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Abstract: In this paper we generalize some results about the chaos-related properties on the product of two semiflows,
which appeared in the literature in the last few years, to the case of the most general possible acting monoids. In order
to do that we introduce some new notions, namely the notions of a directional, psp and sip monoid, and the notion of
a strongly transitive semiflow. In particular, we obtain a sufficient condition for the Devaney chaoticity of a product,

which works for the (very large) class of the psp acting monoids.
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1. Introduction

In this paper we generalize the continuous versions of the following statements from the papers [3] by Degirmenci
and Kogak (published in 2010) and [9] by Li and Zhou (published in 2013) to the case of the most general possible
acting monoids: Lemmas 1-4 and Theorems 1-3 from [3], Lemmas 3.5 (1), 3.9 (1)—(3), 3.10 (1)—(3), 3.11 (1)—(3),
3.12 (1)—(4) and Theorems 3.13, 3.14, 3.17 from [9]. However, we have not explicitly stated all these statements
as corollaries of our statements, especially when they are immediate corollaries.

The papers in which the semiflows do not necessarily have continuous actions are relatively rare in the
literature. In our own research we exclusively deal with continuous actions and so we assume the continuity of
all the actions. In the papers [3] and [9] some actions are not assumed to be continuous. However, the papers
[3] and [9] deal, respectively, with discrete (i.e. Np) and continuous (i.e. R, ) semiflows only, while our goal
is to investigate the semiflows with as general as possible acting monoids. In that respect we can say that,
comparing to [3] and [9], we emphasize a different point of view. In our references [5, 8, 10, 14] the monoid
actions are required to be continuous. Let us mention that there are other approaches to the requirement of
the continuity of the action. For example, in the book [12] the semiflow is defined with the acting monoid R,
but, in general, the continuity of the action is required at all points excepts 0. The continuity requirement
is discussed in this book on the page 13 and in Commentary 2.7(4) on pages 53-54. In the case of flows (i.e.
when the acting monoid is a topological group), the action is almost always required to be continuous (see for
example the classical book [6]).

The generality of the statements is the main novelty of our paper. Of course, the statements could not
hold for all acting monoids, but we have found large classes of monoids for which they do. They include even

monoids for which we cannot say that they are neither discrete nor continuous, but a mix of both (for example
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T = {0,2,3} U[4,00) with the operation and topology induced from R). In that way we can, for example,
analyze the dynamical systems whose states are first recorded at some discrete moments and which are then
observed continuously, after the initial discrete observation qualifies them as “interesting.” That partly explains
the motivation for the level of generality that is pursued in this paper. The psp monoids we introduce here
include all but “pathological” monoids and many statements hold for them, which is quite amazing. Example
8.6 shows a very simple situation (but, nevertheless, nontrivial) in which Devaney’s chaos on the product can
be proved using our general statements for an acting monoid that is none of the “standard” acting monoids Ny,
Z, Ry, R.

The paper is self-contained, i.e. all the notions used in the paper are defined in it. The reader can find
them in the references [4, 7, 8, 14]. The reader can also consult our paper [10], which is somewhat related to
this paper.

We start with some standard definitions. In this paper T will denote a noncompact abelian topological
monoid whose identity element is 0. For example: (Ng,+), where Ng = {0,1,2,...}, (N3, +), (Z,+), (R, +),
where Ry = [0,00), (R%,+), (R,+), etc. A subset A of T is called syndetic if there is a compact subset K
of T (a corresponding compact of A) such that for every ¢t € T the translate ¢ + K intersects A. A subset A
of T is called thick if for every compact subset K of T thereis a t € T such that t+ K C A. A subset ACT
is syndetic if and only if 7'\ A is not thick. A subset A C T is thick if and only if 7'\ A is not syndetic. A
subset A of T is called piecewise syndetic if there is a compact set K C T and a thick set B C T such that
b+ K)NA#D forevery be B.If ACT and t € T we denote —t+ A={seT|t+s¢e A}.

If (X,d) is a metric space, z € X and r > 0, the open ball with center 2 and radius r is denoted by
B(z,r).

A jointly continuous monoid action 7 : T x X — X of T on a metric space (X,d) is called a semiflow
and denoted by (T, X, 7) or by (T, X). The element 7(¢,z) will be denoted by t.z or tx, so that the defining

conditions for a semiflow have the form
s.(tx) = (s+1t).x,

0.x =z,

for any s,t € T and x € X. The maps 7 : X — X, x — tx, are called the transition maps. For any x € X
the set Tx = {tz | t € T} is called the orbit of . If Y C X and t € T we denote ¢t 'Y ={x € X |tz € Y}.
When the acting topological monoid is a topological group, a semiflow is called a flow.

An Ng-semiflow (Ng, X, 7) is called a cascade. It is completely determined by the transition map f := m
since m, = f™ for every n € Ny. It is also denoted by (X, f). For a similar reason the Z-flows are called
cascades.

A point z € X in a semiflow (T, X) is called periodic if its fizer Fix(z) = {t € T | tx = z} is a syndetic
submonoid of T'.

