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Abstract: We compute the depth and Stanley depth for the quotient ring of the path ideal of length 3 associated to
a n-cyclic graph, given some precise formulas for the depth when n # 1 (mod 4), tight bounds when n = 1 (mod 4),
and for Stanley depth when n =0, 3 (mod 4), tight bounds when n = 1,2 (mod 4). We also give some formulas for the
depth and Stanley depth of a quotient of the path ideals of length n — 1 and n.
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1. Introduction

Let S = Klx1,...,2,] be a polynomial ring in n variables over a field K and M a finitely generated Z"-
graded S-module. For a homogeneous element u € M and a subset Z C {z1,...,z,}, uK[Z] denotes the
K -subspace of M generated by all the homogeneous elements of the form wv, where v is a monomial in K[Z].
The Z™-graded K -subspace uK|[Z] is said to be a Stanley space of dimension |Z| if it is a free K[Z]-module,
where, as usual, |Z| denotes the number of elements of Z. A Stanley decomposition of M is a decomposition

of M as a finite direct sum of Z"-graded K -vector spaces
D: M= uK[Z]
i=1
where each u; K[Z;] is a Stanley space of M. The number sdepthg (D) = min{|Z;| : 4 =1,...,7} is called the
Stanley depth of decomposition D and the quantity
sdepth (M) := max{sdepth (D) | D is a Stanley decomposition of M}
is called the Stanley depth of M. Stanley [13] conjectured that
sdepth (M) > depth (M)

for all Z™-graded S-modules M. This conjecture proves to be false, in general, for M = S/T and M = J/I,
where I C J C S are monomial ideals; see [6].
Herzog et al. [8] introduced a method to compute the Stanley depth of a factor of a monomial ideal,

which was later developed into an effective algorithm by Rinaldo [12], implemented in CoCoA [5]. However, it
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is difficult to compute this invariant, even in some very particular cases. For instance, in [1] Bir6 et al. proved
that sdepth (m) = [§] where m = (z1,...,2,) is the graded maximal ideal of S and [%] denotes the smallest
integer > % . For an introduction to Stanley depth, we refer the reader to [7].

Let I, and J,,, be the path ideals of length m associated to the n-line, respectively n-cyclic,
graph. Cimpoeas [3] proved that depth(S/J,2) = [%5%] and when n = 0(mod 3) or n = 2(mod 3),
sdepth (S/Jn2) = [%5*] and when n = 1(mod 3), [251] < sdepth (S/J,2) < [2]. In [4], he also showed

> 13
that sdepth (S/1,m,) = depth (S/L,m) =n+1— L;’Lflj - f:ﬁﬂ, where L%J denotes the biggest integer
< %_‘_11 Using similar techniques, we prove that sdepth (S/J,3) = n — || — [§] for n = 0(mod 4) or

n=3(mod 4) and n— [§|—[F] <sdepth(S/Jp3) <n+1—[%]—[%] for n=1(mod 4) or n =2 (mod 4).

Also, we prove that depth (S/J,3) =n— %] —[%] for n# 1(mod 4) and n — [§] — [§] < depth (S/J,,3) <

n+1—[%]—[4] for n=1(mod 4). In Proposition 2.14, we prove that sdepth (J, 3/In3) =n+1—[%] —[%]
) = depth (

for all n > 4. In the third section, we prove that sdepth ( )=n—2and n—3 <

JT,,yn_1 Jn,,n—l

sdepth ( ), depth (+—2—) < n —2.

Jnn—2 Jnn—2

2. Depth and Stanley depth of the quotient of the path ideal with length 3

In this section, we will give some formulas for the depth and Stanley depth of quotient of the path ideals
of length 3. We first recall some definitions about graphs and their path ideals in order to make this paper

self-contained. However, for more details on the notions, we refer the reader to [16, 17].

Definition 2.1 Let G = (V, E) be a graph with vertex set V = {x1,...,x,} and edge set E. Then G = (V,E)
is called an n-line graph, denoted by L, , if its edge set is given by E = {x;x;41 | 1 < ¢ < n —1}.
Similarly, if n > 3, then G = (V,E) is called an n-cyclic graph, denoted by C,, if its edge set is given
by E={z;zip1 |1 <i<n-—1}U{z,z1}.

