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Abstract: In this paper we establish stability theorems for nonlinear fractional orders systems (FDEs) with Caputo
and Riemann—Liouville derivatives. In particular, we derive conditions for JF-stability of nonlinear FDEs. By numerical

simulations, we verify numerically our theoretical results on a test example.
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1. Introduction

Fractional-order models are found to be more adequate than integer-order models in some real-world problems.
In fact, fractional differential equations appear naturally in a number of fields such as physics, polymer rheology,
regular variation in thermodynamics, biophysics, blood flow phenomena, aerodynamics, electro-dynamics of
complex medium, viscoelasticity, capacitor theory, electrical circuits, electron-analytical chemistry, biology,
control theory, and fitting of experimental data. For examples and details, see [1, 8, 13] and the references
therein.

Stability analysis is a central task in the study of fractional differential systems. The stability analysis of
FDEs is more complex than that of classical differential equations, since fractional derivatives are nonlocal and
have weakly singular kernels. Most of the known results on stability analysis of fractional differential systems
concentrate on the stability of linear fractional differential systems. In [15], Matignon has given a well-known
stability criterion for a linear fractional autonomous differential system with constant coefficient matrix A. The
criterion is that the stability is guaranteed if and only if the roots of the eigenfunction of the system lie outside
the closed angular sector |arg(A(A))| < Ta, which generalized the result for the integer case a = 1. Later,
Matignon’s stability criterion was developed by several authors. Deng et al. [7] generalized the system to a
linear fractional differential system with multiorders and multiple delays, in which the characteristic polynomial
is introduced by the Laplace transform method. In [18], a linear matrix inequality (LMI) was used in the
stability analysis of the linear fractional differential system.

Compared with the stability criteria for nonlinear integer-order differential systems, the developments of
nonlinear fractional differential systems are unsatisfactory. Lyapunov’s second method is an effective tool to
analyze the stability of nonlinear integer-order differential systems without solving state equations. Recently,
the nonlinear fractional differential systems have been discussed in several refs. [3, 4, 19, 20] and some results

have been derived by using Lyapunov’s method.
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The structural stability of a system with Riemann-Liouville derivative has been presented in [9]. In [5]
authors investigated the system of nonautonomous FDEs involving Caputo derivative and derived the result on
continuous dependence of solution on initial conditions. In [14], the Mittag—LefHler stability and the fractional
Lyapunov of the second method were proposed. Deng [6] derived a sufficient stability condition of nonlinear
FDEs. In this paper we introduce some developments of the stability of nonlinear fractional differential systems
in detail.

The paper is organized as follows. In section 2, we present some basic materials on fractional calculus
and prove a theorem to investigate the asymptotic expansions of the Mittag-Leffler function. Some stability

results of the system )% x(t) = Ax(t)+ f(¢,2(t)) are presented in section 3. In section 4, some stability results
of fractional differential systems D x(t) = Ax(t) + f(¢,z(t)) are derived and F-asymptotic stability of the

system is presented. In section 5, we present a numerical example, for which we compute different orbits of the
corresponding system by means of numerical simulations, to reveal validity of our analytical results. In section

6, we conclude the paper.

2. Preliminaries
Two types of fractional derivatives of Riemann—Liouville and Caputo derivatives have been often used in
fractional differential systems. We briefly recall these two definitions.

Definition 1 The Riemann—Liouville integral J , with fractional order oo € Ry of function x(t) is defined as

T a(t) == Dy Sa(t) == ﬁ /t (t — 1) La(r)dr,

where T'(.) is Euler’s gamma function, for a« =0 we set Jtow5 := 1d, the identity operator.

Definition 2 The Riemann—Liouville derivative with fractional order o € Ry of function x(t) is defined by

« dm m—o«
D.° a(t) T (),

RL tg, = dpm “tost
where m —1<a<méecZy.

The Laplace transform of the Riemann-Liouville fractional derivative RLDOO‘tx(t) for 0 <a<1is
£, Dor(t)} = 5" X (s) — (D5 a(0)) ez
Here X (s) is the Laplace transform of x(t).

Definition 3 The Caputo derivative with fractional order a € Ry of function x(t) is defined by

a m—o am
D !E(t) = Jt(g,t )dtim

C ot

(1),
where m —1<a<meZ,.
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The Laplace transform of the Caputo fractional derivative Z%Oj5 x(t) is

E{COt() Zsak(k Yo (m—1<a<m).
k=1

If 0 <a <1 we have
£{ n° T z(t)} = s*X(s) — s 1x(0).