A semiflow (T, X) is called minimal (MIN) if the orbit Tz of every point x is dense, i.e. Tx = X
for every x € X. Otherwise, (T, X) is called nonminimal (NMIN). A semiflow (T, X) is called topologically
transitive (TT) if for any nonempty open subsets U,V of X there is a t € T such that tUNV # §. A
semiflow (T, X) is called syndetically transitive (SyndT) if for any nonempty open subsets U,V of X the set
{t e T|tU NV # 0} is syndetic. A semiflow (T, X) is called weakly mizing (WM) if for any four nonempty
open subsets U, V,U’, V' of X thereis a t € T such that tU NV # 0 and tU' NV’ # 0. A semiflow (T, X) is
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called strongly mizing (SM) if for any two nonempty open subsets U,V of X there is a compact subset K of
T such that for every t € T\ K, tUNV # (. A semiflow (T, X) is called sensitive (S) if there is a number
¢ > 0 (a sensitivity constant) such that for any nonempty open set U C X there are two points x,y € U and
t € T such that d(tz,ty) > c.

If (T,X) and (T,Y) are two semiflows, their product is the T-semiflow on X x Y| defined by t.(z,y) =
(tx,ty). We assume that the metric on X x Y is given by d((z,y), («’,y’)) = d(x,2") +d(y,y’), where the same
letter d denotes the metricson X, Y and X x Y.

2. Comparing (SM), (SyndT), (ST), and (TT)

Here is the first new notion that we introduce.

Definition 2.1 A semiflow (T, X) is called strongly transitive (ST) if for any nonempty open subsets U,V of
X and any compact K C T there is a t € T\ K such that tUNV # 0.

Proposition 2.2 For any semiflow (T, X) we have
(SM) = (ST) = (TT).
Proof Suppose (T, X) is (SM). Let U,V be two nonempty open subsets of X . Let K be a compact subset
of T. Let K’ be a compact subset of T' such that for every t € T\ K’, tUNV # (. Then KUK’ is a compact
subset of T" and for every t € T\ (K UK') C T\ K’ we have tUNV #0. Also T\ (KUK') Cc T\ K. Thus
(T, X) is (ST).
Clearly (ST) implies (TT). O

Example 2.3 An ezample of a (ST) semiflow that is not (SM). Let X = {0,1} with a discrete metric and
T =17. Let the action of T on X be defined by t.x = (t + x)(mod 2). The only nonempty open sets in X are
{0}, {1}, and {0,1}. Let U = {0} and V = {1}. It is clear that there is no compact subset K of T =7 such
that for every t € T\ K, t.{0} N {1} #0. Thus (T, X) is not (SM). However, for these U and V , outside of
every compact K C T there is a t (an odd number) such that t.{0} N {1} # @. The situation is also clear for
all other choices of U and V. Thus (T, X) is (ST).

Example 2.4 An ezample of a (TT) semiflow that is not (ST). The Z-semiflow Z, defined by t.x =t+x for
every t,x € Z, is (TT), but not (ST).

Here is the second new notion that we introduce.

Definition 2.5 A topological monoid T is called directional if for every compact subset K of T there is a
to €T such that (to+T)NK =0.

Examples 2.6 (i) No, R, .
(#i) Any nonzero submonoid of Ny or Ry .
(isi) T ={0,2,3} U[4,00) with the addition and the topology induced from R.
(iv) T =1[0,1) with the topology induced from R and the addition s+t = max{s,t}.

1325



MILLER and MONEY /Turk J Math

(v) Any product T =Ty x Ty of two monoids, at least one of which is directional.

Indeed, suppose that Ty is directional (similarly if we assume that Ty is directional). Let K be a compact
subset of T. We need to show that there is t = (t1,t2) € T such that (t +T)NK = 0. We can assume that
K = K; x Ky, where Ky (resp. Ks) is a compact subset of Ty (resp. Ta). There is t1 € Ty such that
(t1+T)NKy=0. Let to be any element of Ty and put t = (t1,t2). We have t +T = (t1 + T1) X (t2 + T2).
Any point (k1,ke) € K has ky € Ty \ (t1 +T1), and so (k1,ke) & (t1 +T1) x (b2 +T2). Thus (+T)NK =0.

Since one factor can be any monoid (and the product is directional if the other factor is directional), we

can intuitively say that the class of directional monoids is very large.

Note that no topological group is directional.

Proposition 2.7 Let T be a directional monoid. Then for any semiflow (T, X) in which all transition maps
have dense images we have
(ST) & (TT).

Proof Clearly (ST) implies (TT). We need to prove the converse. Suppose (T, X) is (TT). Let U,V be two
nonempty open subsets of X and let K be a compact subset of T". Since T is directional, there is a g € T
such that (tg +7T) N K = (. Since all transition maps have dense images, V' =ty 'V is a nonempty open set.
Let ¢ € T be such that UNV’ #@. Then (to +t)UNV #( and ¢y +t' ¢ K since to +t' € to +T. Hence
(T, X) is (ST). O

Proposition 2.8 Let (No, X) = (X, f) be a (TT) cascade. Then all transition maps f" : X — X have dense
1mages.
Proof If X is a singleton, clear. Suppose that X has at least two elements. Let V' be a nonempty open
subset of X .

Claim. f=Y (V) #0.