Definition 2.2 Let G = (V, E) be a graph with vertex set V. = {x1,...,xn}. A path of length m in G is an
alternating sequence of vertices and edges w = {Z;, €, Tit1,y -y Litm—2, €itm—2, Titm—1}, where €; = X;T 41
is the edge joining x; and x;y1. A path of length m may also be denoted {z;,...,Tiym—1}, the edges being

evident from the context.

Definition 2.3 Let G = (V, E) be a graph with vertex set V. = {x1,...,2,}. Then the path ideal of length m
associated to G is the squarefree monomial ideal I = (z; -+ Tixm—1 | {Ti, .., Tizm—1} 15 a path of length m in G)

of S.

In this paper, we set n > 3 and consider the n-line graph L,, and n-cyclic graph C,,; their path ideals
of length m are denoted by I,,, ,, and Jy, ., respectively. Thus, we obtain that

Ly = (@i Tigm1 [ 1< i <n—m+1),

and

Jm,n = Im,n + (xn—m 1, Tpn—m41 " Tpd1T2y ..., Tpdy - xm—l)-
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Definition 2.4 Let (S,m) be a local ring (or a Noetherian graded ring with (So,mg) local) and M a finite
generated S-module with the property that mM C M (or a finite generated graded S-module with the property

that (mg & @ S;)M C M ). Then the depth of M is defined as

1=1

depth (M) = min{i | Bxt*(S/m, M) # 0}
(or depth (M) = min{i | Eat?(S/(mo & é S,), M) # 0} ).

We recall the well-known depth lemma; see, for instance, [16, Lemma 1.3.9] or [15, Lemma 3.1.4].

Lemma 2.5 (Depth lemma) Let 0 = L — M — N — 0 be a short exact sequence of modules over a local ring
S, or a Noetherian graded ring with Sy local; then:

(i) depth (M) > min{depth (L), depth (N)};
(ii) depth (L) > min{depth (M), depth (N) + 1} ;
(iii) depth (N) > min{depth (L) — 1, depth (M)} .

Most of the statements of the above depth lemma are wrong if we replace depth by Stanley depth. Some
counterexamples are given in [11, Example 2.5 and 2.6]. Rauf [11] proved the analog of Lemma 2.5 (i) for
Stanley depth.

Lemma 2.6 Let 0 - L — M — N — 0 be a short exact sequence of finitely generated Z" -graded S -modules.
Then
sdepth (M) > min{sdepth (L), sdepth (N)}.

In [3], Cimpoeas computed depth and Stanley depth for S/J, 2.
Lemma 2.7 (1) depth(S/Jn2) = [*5];
(2) sdepth(S/Jnz2) = ["51] for n=0(mod 3) or n=2(mod 3);
(3) T254] < sdepth (S/Jn2) < [3] for n'=1(mod 3).

In [4], Cimpoeag computed depth and Stanley depth for S/I,, ,,,, which generalizes [9, Lemma 2.8] and
[14, Lemma 4].

Lemma 2.8 sdepth(S/I,, m) = depth(S/L,m) =n+1— L%J — [:1111] In particular, sdepth(S/I,2) =
depth (S/T,) = [2].

Using these lemmas, we are able to prove the main result of this section.
Theorem 2.9 (1) depth(S/J,3)>n— 3] —[%1;
(2) sdepth(S/Jn3) >n— %] — %]
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Proof These two results can be shown by similar arguments, so we only prove that sdepth (S/J,3) >
n— %] —1%]. Let S; be the polynomial ring in ¢ variables over a field. The case n = 3 is trivial. The cases
n =4 and n =5 follow from Examples 2.10 and 2.11, respectively.

We may assume that n > 6. Let k= |%}] and o(n) =n — 4] — [§]. One can easily see that

(n) = n — 2k, if n =0 (mod 4);
PI= n—2k+ 1, otherwise.