Definition 4 [16] The Mittag-Leffler function is defined by

oo
kZ:oF ak+1)’

where oo > 0,z € C. The two-parameter Mittag-Leffler function is defined by

Mg

k:OF ozk—|—ﬂ

where o, >0,z € C. Clearly Eo(z) = Eq1(2).

For j € Ng, A € R, and «, 8 > 0 the Laplace transform of the function
f(t) = tiotB-1EU) 3(FXt%) can be easily found to be

LU0} = (1 > I\ &, Re(s) > 0)
If 8=« and 7 =0 we have
L{tO T By o (£M)} = Salﬁ (Is| > |A|=, Re(s) > 0)
and if 5 =1,j =0 we have
el N} = S (15| > A%, Re(s) > 0).

The Mittag-Leffler function has the following asymptotic expression.

Lemma 1 [16] If 0 < o < 2 and B is an arbitrary complex number, then for an arbitrary integer p > 1 the

following expansions hold:

P
a=g 1 1
E.p(z) = P exp(ze) — E T3 — k) +O<7‘Z|p+1),

with |z| — oo, | arg(z)| > %¢
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Definition 5 Consider the following fractional differential system:
A qx) = f(t,x(2)), (1)

with initial condition x®)(t)|i=t, = xr = (Tp1, Th2, s Tan)? € R® (K = 0,1,....,m — 1) where z(t) =
(z1(t),22(t), sz ()T €R", m—1<a<mé€Zy, and f : [tg,00) x R"* — R".

The system (1) is said to be stable if, for any initial values w1, = (Tp1, Tho, ..o, Thn)? €ER® (k=0,1,...,m —1),
there exists € > 0 such that any solution x(t) of (1) satisfies |z(t)|| < e for all t > ty. The system (1) is said
to be asymptotically stable if ||z(t)|| = 0 as t = oo.

Next we consider the following general type of fractional differential equations involving Riemann-—
Liouville derivative:

WD2 () = f(t (1), (2)

with suitable initial values RLDtat_kx(t)h:to =z, = (Th1, Thoy ooy Thn) L € R (k= 1,...,m), where z(t) =
05

(z1(t),22(t), sz ()T €R?*, m—1<a<meZ;,and f:[tg,00) x R* — R".

Definition 6 The system (2) is said to be stable if, for any initial values
Tk = (Th1, Th2y o0y Thn) L € R™ (k= 1,...,m), there exists € > 0 such that any solution x(t) of (2) satisfies
lx(@®)|| < € for all t > ty. The system (2) is said to be asymptotically stable if ||z(t)]] = 0 as t = oo.

Recently Qian et al. [17] studied the case of the following linear system of FDEs with Riemann-Liouville

derivative:
D a(t) = Az(t), (0<a<1), (3)

RL to,

where z(t) = (z1(t), 22(t), ..., v (t))T € R", and A € R"*"™. We recall the following theorem from [17].

Theorem 1 The system (3) with initial value RLDtazlx(t)|t:to, where 0 < a <1 and ty =0, is:
0,

i) asymptotically stable if all the nonzero eigenvalues of A satisfy |arg(spec(A))| > %, or A has k-multiple
zero eigenvalues corresponding to a Jordan block

diag(Jy, J2, ..., J;), where J; is a Jordan canonical form with order n; X ny, Z;Zl ny =k, and nja < 1 for each
1<1<i.

i1) stable if all the nonzero eigenvalues of A satisfy |arg(spec(A))| > % and the critical eigenvalues satisfying
|arg(spec(A))| = ¢ have the same algebraic and geometric multiplicities, or A has k-multiple zero eigenvalues
corresponding to a Jordan block matriz diag(Jy, Ja, ..., J;), where J; is a Jordan canonical form with order

ny xnl,Z§:1nl =k, and nyja <1 for each 1 <1 <1i.

We present the following theorem needed for the stability of the nonlinear system to be discussed in the
next section.
Theorem 2 Suppose 0 < o < 2 and A,x, is a matriz with |arg(spec(A))| > &F. Then there exists an

invertible matriz T, an n x n matriz M, and a real constant ng > 0 such that [T~ Eq o (At*)T — 25| < 22

Moreover, there exists a constant mo > 0 such that |[t* ' Eq o(At®)|| < 72 for all t > 0.
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Proof.
First we need the derivatives of the Mittag-Leffler function

oo
kZ:OFB‘f‘ k)’ a,B>0,z€C.