Proof of the claim. If V = X, clear. Suppose V # X. Suppose to the contrary, i.e. f=1(V) = 0.
Then for any n > 1 we have f~™(V) = f~="D(f=1(V)) = f~" V(@) =0. Let z € V and y € X \ {x}.
Let € > 0 be such that B(z,e) N B(y,e) = § and B(x,e) C V. By (TT) there is an n > 1 such that
f™(B(y,e)) N B(z,e) # 0. Hence f~"(B(x,e)) # 0, in particular f~™(V) # 0, a contradiction. The claim is
proved.

Since f~1(V) is a nonempty open subset of X, applying the claim to f~1(V) we get f=2(V) # 0, etc.,
(V) #£ 0 for every n > 0. Thus all f™, n > 0, have dense images. O

Proposition 2.9 For any cascade (No,X), (ST) < (TT).

Proof Follows from Propositions 2.7 and 2.8. O

Remark 2.10 If (Ry,X) is a semiflow on a Polish space X such that there exists x € X and to > 0 with

[to,0).x = R (i.e. which has a “strictly positive dense orbit”), then by a theorem of Birkhoff, for any two
nonempty open subsets U,V of X there exists t > 1 such that tU NV # (. This, in turn, implies that all

transition maps of (Ry, X) have dense images.
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Proposition 2.11 For any semiflow that has a dense set of points whose orbits have empty interior, (ST) <
(TT).

Proof Clearly (ST) implies (TT). We need to prove the converse. Suppose (T, X) is (TT). Let U,V be two
nonempty open subsets of X and let K be a compact subset of T'. We need to show that there isa t € T\ K
such that tU NV # (. Suppose to the contrary, i.e. that for every t € T\ K we have tU NV =0. Let x € U
be a point such that Tz has an empty interior. Hence there is a point y € V' that does not belong to Tx. Let
a=d(y,Kz). Let € € (0,a/3) be such that B(y,e) C V. Every point of X is a point of equicontinuity of the
compact set K ; in particular = is such a point. Hence (for ¢) there is a § > 0 such that B(z,d) C U and for
any 1 € X, d(x1,x) < § implies d(tx1,tz) < € for all t € K. Hence no element of K maps anything from
B(xz,6) to B(y,e). Also, by the assumption, since B(x,d) C U and B(y,e) C V, there is no element of T\ K
that maps any element of B(z,d) to B(y,e). This contradicts (TT) of (T, X). O

Here is the third new notion that we introduce.

Definition 2.12 A topological monoid T is called a psp monoid if it satisfies the following piecewise syndetic

property: no piecewise syndetic subset of T s relatively compact.

Proposition 2.13 If T is a directional monoid, then it is psp.
Proof Suppose to the contrary. Let A C T be a piecewise syndetic set contained in a compact K C T'. Let
to € T be such that (to+7T)NK = 0. Let K’ C T be a compact and B C T a thick set such that (t+K')NA # )
for every t € B. If t € to + T, then t = ty +t' for some t' € T'; hence t + K' = tg+t' + K' Cto+ T, and
so (t+K)NA=10. Hence (t + K')N A # () implies ¢t € T\ (to +T). Hence B C T\ (to +T). Hence
T\ (to +T) is thick. So t9 + T is not syndetic. However, to + T is syndetic (with a corresponding compact
{to}), a contradiction. O
We can intuitively say that the class of psp monoids is very large since it includes the class of directional

monoids (and this one is already very large, as we observed earlier).

Examples 2.14 Here are some examples of psp monoids.

(i) All directional monoids (by Proposition 2.13).

(is) 2", R™ (n>1).

(iii) Let T = [0,1) with the metric induced from R and the operation s+t = max{s,t}. Then A C T
is thick if and only if A contains a sequence t; < to < t3 < ... of elements of T that converges to 1. Also
A C T is piecewise syndetic if there is a compact K C T and a thick subset B C T such that every translate
t+ K, t € B, intersects A. It follows that A is piecewise syndetic if and only if A D BN |[t,1) for some thick
subset B of T and some t € T'. Hence A is piecewise syndetic if and only if A is thick. Hence T is psp.

However, not all monoids are psp. For example, let T =[0,1] N Q with the metric induced from R and

the operation s+t = max{s,t}. Then A = {1} is a piecewise syndetic subset of T, which is compact.

In the next lemma we show that in the definition of a thick subset A of T the compacts can be translated
by the elements of A. We follow [7, Theorem 4.47].

Lemma 2.15 A subset A of a monoid T is thick if and only if for every compact K C T there is an element
a € A such that a+ K C A.
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Proof Let s be an element of T'. By definition there is a ¢ € T such that ¢ + ((s + K) U {s}) C A. Hence
t+s+KCAandt+s€ A. Wenow put a =1+ s. O

Lemma 2.16 A subset A of a monoid T is piecewise syndetic if and only if there is a compact K C T such
that Uger (—k + A) is thick.
Proof Let A be piecewise syndetic. Then there is a compact set K C T and a thick set B C T such that for
every b € B thereisa k € K with k+0b € A. Hence for every b € B there is a k € K such that b€ —k + A.
Thus Ugeg(—k + A) D B and so Ugex (—k + A) is thick.
Conversely, suppose that there is a compact K such that Ugcgx(—k + A) is thick. Denote this set by B.
Hence for every b € B thereis a k € K such that b+k € A, or, in other words, for every b € B, (b+K)NA # (.
O

In the next lemma we characterize piecewise syndetic subsets of a monoid. We follow [7, Theorem 4.49].

