(i) If V is an approximate alternate dual fusion frame of W such that
173 = Yowll < IZITHIZTHITY

then LV is an approximate alternate dual fusion frame of LW .

Proof The sequence {(LW;,w;)}ier is a fusion frame with the frame operator LSy L™ and 7pw, = Lrw, L™}
see [5]. Therefore, for each f € H, we obtain

—1 2 : -1 -1
E WiUiTLV; SLW’]TLWif WiUiL']TVi SW 7TW1.L f
el i€l

= LL'f=1/
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This proves (i). To show (ii) first note that ¥ 1, 1w = Ltbyw L™ and hence

(T3 = Yrv,2w) f]] (T3 = Ltpo L) £
HL(IH - wv,w)L_lfH

vl

A

for all f € H. This follows the result. O

3. Stability of approximate alternate duals

In frame theory, every f € H is represented by the collection of coefficients {(f, f;)}icr. From these coefficients,
f can be recovered using a reconstruction formula by dual frames. In real applications, in these transmissions
usually a part of the data vectors changes or reshapes; in other words, disturbances affect the information. In
this respect, the stability of frames and dual frames under perturbations has a key role in practice. The stability
of approximate duals of discrete frames and g-frames can be found in [7, 12]. In the following, we discuss the
stability of approximate alternate dual fusion frames under some perturbations. First, we fix the definition of
perturbation.

Definition 3.1 Let {W;}icr and {Wi}ig be closed subspaces in H . Also let {w;}ier be positive numbers and

€>0. We call {(W;,w;)}icr an e-perturbation of {(W;,w;)}icr whenever, for every f € H,

> Wil — mw) FIIP < ell £

iel

Theorem 3.2 Let V = {(V;,v;)}icr be an approximate alternate dual fusion frame of a fusion frame W =
{(Wi,wi) Yier. Also let {(Ui,vi)}ier be an e-perturbation of V', such that

2
1 — |3 — Youll
<|\— 1, 3.1
( VBIISy/ |l ) -1

where B is the upper bound of W. Then {(U;,v;)}icr is also an approximate alternate dual fusion frame of

W . In particular, if W is a Parseval fusion frame and we choose V.= W | then the result holds for e < 1.

Proof Notice that {(U;,v;)}icr is a Bessel fusion sequence; in fact,

> Vil fI? > Vil f + (wo, = 7 ) fI1°

i€l i€l

1/2 1/2
(Z vfmf2> + (Z o ||(mo, — 7rvl-)f2>

i€l i€l

IN

< (VD+VePIfIP,
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where D is the upper bound of V. On the other hand,

1T = ) FII < 13 = o) FIl + (0w = Yuw) f]

<ZW2U2 ’/TUi)SWL/TW,;f,g>‘

el

< ”(I?-L 1Z)vw f“ + sup
llgll=1

= ”(I?-l - wvw)f” + sup

llgll=1

Z <WiSa/17TWif» ’Ui(TFVi - ﬂ—Ui)g>

i€l

1/2
< I — Yow) Fll + Ve (walsv‘vlm,ﬂ?)

iel
< Un = o) FIl + VeBIS A < £,

where the last inequality is implied from (3.1). The rest follows by the fact that each Parseval fusion frame is
a dual of itself. O

Example 3.3 Consider

Wy =R? x {0}, Wy ={0} xR? Ws = span{(1,0,0)},

V1= span{((), 170)}7 Vo = {0} X RQ, V3 = Span{(LOvO)}

Then W = {W;}}_, is a fusion frame and ||Sy}| = 1. Also, we have ||l — tyu|| = %, and so the Bessel

sequence V = {V;}2_, is an approzimate alternate dual fusion frame of W . Now, if we take
Ul = ‘/1; U2 = ‘/Za U3 = Span{(a7ﬁ70)}a

where % <a<land 0 < g < ﬁ, then U = {U,}ier is an e-perturbation of V. with € < %. Hence, by

Theorem 3.2, U 1is also an approximate alternate dual fusion frame of W .

The next result is obtained immediately from Theorem 3.2.

Corollary 3.4 Let {(V;,v;)}ier be an alternate dual fusion frame of a fusion frame W = {(W;,w;) }ier . Also,
let {(Ui,vi))}ier be an e-perturbation of V', and

— 1
15w

where B is the upper bound of W . Then {(U;,v;)}ier is an approximate alternate dual fusion frame of W .