Hence, we use the integral representations of the Mittag-Leffler function in the form of an improper integral
along the Hankel loop, which have been treated with arbitrary S by Erdelyi et al. [12] and Dzherbashyan
(10, 11] as

1 exp(¢F)C -
FE,p(2) = / d¢, ze G(e6 4
s =g | (6:9) (1)
and
1 -8
B ] 1 1 exp(CE)QIT )/
Fup() = 2% exp(eh) + 5 / L R 226 (5)
under the conditions
0<a<?2, 5 <6<m1n{7r7ra} (6)

The contour ~(e;6) is depicted in Figure 1, which consists of two rays S_s and Ss, arg(¢) = —46,|¢| > € and
arg(() = 0,|C| > e, respectively, a circular Cs(0;€), |¢] =€, -3 < arg({) < 4, the region G~ (¢;9) on the left side
and the region G (¢;0), on the right side. Using the integral representations in (4) and (5), it is not difficult
to get asymptotic expansions for the Mittag-Leffler function in the complex plane. Let 0 < a < 2, and § be

chosen to satisfy the condition (6). Then for any constants p € N and 8 = « we have

Ss
G (e 9) G (e 6)
S_s
Figure 1. The contour of «(e; ).
—iéi—kl( ), zeG(1;0) (7)
kZQF(afozk)zk pie) ’
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in which

)t
I(z) = — /(16)6Xp(< LS
A

 2miazP (—=z

To proceed the proof first suppose that 1 < «a < 2 and arg(z) > % ; we choose § such that GF < ¢ < 7 and

then a simple calculation shows that for all z € G(7)(1;4), |z| > |secd]|,
dist{z,v(1;6)} = |z|sin(6 — §),

where 6 = |arg(z)|. Now by setting z = AM* and ¢(¢) = exp(gé)gl_Ta"‘p, and by using

|8IP(Z) | _ ta| aIP(Z) |
oA\ 0z "
We get
0L, (At%) pte
=ox = mal AP +2)a (L +I2),
in which
[9(O)l
I :/ —=—d|(],
! 7(1;5) sm(9 — 6) | |
and

_ 2!
k= /7(1;5) sin®(f — 5)dK|'

, 1 <r < oo on the ray S5 and then get |exp(¢a)| = exp(|§|écos(5)). We have

[e3

We now take ( = re®

T <2 < T <7 and then cos(£) < 0. Setting cos(2) = —v, where + is a positive constant, leads to
1 oo L, 1-a
Lls; = ———= exp(—yra)r = Pdr,
1|S§ Sln(e_(;)[ p( ,y )
and
1

+oo
1, l-a
Lls, = ; /1 exp(—yrd)r 5+ dr,

sin?(0 — &
in which the right-hand sides of both inequalities are finite. A similar argument on the ray S_s shows that

these integrals are finite. We notice that on the circular Cs(0;1) (that is a compact set) integrals are finite.

Thus there exists a constant ¢ such that

I, (M%) ct™
| | < :
15D IA[PT2 e +2)

Thus

OIL,(\t%) 1
ax (ta(l’+1)\)\|1’+2)’

and by induction we get
1/ 0\9) o 1
ﬁ(ﬁ) L(At%) = O(ta(p+1)|/\|p+j+1)' (8)
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Moreover, by using (7) and (8) and by choosing p = 2 we get
17 0\0 o 1/ 0\0) 1 1 o
(o) Beati)=5(55) 1 - (o) paye T )} )

(J (4)
LS ) ¢ M) o)

(j+D(=1) +0< 1 )