Lemma 2.17 A subset A of a monoid T is piecewise syndetic if and only if A= BNC with B C T syndetic
and C C T thick.
Proof (<) Let A= BNC with B CT syndetic and C C T thick. Let K be a corresponding compact for
B. Hence T = Ugex (—k+ B). We claim that Ugex (—k + A) is thick (so that, by Lemma 2.16, A is piecewise
syndetic). Let K’ be a compact subset of T'. We need to show that some translate of K’ is contained in
Ukex (—k + A). Let t € T be such that t + K + K’ ¢ C. We will show that ¢ + K/ C Ugerx(—k + A). To see
that, let &’ be any element of K’. Let k € K be such that t + k' € (—k+ B). Then k+ k' +t€ BNC = A.
(=) Suppose A is piecewise syndetic. Then, by Lemma 2.16, there is a compact subset K C T such
that Urer (—k + A) is thick. Let C' = AU (Ugex(—k+ A)) and let B =AU (T \ C). Clearly C is thick and
A =BnNC, and so it is sufficient to show that B is syndetic. Suppose to the contrary. Then T \ B is thick;
hence, by Lemma 2.15, thereisa t € T\ B such that t+ K C T\ B. Now T\ B=C\ A C Uger(—k + A4),
and so we can pick a k € K such that ¢t + k € A. Then ¢t + k € B, a contradiction. O

Proposition 2.18 Let T be a psp monoid, A C T a syndetic, and K C T a compact subset of T. Then A\ K
s a syndetic subset of T .

Proof Without loss of generality we can assume that K C A. We want to show that A\ K is syndetic, or,
equivalently, that T\ (A\ K) = (T'\ A) U K is not thick. Suppose to the contrary, i.e. that (T'\ A) UK is
thick. Then K = [(T'\ A) U K] N A is an intersection of a thick and a syndetic set, and so, by Lemma 2.17, it

is a piecewise syndetic set, contradicting to T" being psp. O

Proposition 2.19 Suppose T is a psp monoid. Then for any semiflow (T, X) we have
(SM) = (SyndT) = (ST) = (TT).

Proof Suppose (T, X) is (SM). Let U,V be two nonempty open subsets of X . Let K be a compact subset
of T such that for every t € T\ K, tUNV # (. Since T is psp, by Proposition 2.18 the set 7'\ K is syndetic.
Hence (T, X) is (SyndT).
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Suppose (T, X) is (SyndT). Let U,V be two nonempty open subsets of X . Let K be a compact subset of
T. Theset A={t €T |tUNV # (0} is syndetic. Since T is psp, A is not contained in K. Any t € AN(T\ K)
satisfies tUNV # @, and so (T, X) is (ST).

Clearly (ST) implies (TT). O

3. (TT) on the product
Proposition 3.1 If (T, X xY) is (TT), then (T,X) and (T,Y) are both (TT).
Proof Let Uy,Us; be arbitrary nonempty open sets in X and V3,V in Y. Since (T, X x Y) is (TT), there

isa t € T such that ¢.(U; x V1) N (U x V3) # 0. Hence tU; NUs # @ and tV4 NV # 0. Hence both (T, X)
and (T,Y) are (TT). O

Example 3.2 The converse of the previous proposition is not true. Consider the Z-semiflow 7, defined by
tn =t+n for every t,n € Z. This semiflow is (TT); however, its product with itself is not (TT) since for
U={(0,1)} and V ={(0,2)} there is no t € Z such that tUNV # 0. Thus some stronger conditions should
be imposed on the factors in order to imply (TT) of the product.

Proposition 3.3 If (T, X) is (SM) and (T,Y) is (ST), then (T, X xY) is (TT).
Proof Let U; x V4 and Us X V2 be two nonempty open sets in X x Y. Since (T,X) is (SM), there is a

compact K C T such that for every ¢t € T\ K, tUy NUz # 0. Since (T,Y) is (ST), thereis a tp € T\ K such
that toVi N V2 # 0. Hence to(Uy x V1) N (Uz X Vo) # 0 and so (T, X xY) is (TT). O

Corollary 3.4 Let (T,X) be a (SM) and (T,Y) a (TT) semiflow and suppose that at least one of the following
two conditions holds:
(i) T is directed and all transition maps of (T,Y) have dense images;

(1) Y has a dense set of points whose orbits in (T,Y) have empty interior.
Then (T, X xY) is (TT).
Proof Using Proposition 2.7 in the case (i) and Proposition 2.11 in the case (ii) we conclude that (7,Y) is
(ST). Now the statement follows from Proposition 3.3. O

Corollary 3.5 ([9]) If (No,X) is (SM) and (No,Y) is (TT), then (No, X xY) is (TT).