We denote u; = z;xi11242 for 1 < i < n—2, up_1 = Tp_1Tpx1, and u, = T,x1T2. Set Lo = Jp 3,
L, = (LO : In) and U; = (Lo,xn). Notice that Lo = (ul,...,un), Ly = (u2,...,un_4, U;ZQ, uggl,zfz), and

Ui = (u1,...,Un—3,2p). Since S/Uy ~ S,,_1/I,_1,3, we obtain sdepth (S/U1) = ¢(n) by Lemma 2.8.
We set L1 = (Lj: x4;) and Uj1 = (Lj,x45) where 1 < j <k — 3. One can easily check that:

I U2 U3 Ug Ug Ug(j—1) Uq5—2 U4 Up—-2 Un—1 Up
j+1_<77777a7a"'7 ) PRIRE) s Udj+2y - -+ Un—4a, ; ai)a
Ty Ty Ty T8 Tya(j—1) T4y T4j T Tn Tp
and
U2 U3 Uq Up Ug(j—-1)—2 Ug(j—1) Up—2 Up—1 Up
Uj+1:(77777777°"7 PR s L4, Udjt1y---5Un—4, ) ’7)7
Ty4 T4 T4 X8 Ta(j-1) Ta(j-1) Tn Tn Tn

where zo =1 and u; =0 for 7 <0.
We consider the following three cases:
(1). f n=4k or n =4k —1, we denote L;y1 = (L, : z4;) and U1 = (Uj, x4;) for j =k—2,k—1. We

~ - — (U2 U3 U4 Us Yak=2) Un—2 Un—1 Up
conclude Ly ~ Jn 25, Up = (T4(k—1), Vi) where Vi, = (m, T T T Tana o $n) Note that

Ve ~ I _j_2po, ifn=4k;
P Lk, ifn=4k—1.

Thus, by Lemmas 2.7, 2.8, and [8, Lemma 3.6], it follows that

sdepth (S/Ly) = k + sdepth (Sp—r/In—k2) =k + k = p(n),

and
S kE+1) +sdepth (22=5=2) = (k+ 1) + k = 1 + o(n), ifn = 4k;
gty (5 = () sdepth (25252 = (4 1) on), |
Uy, k + sdepth (72=t=L) =k + k = o(n), if n=4k - 1.

In—k—1,2

(2) If n = 4k — 2, we denote Lk—l = (Lk_g : I4(k_2)), Uk—l = (Lk—27934(k—2))7 Lk = (Lk—l :
Tap—1y-1), and U = (Up—1,24(4-1)-1). We have Lp ~ J,_r2S, Up = (za@r-1)-1,Vk) where Vj =

(Y2 U3 U4 U SAho2) Mn=2 Un-l Un) o~ [, oS Thus, by Lemma 2.8 and [8, Lemma 3.6], we obtain

Ty’ @y’ Ty’ 287" Tyk—2) Tn 7 Tp T Tn

sdepth (S/Ux) = (k — 1) +sdepth (Sp—i/In—r2) = (k — 1) + k = ¢(n).
Applying Lemma 2.7 and [8, Lemma 3.6], we get

sdepth (S/Ly) = k + sdepth (Sp—i/Jn—k2) > k+ (k—1) = p(n),
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and
sdepth (S/Ly) = k + sdepth (Sp—r/In—k2) < k+ k=14 ¢(n).
(3). If n =4k — 3, we denote Ly_1 = (Lr—2 : T4(p—2)-1), Up—1 = (Lr—2, Tagk—2)—1),
Ly = (Lg-1 : @4(-1)-2), and Up = (Up—1, Z4(k—1)-2). We have Ly ~ Jy_12S, Up = (Z4(4-1)-2, Vi) where

__ (U2 U3 Usg Ug U4(k—3) Ua(k—2)—2 UY4a(k—2)—1 Un—-2 Un—-1 Uy -
Vie=(2, 2,80, T e Tar a1 T e 1 e e 5+) = In_k25. Therefore, by Lemmas 2.7, 2.8,

and [8, Lemma 3.6], we have
sdepth (S/Ly) = k +sdepth (Sp—x/Jn—k2) =k + (k—1) =1+ ¢o(n),

and
sdepth (S/Ux) = (k — 1) + sdepth (Sp—k/In—k2) = (k= 1) + (k — 1) = o(n).