[(—a)\i 22 3| \|7+3

Now suppose that 0 < o < 1 and arg(z) > 9, in this case by choosing ¢ such that GF < 0 <

min{arg(z), T, 2 a}; then a simple calculation shows that for some z € G(7)(1;6),

dist{z,v(1;6)} = |z|sin(8 — ),

where # = |arg(z)|, that by a similar argument we get equation (9), and for other some z € G()(1;6), with
|z| sufficient large we have
dist{z,y(1;6)} = 2] = 1,

then
|afpa(it )| < mwﬁzt@#)a (I3 + L),
in which
B= (=) [ el
T Tl Jr(159)
and

1
O / ol

|z
A similar argument on the ray Ss and S_s and circular Cy5(0;1) shows that these integrals are finite and we
get equation (9). Next, suppose that the matrix A is similar to a Jordan canonical form, i.e. there exists an
invertible matrix T' such that J = T~'AT = diag(Jy,--- ,J,), where J;,1 <i<r, > n; =n, and has the

following form

Ao 1 0 0
0 X\ 1
0 0 N\ 0
o
0 0 X\ S
Obviously,
B o(AtY) = Tdiag[Ep o(J1tY), Ea.o(J2t®), -, Ba.o(J )T
and
oo Jta oo
a oc Jta i =
Z()Foszra kZ:OFoszra ¢

1266



ALIDOUSTI et al./Turk J Math

Eoo(A\it®) %(a?\i)Ea,a(Aita) ﬁ<%>(m_l)Ea,a()\it“)
0 Eoa(Nit®)
0 0 Eua(Nit%)
: : : : 3 (%) Baalrit®)
0 e 0 Eq,a(Ait®)

We set M = diag[Mu, ..., M,]nxn in which

=1 2 . B Gl D
T(=a)X]  T(=a)} D(—a)n; D
-1
0 T(—a)\?
M = 0 0
: 2
: T(—a)A3
0 o 0 D(—a)A? n;Xn;
Thus by using (9) we get
O(t30‘|1)\i\3) O(t3a|1)\i‘4) O(W)
o 0 Olmaxp) :
1Baaldit™) = el = ||| o 0 ,

(e}

[an}

—_ o~
5 o~
W W
Q Q
>l
Twl e
S— —

n; XN

Now for each ¢ =1,...,r, there exist ko, k1,...,kn;,—1 > 0 such that

1 ko 1 kn>71
- <o i1
t3a|>\i‘3) — t30¢7 (tga‘)\i|3+(n7;—l)) - t3o¢

o(

then

ko kL Fny 1
3 3 3
0 A 3
M t 1
1Bt =l < || 0 o - - | < e
0 0 e
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where
ko koo -
0 ko :
a=[] o o :
ey
0 0 ko
then
— « « « o
T lEa,a(At )T — tgaH = ||diag[E. aa(J1tY), Eaa(Jrt )= tga” = Ba

where ng = max{cy,...,c,}. Multiplying by t*~1 we get
(T By o (At*)T — Mt < mot 2971,

and so

I 710 B (AL)T|) < M gt 2071 < 77 [ M| 4 ot~ .
Thus there exists a constant I’ > 0 such that for ¢ > 1, we have

I
ta+1'

| T~ By o (At)T|| <
Then we get
1677 B (AL)| = [|TT 1 B o (AL)TT | < [T [T B o (AL)T|| T

1 l
ll—'ta+1’

< Tl 17 1= max{l', |||~}

ta+1

Otherwise, for 0 <t <1, E, o(At*) is a continuous function and thus E = sup ||Eq,«(At*)| exists. Then for

0<t<1

0 <t <1 we have

|Ea,a(AtY)|| < E <

12a°
This implies
||ta71Ea,a(At°‘)H < tcir
Now, we set mo = max{l, E'}; then for all ¢ > 0 we have
47 Ea 0 (At)] < 25,
which completes the proof. O
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Theorem 3 Suppose 0 < o <2 and Apxn is a matriz with |arg(spec(A))| > <F. Then there exist an invert-

ible matriz T, a matriz M., , and a real constant ng > 0 such that | T 1E,(At*)T — tMaH < 5% ; moreover,

there exists a constant mo > 0 such that ||Eo(At®)|| < %2 for all t > 0.

Proof. The proof is similar to that of Theorem 2. O

We present the following definition needed for the stability of the nonlinear system to be discussed in the next

section.

Definition 7 A solution of fractional differential system (2) is said to be F -asymptotically stable if every
solution that belongs to set F is asymptotically stable. Moreover, a solution of fractional differential system (2)

is said to be F -stable if every solution that belongs to F is stable.

3. Stability of _D%x(t) = Az(t) + f(¢,2(1))
In this section, we study the following fractional differential system with Caputo derivative:

D%x(t) = Az(t) + f(t,z(t)), (O<a<]l) (10)

c 0,t

under the initial condition x(0) = zo, where z(t) = (z1(t),22(t),...,7n(t))T € R® and A € R™"  f :

[0,00) x R™ — R™. We can get the solution of (10), by using the Laplace and inverse Laplace transforms, as

t
2(0) = EalAt?)0+ [ (= 6" EasalAlt ~ 6)°)1(6.2(6))db (1)
0
We establish the following stability results.