Proof Follows from Corollary 3.4 and Proposition 2.8. O

Example 3.6 An example where (T, X) is (SM) and (T,Y) is (TT) but (T, X xY) is not (TT). Let (Z,X) be
any (SM) semiflow such that there are two nonempty open subsets Uy, Us of X and k € Z with kU; NUs = 0.
Let Y =7 and let a Z-semiflow Y be defined by t.n =t +n for any t,n € Z. Let Vi = {0} and Vo = {k}.
Then the only element t € T = Z such that tViNVy # 0 is t = k. Now consider the open subsets Uy x V, and
Us x Va. There is no t € T such that t(Uy x Vi) N (Uy x Vo) # 0. Hence (T, X xY) is not (TT).
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Example 3.7 An exzample of two (ST) semiflows (T,X),(T,Y) such that (T,X xY) is not (TT). Let
(T, X),(T,Y) both be the Z-semiflows on the discrete spaces X =Y = {0,1}, defined by t.x =t + x (mod 2),
teT=7Z,xz€ X =Y. We know from before (Example 2.3) that (T, X),(T,Y) are (ST) (but not (SM)).
Consider the T -semiflow X xY . Let U = {(0,0)}, V = {(0,1)} be two open subsets of X xY . Then there is
no t €T such that tUNV #£ 0, as only even t’s map 0 to 0 and only odd t’s map 0 to 1. Hence (T, X XY)
is not (TT).

Definition 3.8 A semiflow (T, X) is said to have (DPP) if X has a dense subset consisting of periodic points.

Definition 3.9 A semiflow (T, X) is said to have the Touhey property (TP) if for any nonempty open subsets
U,V of X there is a periodic point © € U and t € T such that tx € V.

This property was introduced in the paper [13] by Touhey.

Note that
(TP) & (DPP) + (TT).

Proposition 3.10 Suppose T is a psp monoid. Then if (T,X) is (SM) and (T,Y) has (TP), (T, X xY) is
(TT).

Proof Let U; x V; and Us x Vo be two nonempty open subsets of X x Y. There is a compact subset K
of T such that for every t € T\ K, tU; NUs # 0. There is a periodic point yo in Vi and ¢y € T such that
toyo € Va. Let S = Fix(yo) = {t € T'|tyo = yo}. S is a syndetic subset of T'; hence ¢y + S is also syndetic.
Hence to + S is not contained in K (since T is psp). Let tg+sgp € T\ K. Then (tg + so)yo € V2, and so
(to+s0)ViNVa # 0. Since to+so & K, (to+ s0)U1NUsz # 0. Hence (to+ so)(Uy x V1) N (Ua x V) # 0. Hence
(T, X x Y) is (TT). O

4. (SM) and (SyndT) on the product

Proposition 4.1 Let T be a topological monoid and (T, X),(T,Y) two semiflows. The product (T, X xY) is
(SM) if and only if each of (T,X),(T,Y) is (SM).

Proof Let U;,U; C X and V4, V5 C Y be nonempty open sets. Let K be a compact subset of T such that for
every t € T\ K, t(Uy x Ua) N (Ua X Vo) # 0. Hence for every t € T\ K we have tU; NU # 0 and tVy; NV #£ (.
Hence (7, X) and (T,Y) are both (SM).

Let Uy,Us C X, V4,V5 C Y be nonempty open sets. There is a compact K7 such that for every ¢t € T\ K
we have tU; NUs # 0. There is a compact K such that for every ¢ € T\ K2 we have tV; NV, # (). Then
K, UK, is a compact with the property that for every ¢t € T'\ (K7 U K3) we have t(Uy x V1) N (Uy x Vo) # 0.
Hence (T, X xY) is (SM). O

Proposition 4.2 Suppose T is a psp monoid. Let (T, X) be (SM) and (T,Y) (SyndT). Then (T,X xY) is
(SyndT).
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Proof Let U;,Us; C X and Vi,Vo C Y be nonempty open sets. Let K C T be a compact such that for every
teT\K, tUyNUy; #0. Let S be a syndetic subset of T' such that for every s € S, sV1 N Vs # (. Since T
is psp, then by Proposition 2.18, S\ K is syndetic and all the elements of S\ K are outside of K. Hence for
every s € S\ K we have s(Up x V1) N (Uz x V2) # (. Thus (T, X x Y) is (SyndT). O

5. (DPP) on the product

Proposition 5.1 Let T be a monoid and (T, X),(T,Y) two semiflows. If (T, X xY) has (DPP), then each
of (T,X),(T,Y) has (DPP).

Proof Let U C X, V C Y be nonempty open sets. Then there is a periodic point (z,y) € U x V of
(T, X xY). Hence Fix(x,y) is syndetic. However, Fix(z) D Fix(z,y) and Fix(y) D Fix(z,y), and so both
of these sets are syndetic. Hence x € U is periodic and y € V is periodic. Hence each of (T, X),(T,Y) has
(DPP). O

Here is the fourth new notion that we introduce.

Definition 5.2 A monoid T is said to have the syndetic intersection property, or that it is a sip monoid if the

intersection of any two syndetic submonoids of T is a syndetic submonoid of T .