This shows that ¢(n) < sdepth (S/L;) <1+ ¢(n) and sdepth (S/Ux) > ¢(n)  (*).

Consider the following short exact sequences:

S S

S
0— ¢ — o — 5 —0
S S s
0—>L—2—>L—1—>U—2—>0
S S S
0_>Lk—1_)Lk—2_>Uk_1_>O
y S S s S
0 Ly, L1 Uy 0

By Lemma 2.6 and (x), we have

sdepth (LEO) > min{sdepth (Lil), sdepth (Uﬁ)}

S
sdepth (—
pth () X

n,3

> min{sdepth (Li), sdepth (Ui)’ sdepth (Ui)}
2 2 1

Y

> min{sdepth (Lik), sdepth (Uik), sdepth ( Uf—l ),...,sdepth (Uil)}

> min{p(n), Sdepth(Uf_1 ),...,sdepth ((%), sdepth (Uﬁl)}

To show sdepth (-2-) > ¢(n), it is enough to prove the claim below.

In,z’ =
Claim: sdepth (S/Uj41) > ¢(n) forall 1 <j <k —2.
N n— n— n Ug(j—1)— Ug(j— _
For any 1 < j < k — 3, we set Vj41 = (“Tnz,”xnl,;—n,%z,..., ii](ji)l)z,...,xigii;) and W,y =
. _ o : S~ _S/Vig1®S/Wjia : s
(¥4j41,---,Un—4a) where g = 1 and u; = 0 for j < 0. We have i ZE4j(S/JV7‘+1@S/‘§Vj+1). Since x4; is

regular on S/V;11 & S/W,i1, by [10, Theorem 1.1] and [2, Theorem 1.3], we have

S S
® — 1 > sdepth + sdepth —n—1.
) P (VM) P (Wj+1)

depth
sdepth( Vier  Win

S
= sdepth
Ujﬂ) pth (
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On the other hand, Vj i1 ~ I3;4125, Wjt1 >~ I, _4(j+1)42,3S. Thus, by Lemma 2.8, we have

. 3j+1 .
sdepth (S/Vj41) = [n — (3j + )] + [ ]3 T=n—2j
and
: } n—4(j+1)+3
epth (5/Wyi) = G +1) =2+ n -4 +1) +3] - | " VLS,
3 [n—4(j—|—1)+3]
4
n—45—1 n—45—1
= 1— _
R e Ak
n—1 n—1
n+1+2j = [——] - =1
By some simple computations, we conclude that
. ) n—1 n—1
sdepth (S/Uj1) 2> (n—2))+ (4 14+2)) — |7 = [ 2] —n -1
n—1 n—1
= n— — >
n— (270 - T2 2 )
If n # 4k—3, we have Vj_1 = (u’z’;27 u;: N I u;‘:(;(;if e ng:::) and Wi_1 = (Ua(r—2)+1,
It follows from similar arguments as above.
If n = 4k-3, wehave Vj_y = (722, ==t 2 22 u‘fc(f(;if ey Z;‘E::Z;) and Wi_1 = (usg(k—2); - -

Note that Vi1 >~ I3,_2)4+125 and Wi_1 =~ I,,_44—1)4+3,35. Thus, by Lemma 2.8, we obtain

sdepth (S/Vi—1) = (n— (3(k —2) + 1)) + (w

and

sdepth (S/Wy_1)

- (n—4@;1%+ﬁ

n—4k + 8 n—4k + 8

T=n—2k+4=2k+1

Ak —1)+4

Ak —1)—3)+ (n—4(k —1) +4) - | =

= 1o |

= n+1—LZJ_[Zw:n_2.

|

1 ]

...7’11,”,4).