Theorem 4 Suppose f is a continuous vector function for which there exists p > + such that | f(.,x(t))|| €

LP(RT). Then the system (10) is stable if all the eigenvalues of A satisfy

|arg(spec(4))| > T, (12)
especially if || f(.,z(t))| € L>°(R™T) the stability holds.
Proof. Equation (11) implies

()] < [[Ea(AL%)]| flzol +/0 I(t = 0)* " Ea o (A(t = 0)*)| [/ (8, 2())llde.

According to Theorem 3, there exists mg > 0 such that || F,(At¥)[| < 72; then
t
mo oa— a
le@l < 5 llzoll +/O 0| Eaa (A0 [1f(t — 0, 2(t — 6))]|d6. (13)

‘We now set

t
= / 61| B (AB%)]| [1£ (¢ — 0, 2(t — 6))]]d6.
0
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First suppose that é < p < o0; then by applying Hélder’s inequality, we obtain
1 1
I< / 01| o (A6°) 0] / 7t~ 0.2~ 0)|Pa0)”. (14)
where % + % = 1. We have
t 1 t
[ o Baaan o = [0 B a0+ [ 00 By (A0%) a0,
0 0 1
where ¢t > 1. Furthermore,
1 1
/ 0199 B,y o (A0 [9d0 < B / gro=14p), (15)
0 0

where E =sup ||Eq,qo(At*)||, and the right-hand side of (15) is bounded for p > &

0<t<1

We also have

mo

t t
90—\ E,, (A6 qd@g/ 10 _yq.
[ o ey < [ (o)

which is bounded. On the other hand,

/ £t — 6,(t — 6))|Pd6 = / 1£(0, 2(6))Pd6 < | £]1.
0 0

Hence, the right-hand side of (14) remains bounded as ¢ — oo, and so the right-hand side of (13) remains
bounded and the system (10) is stable.

It remains to prove our claim for p = co. In this case ¢ = 1 and ||f(.,z(t))|| € L®°(R*). Thus f is bounded
with the upper bound F > 0, and

t t
/ 0% | B (AO) | £t — 0, 2(t — 0))]1d6 < F / 69| Ea o (A6%) |d6
0

0

1 t
<P([ 0 Bwata0) a0+ [ 0710 00)

(E +mo(1 - tia))

which remains bounded as ¢ — oo. Thus (10) is stable. O
Corollary 1. Suppose A is an n X n matrix that satisfied (12), and there exist functions ¢ : RT™ — RT and
¢ : R" — R such that ¢ is bounded, ¢ € LP(RT) for p > L, and ||f(t,z(t))|| < ¢(t)y(z(t)). Then the
solution of (10) is stable. Especially by this assumption the system

Cl%at z(t) = Az(t) +b(t) (0<a<l),
where [|b(t)|| € LP(R™), p > L1 is stable.
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4. Stability of RLDoix(t) = Ax(t) + f(t,z(t))
In this section, we study the following fractional differential system with Riemann—Liouville derivative

D) = Ax(t) + f(t, z(t), (0<a<1) (16)

RL 0,t

with the initial condition ¢ = RLDO‘lt_lm(t)h:o, where x(t) = (z1(t), 72(t), ..., 2 (t))T
€R", A€ R™™ and f:[0,00) x R® — R".

We can get the solution of (16), by using the Laplace and inverse Laplace transforms, as
t
z(t) =t Eg,o(At*)zo + / (t = 0)* " Ea,a(A(t —0)*)f(8,2(6))do. (17)
0

Theorem 5 Suppose [ is a continuous vector function for which there exists p > L such that | f(.,z(t))| €
LP(RY). Then the system (16) is stable if all the eigenvalues of A satisfy (12). Especially if || f(.,x(t))| €
L>®(R™) the stability holds.

Proof. We have
lz @) < [[t°7" Ba o (AL)] 1ol +/Ot(t— 0)° | Eaa(Alt — 0))|| [1£(0,2(6))]|d6.