Examples 5.3 Here are some examples of sip monoids. The monoids in the first three examples are also psp.
(1) Submonoids of (No,+).
(i1) Submonoids of (Z,+) (note that a submonoid of Z that contains at least one positive and at least
one negative element must be a subgroup of 7 ).
(ii) T = [0,1) with the metric induced from R and the operation s+t = max{s,t}.
(iv) T = 10,11 NQ with the metric induced from R and the operation s+t = max{s,t}.

Proposition 5.4 Let T be a sip monoid. If (T, X),(T,Y) have (DPP), then (T, X xY) has (DPP).

Proof Let U x V be a nonempty open subset of X x Y. Then there are periodic points x € U and y € V.
Let S; = Fix(x) and Sy = Fix(y). These are two syndetic submonoids of T'; hence Sy N Sy is a syndetic
submonoid of T'. Since Fix(x,y) = S1 N Se, Fix(x,y) is a syndetic submonoid of T'. Hence (z,y) is a periodic
point of (T, X xY'), contained in U x V. Hence (T, X x Y) has (DPP). O

Corollary 5.5 ([3]) Let (No,X) and (No,Y) be two cascades.Then (No, X x Y) has (DPP) if and only if
(No, X) and (No,Y) have (DPP).

Proof Follows from Propositions 5.1 and 5.4. O

6. (WM) on the product

Proposition 6.1 Let T be a monoid and (T, X),(T,Y) two semiflows. If (T, X xY) is (WM), then (T, X)
and (T,Y) are (WM).
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Proof Let Uy,Us,Us, Uy C X and Vi, V5, V3, V4 C Y be nonempty open sets. Since (T,X xY) is (WM),
there is a ¢t € T such that t(Uy x V1) N (Ua X V2) # @ and ¢(Us x V3) N (Ug x Vy) # 0. Hence tU; NUs # ) and
tUsNUy # 0, and so (T, X) is (WM). Also tV1 NVa # () and tVsNVy # 0, and so (T,Y) is (WM). O

Definition 6.2 A monoid T is called a C monoid if for every t € T the set T\ (t+T) is relatively compact
m T

This type of monoids was introduced in the paper [8] by Kontorovich and Megrelishvili.

Examples 6.3 (i) No, R, .
(#i) Topological groups.

Proposition 6.4 Let T be a C monoid and (T,X) a (NMIN) (WM) semiflow. Then all transition maps of
(T, X) have dense images.

Proof Let V be a nonempty open subset of X. Suppose there is a tg € T such that t,.X NV = (.
Then (to +T)X NV = () since (tg + )"V =t~ (t;'V) = t7'0 = @ forany t € T. Let z € X be a
point such that Tz # X (it exists since (7,X) is (NMIN)) and let y € X \ Tx. Let o = d(Tx,y). The
set R = T\ (to + T), being relatively compact since T is a C monoid, acts equicontinuously on z, and
so there is a § > 0 such that the set RB(z,d) is contained in the «/3-neighborhood of Tz (which is the
set of all points of X whose distance from Tz is < «/3). This implies that y ¢ V, otherwise, choosing
e € (0,a/3) such that B(y,e) C V, we would have that no element of T maps any element of B(z,?)
to B(y,e), contradicting to (TT) of (7,X) (which is implied by (WM)). Let z € V. Let ¢ € (0,/3)
be such that B(z,e) N B(y,e) = @ and B(z,e) C V. Because of the (WM), there is a ¢ € T such that

tB(z,0) N B(y,e) # 0,

tB(z,0) N B(z,e) # 0.
Now t ¢ ty + T since those elements do not map anything to V', in particular to B(z,e). Also ¢t ¢ R since
those elements do not map anything from B(z,d) to B(y,e). We got a contradiction. Hence all transition

maps have dense images. O

Remark 6.5 An intuitive explanation of this proposition is this: for a (NMIN) semiflow to achieve (WM) it
1s necessary that all transition maps have dense images. This works for C monoids as acting monoids since, in
a certain sense, they are small monoids. Big monoids, however, can have enough transition maps to achieve

(WM) even when the semiflow is (NMIN) and not all transition maps have dense images.

Proposition 6.6 Let T be a directional monoid. Suppose (T, X) is (SM), (T,Y) is (WM), and all transition
maps of (T,Y) have dense images. Then (T, X xY) is (WM).

Proof Let U x Vi,Us x Vi, Us x V3, Uy X V4 be nonempty open subsets of X x Y. We want to show that there
isa t € T such that t(Uy x V1)N(Ua x Vo) # 0 and t(Us x V3)N(Uy x V) # B. There is a compact subset K of T
such that for every t € T\ K we have tU;NUy # 0 and tU3NUy # 0. Let tg € T be such that (to+7T)NK = 0.

Since all transition maps of (7,Y) have dense images, the open sets ¢, 1V§,ta 'V, are nonempty. Since (T,Y)
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is (WM), there is a ¢ € T such that tV3 Nty Vs # 0 and tVa Nt; V4 # (. Consider now the element ¢ + ¢,
of T. The set (t+ t9)V1 = to(tV1) has a nonempty intersection with to(to_lv;),), and hence with Vz. The
set (t +tg)Va = to(tVz) has a nonempty intersection with to(t; V), and hence with V4. Since ¢ + ¢ is not
in K, we have (t+to)(Uyr x V1)N(Ua x Vo) # 0, (t+t0)(Us x V3)N(Uy x Vi) # 0. Hence (T, X xY) is (WM). O

Corollary 6.7 ([9]) If (No,X) is (SM) and (No,Y) is (WM), then (No, X xY) is (WM).