Theorem 3.5 Let V = {(V;,v;)}icr be an approzimate alternate dual fusion frame of a fusion frame W =
{(Wi,wi) Yier. Also, let {U;}ier be an e-perturbation of W with

— (VBD||Sy" = Sgt | + T3 — dowl))
VDS

Ve < ! , (3.3)
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where B and D are the upper bounds of W and V', respectively. Then {(Vi,v;)}icr is also an approximate
alternate dual fusion frame of U = {(U;,w;) bier -
Proof Applying the Cauchy—Schwarz inequality for every f € H, we have

H(IH - wvu)fH < ||(IH - wvw)f” + H(wvw - wvu)f”

<Z WiV Ty, (Sv}lﬁwi - Sal,]rUi)fa g> ‘

i€l

< (I = Yow) fIl + sup
lgli=1

S ||<I7~[ wvw f||+ sup <szvz U1)7TWz‘fu7TVig>
lol=1] \ 57
+ sup <ZwiUzSU1(7TW —wU)f,ﬂvg>‘
lgl=1|\ ‘s
< 0 = o) fl+ VD (I85! = SHIVB + Velsg'Il) 171
< Il

where the last inequality is obtained by the assumption.

Example 3.6 Consider
Vi=R3 V,={0} xR? V3=span{(1,0,0)}.
Then V = {V;}3_, is an alternate dual of Parseval fusion frame W = {W;}3_, , in which
W1 = span{(0,0,1)}, Ws = span{(0,1,0)}, W3 = span{(1,0,0)}.

On the other hand, letting
1
U1 = Wl, U2 = WQ, U3 = span{(l, %,0)},

then {U; }icr is an e-perturbation of W with € < 0.02. Using the fact that

1 - V2|1 — 85|

0.02 < — ,
V2|IS5 |

we obtain that V' is an approximate alternate dual fusion frame of {U;}icr by Theorem 3.5.

We know that many concepts of the classical frame theory have not been generalized to the fusion
frames. For example, in the duality discussion, if V' = {(V;,v;)}icr is an alternate dual of fusion frame
W = {(W;,w;)}ier, then W is not an alternate dual fusion frame of V. Indeed, take

Wy = span{(l,0,0)}, Wy = span{(l,l,())},
W3 = span{((), 1, O)}a Wy = Span{(0> 0, 1)}7
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and wy = w3 =wyg = 1, wo = V2. Then W = {(W;,w;) }ies is a fusion frame for R? with an alternate dual as
V = {(Vi,v;) }ier where

Vi = span{(0,1,0)}, Vo =R>* V3= span{(1,0,0)}, Vi = span{(0,0,1)},

and v; = v3 = 3 , vy = 3v/2, vy = 1; see Example 3.1 of [1]. A straightforward calculation shows that W
is not an alternate dual fusion frame of V. Moreover, for an alternate dual fusion frame V of W, the fusion
frame W is not an approximate alternate dual fusion frame of V' in general. The next theorem gives a sufficient

condition for a fusion frame being an approximate alternate dual of its dual.
Theorem 3.7 Let {(V;,vi)}ier be an alternate dual of fusion frame {(W;,w;)}icr such that
15" = Syl < llSwll = 2l1Sv |72,

Then {(W;,w;)}icr s an approzimate alternate dual fusion frame of {(Vi,v;)}ier -

Proof By the assumption Ty ¢y, 15, = Iy, where ¢y, is given by (1.6). Also, it is not difficult to see that
solfid = {mw, Syt fi} for all {fi} € 3,c; ®Vi. Hence,

||I’H - TWd)va{;H = ”TW(bva\J; - TW¢;wT\4}”
[ Tw TV | pwv — Gl
ITw Tyl Sw' — Syl < 1.

IN

IA

O

The fusion frame W in Example 3.6 is not an alternate dual of V'; however, a straightforward calculation shows
that

IR |
I1Sy" = Sw'll =5, lISvil=2.

Hence, W is an approximate alternate dual of V' by Theorem 3.7. It is worth noticing that, unlike discrete
frames, {1, iW;}3_, is not dual of {V;}3_,. Indeed, 1. = 213 and so

_ 1
> mygiw Sy = 51
i€l
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