According to Theorem 2 there exists mg > 0 such that [[t*1E, o (At*)|| < ;26r; thus

@] < ta+1 = llol +/ 0% | Ea,o (AO)ILf(t = 0,2(t - 0))]| 0. (18)
We now set

= [ 0B 480 1560 6.0t - o)

First suppose that é < p < 00; then similar to theorem 4 by applying Hdélder’s inequality, we obtain

I< / 017 | Ey, o (A0%) ||qd9 % / If(t—0,2(t—6 ))||pd9F (19)

where % + % =1. We have

t

t 1
| o Baao )t = [ 01 B (A6 |0+ [ 1 (67,
0 0 !

and also

1 1
/ 09°=1|| B, o (A0%)[|7d0 < E9 / gre—adp, (20)
0 0

which is bounded for p > i, and

mo

t t
09| B, o (A9° qd@g/ 10 _yq,
[ ooy < [ (o)
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which is bounded. Thus the right-hand side of (18) remains bounded and the system (16) is stable.

Our proof claim for p = oo is similar to the proof of theorem 4.

Corollary 2. Suppose the matrix A satisfies in (12) and f(.,z(¢)) is a continuous function and there exist
functions ¢ : R —— RT and ¢ : R” — RT such that 1 is bounded, ¢ € LP(R") for some p > 1, and
1, z(@)] < p(t)(z(t)). Then the solution of (16) is stable. Especially the system

Dx(t) = Az(t) + b(t), (0<a<1)

RE0,t
in which [|b(t)|| € LP(R™) is stable for p > 1.
Theorem 6 Suppose that all the eigenvalues of A satisfy in (12) and the following conditions hold:
i) (2@ < Ep(le@ll) where w(l2(b)]) € LP(RY)
it) p> 1 and’y<%fa.
Then the system (16) is F -asymptotically stable, for
F = {a(t) : [0,00) — R, p([lx(t)]]) € LP(RF) }.

Proof. Clearly, we have
t
2@ < 27 Eaa(A)]][|zol| +E/O (t—0)*107p(||z(0)]|) 6.

such that E = supg<;<o [|Ea,o(At?)|. Applying Holder’s inequality yields

t 1

[ =0yt et < [ [ ¢~ oreremas] o, (21)
We observe that if § = ty, then
/0 (¢ — gyra-agmray = /0 " paea () gyreagnygy
= (99O B (ga — g + 1,y + 1), (22)

where B(.,.) stands for the Beta function. By the assumptions of this theorem (22) tends to zero, and then the
right-hand side of (21) tends to zero. This completes the proof. O

Remark 1 In the previous theorem if v = % — «a, then the system (16) is F-stable. In the case p = oo, we

have the following theorem:

Theorem 7 Suppose that all the eigenvalues of A satisfy in (12) and the following conditions hold:
i) [f(tz@) < e(lz@)]), where o(|z(@)]]) € L= (RT),
i) v < —a.

Then the system (16) is F -asymptotically stable, for F := L>°(RT).
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Proof. We have
t
()] < 27| Baa (At) || [[ol| +E/O (t —0) 07 (|l (0)|))d0
and
t t
| [a=ortoazoim] < [ [ «—oyoaw]leao]. (23)

We set 6 = ty; then

t

/ (t—60)*7107do =t Ba,y + 1).
0

By using the assumptions the right-hand side of (23) tends to zero. This completes the proof. O

Remark 2 It is easily verified that in Theorem 7, for v = —a, the system (16) is F-stable.

5. Numerical approach and example

Example 5.1. Consider the Riemann—Liouville fractional-order model presented by

¢ —a a 0 T —kac(z)

y* = b 0 0 y |+ wIXP 9(t) |, (24)
e} _ hzx

z 0 0 c z 1+|IXH2h(t)

in which a,b, ¢, k, and h are positive parameters, g(t),h(t) € LP(RT) and X = (x,y, ). If we set

—a a 0 7]”9
A= b 0 0 |,F&,X)=| mxred® |,
2
0 0 —c 1+|\X\|2h(t)

(%8

then ||F(.,X)|| € LP(RT). By choosing appropriate parameter Values, we get |arg(spec(A))| > % . Therefore,

according to Theorem 5 the system (24) becomes stable for p > =

To verify the stability results of this example numerically, we perform numerical simulation by means
of the method given by Atanackovic and Stankovic [2]. In [2] it was shown that for a function f(¢), the

Riemann—Liouville derivative of order a with 0 < @ < 1 may be expressed as

w1
rillo /() = mx

oo

1+a _(a +ZFF( p—1+a) (]‘(zf)_kvp(f)(t)))}’ 25)

(a—Dp-1DI\ o " pp-ita

where
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For the sake of simplicity, we proceed the computations as follows.