. ,un_4) .
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: S S/ Vi 1®S/Wi_1 : :
One can easily see that Uror ™ Taa 1 (5/Vh 1 BS/ Wi - Since @4, _,,_, is regular on S/Vi—1®S/Wy_1,

by [10, Theorem 1.1] and [2, Theorem 1.3], we have

S

sdepth = sdepth @ -1
P (kal) P (qu qu)
S
> sdepth ( ) + sdepth ( )—n—1
k-1 Wi 1

= 2%k+1+(n-2)—n—1

= 2k—2=¢p(n).
This completes the proof. O
Example 2.10 Let Jy3 = (212223, L2324, T3L4T1, Tax122) C S = K[x1,...,24]. Note that 4— L%J — f%] =2

Set Ly = (Jus : x4) and Uy = (Jas,24). Since Ly = (122, 2223,2321) = J325 and Uy = (x12223,24),
thus S/Uy = Klx1, 22, 23]/ (z12223). By Lemmas 2.7, 2.8, and [8, Lemma 3.6], we have sdepth(S/Li) =
depth (S/L1) =1+ [351] =2 and sdepth(S/Uy) = 2. Applying Lemma 2.6 to the short ezact sequence

0—>S/L1 —>S/J4,3 —>S/U1 —>0,

we obtain depth(%) = 2 and sdepth(J453) > 2. By [2, Proposition 2.7], it follows that sdepth(%) <
sdepth(S/L1) = 2. Thus, sdepth(S/Js3) =2.

Example 2.11 Let J5 3 = (12223, T223T4, T3TaLs, TaL521, T5T122) C S = Kz1,...,25]. Note that 5— L%J -
(%1 = 2. Set L1 = (J53 : w5) and Uy = (Js3,25). Since L1 = (x3%4,T421,2122) ~ [0S and Uy =
(x1x23, TaX3%a, Ts5), thus S/Uy = S4/Ils3, and by Lemma 2.8 and [8, Lemma 3.6], we have sdepth(S/L1) =
depth(S/L1) = 14 [4] = 3 and sdepth(S/Uy) =5— 3] — [3] = 2. Using Lemmas 2.5 and 2.6 on the short
exact sequence

0— S/Ly — S/J53 — S/U; — 0,

we obtain depth(S/Js3) > 2 and sdepth(S/Js53) > 2.
As a consequence of Theorem 2.9, one has the following results.
Corollary 2.12 (1) sdepth(S/Jn3) <n+1— %] —[4] for n=1(mod 4) or n=2(mod 4);

(2) sdepth(S/Jn3) =n— %] —[4] for n=0(mod 4) or n=3(mod 4).
Proof Set ¢(n) =n—[%]—[%]. From the proof of Theorem 2.9, we see that sdepth (S/Ly) < 1+ ¢(n) for

n = 1(mod 4) or n = 2(mod 4), and otherwise sdepth (S/Lx) = ¢(n). These are direct consequences of [2,
Proposition 2.7]. O

Corollary 2.13 (1) depth(S/Jn3) <n+1— %3] —[%] for n=1(mod 4),

(2) depth(S/Jn3) =n— 5] —[%] for n# 1(mod 4).
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Proof Set p(n) =n — %] — [4]. Replacing the Stanley depth by depth in the proof of Theorem 2.9, we
see that depth (S/Li) = 1+ ¢(n) for n = 1(mod 4), and otherwise depth (S/L;) = ¢(n). These are direct

consequences of [11, Corollary 1.3]. O
Proposition 2.14 sdepth(Jn3/In3) =n+1— 5] =[] for all n > 4.

Proof One can easily check that Jy3/143 ~ x12304 K [21, T3, T4]Bx10204 K [21, 22, 4] . Thus, sdepth (Ju3/1s3) =
3, as required. Similarly, for n = 5, we have Js53/l53 ~ x1x405K[11, 24,25 ® x12205K[T1, T2, T5] B
r1xoxaxs K21, T2, x4, x5]; for n = 6, we have Js3/ls3 ~ x1xs5x6K (21,23, 25, 6] ® x12226 K [21, T2, T4, T6] D
r1xexsre K [21, 2, 5, x6]; and for n =7, we get J7 3/I73 ~ z1x6x7K[T1, T3, T4, To, T7|Bx122207 K [T1, T2, T4, T5, T7]D
$1$2£6$7K[1‘1, T2, T4,T6, 1‘7] .