Proof Follows from Propositions 6.6 and 2.8. O

Corollary 6.8 Let T be a directional C monoid. Suppose that (T, X) is (SM) and (T,Y) is (NMIN) (WM).
Then (T, X xY) is (WM).

Proof Follows from Propositions 6.6 and 6.4. O

7. (S) on the product
Proposition 7.1 Let T be a monoid and (T, X),(T,Y) two semiflows. The product (T,X xY) is (S) if and
only if at least one of (T, X),(T,Y) is (S).
Proof Suppose (T, X xY) is sensitive with a sensitivity constant ¢. Let U C X and V C Y be two nonempty
open sets. Then there are points (x1,y1), (z2,y2) € UXV and t € T such that d(t(x1,y1),t(z2,y2)) > ¢. Hence
d(tzy,txe) + d(tyr,ty2) > c. Hence either d(tzq,tz2) > ¢/2 or d(tyi,tye) > ¢/2. Hence at least one of the
semiflows (T, X), (T,Y) is sensitive with a sensitivity constant ¢/2.

Conversely, suppose (T, X) is sensitive with a sensitivity constant c¢. Let U x V' be a nonempty open
set in X x Y. There are points z1,22 € U and ¢t € T such that d(tzy,tzs) > ¢. Let y be any point in V.
Then d(t(x1,y),t(z2,y)) = d((tx1,ty), (txe,y)) = d(tzy, txe) + d(ty,ty) > ¢. Hence (T, X xY') is sensitive with

a sensitivity constant c. O

Example 7.2 Let (T,X) be the semiflow defined in Ezample 4.3 in our paper [11]. It is sensitive and so
(T, X x X) is also sensitive according to Proposition 7.1. This gives an example where our proposition works

and the acting monoid is none of the monoids Ny, Z, Ry, R.

8. Devaney chaos on the product

Definition 8.1 A semiflow (T, X) is called Devaney chaotic if it is (NMIN), (TT) and has (DPP).

Equivalently, a semiflow is Devaney chaotic if it is (TT), has (DPP), and is (S) (see the papers [1, 5, 11],
where it is shown that, when (NMIN) holds, (S) follows from (TT)+(DPP)).
Note that (NMIN)+(TT)-+(DPP) is the same as (NMIN)+(TP).

The notion of Devaney chaos was introduced in [4] by Devaney.

Proposition 8.2 Let T be a psp monoid. Let (T, X),(T,Y) be two semiflows. Suppose that:
(i) (T, X) is (SM);
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(i) (T,Y) is (TT);

(iii) (T, X x Y has (DPP);

(iv) at least one of (T, X), (T,Y) is (NMIN).
Then (T, X xY) is Devaney chaotic.
Proof Because of (iv), (T, X x Y) is (NMIN). By Proposition 3.10, (T, X x Y) is (TT). Also (T, X xY) is
assumed to have (DPP). Hence (7, X x Y') is Devaney chaotic. O

Corollary 8.3 ([9]) Let (Ry,X) and (R4,Y) be two semiflows. Suppose that:
(i) (R4, X) is (SM);
(ii) (Ry,Y) is Devaney chaotic;
(iii) (Ry, X x Y) has (DPP).

Then (Ry,X xY) is Devaney chaotic.

Proof Follows immediately from Proposition 8.2. O

Corollary 8.4 Let T be a sip psp monoid. Let (T, X),(T,Y) be two semiflows. Suppose that:
(i) (T, X) is (SM) and has (DPP);
(i) (T,Y) has (TP);
(iii) at least one of (T,X), (T,Y) is (NMIN).
Then (T, X xY) is Devaney chaotic.
Proof Since (T,X) and (7,Y) have (DPP) and T is sip; then, by Proposition 5.4, (T, X x Y) has (DPP).

Now the statement follows from Proposition 8.2. O

Corollary 8.5 ([3]) Let (Ng, X),(No,Y) be two cascades. Suppose that:
(i) (No, X) is (SM) and Devaney chaotic;
(i) (No,Y) has (TP).

Then (No, X xY) is Devaney chaotic.