First we aupproximateRLDOD:S f(t) by using the first M terms in the sum appearing in Eq. (25) by

1

RLDOC;f(t) ~ mx
p—1+4a) a-1 X Tlp—1+a) f@) | v
Lal( +Z a_lpn)*( = f<t>+p§m<ta +tp-1+a>)]~ (26)
We can rewrite Eq. (26) as follows
D f(t) = Qa,t, M) f'(t) + ®(a, t, M) f(t) —|—§:A(a t p)vp(f)(t)
RL 0.t - > . . ’ tp—1+a’
=
where
1+ 3 feotta) 1
p=1 —
Qo t, M) = TR—age 1 R(a,t) = T2 —a)’
and
M Aa,t,p Fp—1+a)
(b(a7t7M +p§2 ) (Gf,t,p) = 71—‘(2 — a)F(a — 1)( 1) )
We set

and rewrite system (24) as

M

Qo t, M)z (t) + B(a,t, M)z(t) + > Ala,t,p) tifpl(?a = a(y — ),

where

We also have

up(t kxz
e, MW 1)+ 00t Mule) + 3 Aot ) 240 = b = o),

where

1274



ALIDOUSTI et al./Turk J Math

Further
M
kp(t) ha?
Qo t, M2 () + Ba, t, MDz(t) + > Ao, t,p)—~ = —cz + ————h(t),
( )z () + ©( )z(t) p; (et ) s X (t)
where
t
kp(t) =—(p— 1)/ P 22(T)dT, p=2,3,... M
0
Now we can rewrite the above equations as the following forms:
) = —— [ty — 2) — @0t M)a(r) - iA(a t,p)-2e(®) ] 27)
Q(a,t, M) IRg) =~ ’ Oy tp—1+a )
where
wy(t) = —(p = D" 2a(t), p=2,3,...M
and
1 kxz M up(t)
’ _ _ _ _ P
V0= g 07~ 1 Ee® — Bt M) ;Am,t,p)—t?,m}, (28)
in which
uy,(t) = —(p — NP 2yt), p=2,3,...M
and
o 1 ha? M Ky (£)
z (t) Q(Oé, t M) [ —cz+ Wh(t) - (19(05, t, M)Z(t) - ;A(O‘a t7p) tp_l""o‘], (29)
with
k() =—(p— P 22(t), p=2,3,...M
along with the following initial conditions
a:(5) = Zo, wp(a) = O? p= 2737 "'7M7
y(0) = yo, up(0) =0, p=2,3,..., M,
z(8) = z0, kp(0) =0, p=2,3,..., M, (30)

where ¢ is a positive constant. Now we consider the numerical solution of the system of ordinary differential
Egs. (27), (28), (29), with the initial conditions (30) by using the well-known Runge-Kutta method of fourth
order and depict orbits of the system (24) for different sets of parameters.

Phase portrait and numerical values of (24) for the fixed parameter values o = .98,b = —400,c = 2,k =
10,h = 40,w = 20,29 = 0.1,y9 = 0.1,z = 0.1, and the function g¢(t) = sinwt and h(t) = coswt that are in
L>(R™), are depicted in Figures 2-11.
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Figure 2. z —y plane of (24), for a = .01.
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Figure 4. Numerical value of (24), for a = .01.
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Figure 6. Phase portrait of (24), for a = 10.
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Figure 8. Numerical value of (24), for a = 10.
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Figure 5. Numerical value of (24), for a = .01.
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Figure 7. x — y plane of (24), for a = 10.
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Figure 9. Numerical value of (24), for a = .02.
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> of =
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1 005 é 005 o1 0 0 2 3[‘0 20 50 60
Figure 10. = — y plane of (24), for a = .5. Figure 11. Numerical value of (24), for a = .5.

6. Concluding remarks

In this paper, the stability of a class of fractional order nonlinear systems with Caputo and Riemann—Liouville

derivatives for the commensurate order 0 < o < 1 has been studied. We derived sufficient conditions for stability

and F-stability of nonlinear fraction systems. The effectiveness of the obtained results has been illustrated by

a numerical example.
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