Proof Follows from Corollary 8.4. O

Example 8.6 This is a simple example of two semiflows (T,X) and (T,Y) in which the acting monoid is
neither No (as in [3]) nor Ry (as in [9]) and where we can deduce the Devaney chaoticity of the product
(T, X xY) using our Corollary 8.4. Suppose that (Ng, X) is (SM) and has (DPP), and that (No,Y) has (TP).
Also suppose that at least one of (No,X), (No,Y) is (NMIN). Any pair of semiflows (No, X), (No,Y) that
satisfy [3, Theorem 3] (i.e. the above Corollary 8.5) would work. Let now T = No\{1}. This is a submonoid of
Ny and so we can consider the restricted semiflows (T, X) and (T,Y). We will show that (T, X XY") is Devaney
chaotic by applying Corollary 8.4, i.e. by checking that all the conditions from Corollary 8.4 are satisfied.
Indeed, since (No, X) is (SM), then (T,X) is clearly (SM). Let x € X be a periodic point in (Ng, X).
We show that = is then a periodic point in (T, X) too. Let S be the fixrer Fian,(z) of x in (No,X). The set
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S" = S\{1} is the fizrer Fizp(x) of x in (T, X). Let us show the syndeticity of S’ in T'. Let K ={0,1,...,n0}
be a corresponding compact of S in No. We show that K' = {0,2,3,4,...,n0,n0 + 1,...,2n9 + 1} is a
corresponding compact of S’ in T. Indeed, for any t € T the translate t + K’ contains the disjoint union
t+K)U((t+no+1)+ K). Each of the disjoint sets t + K and (t +no+ 1) + K intersects S, and hence one
of them has to intersect S'. Thus (t + K')NS" # 0. Hence x is periodic in (T, X). It follows that (DPP) of
(No, X) implies (DPP) of (T, X). Let us show that (T,Y) has (TP). Let U,V be two nonempty open subsets
of Y. There is a point y € U, periodic in (No,Y), and t € Ny such that ty € V. The point y is also periodic
in (T,Y) by what we have shown above. Since every element of t + Fian,(y) maps y to V and Fixy,(y) is
a syndetic submonoid of Ny, there is an element of T (in t + Fian,(y)) that maps y to V. Thus (T,Y) has
(TP).

Next we check that T is psp. Indeed, let A be a piecewise syndetic subset of T'. It is enough to show that A
s not bounded. By Lemma 2.17, A= BNC', where B is a syndetic and C is a thick subset of T'. Suppose A is
bounded. Let N € Ny be such that a < N for every a € A. Let K ={0,2,3,...,n0} be a corresponding compact
for B in T. Let K' ={0,2,3,...,N +no+1}. There is a translate t + K' of K' (t € T ) contained in C. It
contains an element of B in the interval {t+N+1,t+N+3,t+N+4,...,t+ N+no+1} =t+N+1+K C t+K'.
Hence it contains an element of A, bigger than N , a contradiction. Hence A is not bounded and so not relatively
compact in T. Finally we check that T is sip. Indeed, let S1 and Sy be two syndetic submonoids of T'. Let
a € S1\{0} and b € So\{0}. Then ab € S1NSy (since they are monoids). Hence {0,ab,2ab,3ab, ...} C S1NSs
and so S1 N Ss is a syndetic submonoid of T .

All the conditions of Corollary 8.4 are checked and so the product (T, X xY') is Devaney chaotic.

9. Conclusion

We investigated some chaos-related properties on the product of two semiflows for the case of very general
acting monoids. Among the results that we obtained is a sufficient condition for the Devaney chaoticity of the
product for the psp acting monoids (Proposition 8.2), generalizing the results from [3] and [9]. The importance
of studying very general acting monoids was discussed in the Introduction. Studying products of any structures
(in particular semiflows) is a natural course of action since they are a way of obtaining more complex objects
from the basic ones. Also some dynamical properties are defined or characterized in terms of products, like, for
example, weak mixing or scattering (see, for example, [2, Proposition 4.1]). Here are some natural topics for

further research, related to our manuscript.

Question 9.1 Is it possible to improve Proposition 3.10 (which is used in the proof of Proposition 8.2)¢ For
example, can one weaken the assumption of (SM) for (T, X), or the assumption (TP) for (T,Y)? One way to
weaken (TP) for (T,Y) would be to replace it by (TT)+(DAP), where (DAP) means the density of almost
periodic points. (A point x € X is almost periodic in (T,X) if for every nmeighborhood U of x the set
D(z,U)={teT |tz €U} is syndetic.)

Question 9.2 The following question is raised in [9] for the case of the acting monoids Ny and Ry : if
(T, X xY) is (SyndS) (resp. (CofinS); (MultiS)), is one of the factors necessarily (SyndS) (resp. (CofinS);
(MultiS))? Here are the definitions. A semiflow (T, X) is syndetically sensitive (SyndS) if there exists ¢ > 0
such that for every nonempty open set U C X the set D(U,c) = {t € T | d(tz,ty) > c for some x,y € U} is
syndetic. A subset A of T is cofinal if A D T\ K for some compact subset K of T. A semiflow (T,X) is
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cofinally sensitive (CofinS)) if there exists ¢ > 0 such that for every nonempty open set U C X the set D(U, c)
is cofinal. A semiflow (T,X) is multisensitive (MultiS) if there exists ¢ > 0 such that for any nonempty open
subsets Uy, ..., U, of X the set NIy D(U;,¢) is nonempty.

Question 9.3 In the paper [15] the chaos-related properties are investigated on finite products of cascades with
arbitrarily many factors and on countable infinite products of cascades. The sufficient conditions are obtained
for the products to be at the same time Devaney chaotic and strongly mizing. It would be of interest to find
sufficient conditions for the Devaney chaoticity of the products of semiflows (with an arbitrary finite or an
infinite number of factors) for some large class of acting monoids, but without the products being at the same

time strongly mixing, or necessarily having any other additional property.
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