Now, assume n > 8, and let u € J,, 3 be a monomial such that u ¢ I, 5. It follows that u = z12,_12,01

Or U = T1TaXnva, with vy € K[x1,...,Zpn—3,Tn-1,%,] and ve € K[z1,22,24,...,2,]. We can write v, =
z§x, xlw with w € K[za,...,2y—3]. Since u ¢ I, 3, it follows that w ¢ (voxs3, T3T4Ts5, ..., Tne5Tn—aTn_3).
Similarly, we can write vy = 2¢ahzlw with w € K[z4,..., 2, 1]. Since u ¢ I3, it follows that w ¢
(T4T5X6, . -« s Tp—aTp—3Tp_2,Tn_2Ty—_1). Therefore, we have the S-module isomorphism:
K[.’E4, ey l‘n,Q]
Jn,S/In,S x~ $1x2xn( )[1’17$2,$n]
(174565%7 s 733n—4l’n—317n—2)
K[(ﬂg, e ,l'n_g]
() :clzn_lxn( )[xlaxn—lyzn}
(T324%5, ., Tn—5Tn—aTn—3)
K[Z‘4, . ,.13n_3]
O 12T 1T )1, 22, o1, T
(T425%6, .. ., Tn_5Tn_aTn_3)

Therefore, by Lemma 2.8 and [8, Lemma 3.6], we obtain

sdepth(i:’j) = min {3+ (n—4)— ﬂ%ﬁ - (7%4_\,4+(n75)7 ﬂ%‘r] - [’%51}

)

= min{n+ 1= (3= (gl + 1= 5 - D)

= nt1-l7)-T70

3. Depth and Stanley depth of the quotient of the path ideal of length n—1 or n —2

In this section, we will give some formulas for depth and Stanley depth of the quotient of the path ideal of
length n —1 or n — 2.

Proposition 3.1 sdepth(S/Jpn—1) = depth(S/Jpn-1) =n—2.

Proof We apply induction on n. The case n = 3 follows from Lemma 2.7. Assume now that n > 4. Since

n—1 n n n k—2 n—2 .
Jnynfl = ( H L, H L, (H mi)xla tey ( H sEZ)( H xi)» ceey Iy H xi)v we obtain
1=1 =2 =3 i=k =1 =1
n—2 n—1 n—1 n—1 k—2 n—3
(Jn,n—l xﬂ) = ( Ly H 1'7,(1_[ Ii)xlv'-'v(H Il)(H zi)?"'azn—l H ‘Tl) :Jn—l,n—st
=1 =2 =3 i=k i=1 =1
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n—1

(Jom-1,2n) = (I ®i,xn). Hence, we get S/(Jpn—1 : @n) = (Sn—1/Jn—1,n—2)[zn]. Using the induction
i=1
hypothesis and [8, Lemma 3.6], we conclude
sdepth (S/(Jn.n—1: Tn)) =1 + sdepth (Sp—1/Jp—1,n—2) =n — 2,

and
depth (S/(Jnn—1: Tn)) =1+ depth (Sp—1/Jp—1,n—2) =n — 2.

On the other hand, we obtain sdepth (S/(Jpn—1,%n)) =n — 2 by [10, Theorem 1.1]. By applying Lemmas 2.5

and 2.6 to the exact sequence
0— S/ (Jnm-1:Tn) 8/ Jpn1—S/(Jnn_1,Tn) — 0,

we obtain depth (S/J,, n—1) > n—2 and sdepth (S/J,, ,—1) > n—2. Therefore, it follows that sdepth (S/J,, —1) =
n — 2 by [2, Proposition 2.7]. O

Proposition 3.2 (1) n—3 < sdepth(S/Jpn-2) <n—2,

(2) n—3<depth(S/Jnn-2) <n-—2.
Proof The case n = 3 is trivial. The case n = 4 follows from Lemma 2.7. We may assume that n > 5. Set
LO = Jnm_Q, Lj = (Lj—l : an_j+1) and Uj = (Lj—laxn—j—i-l) for all 1 S] S n — 4. We conclude that

n—2 n—1 n n n k—3 n—3
Lo= ([l IT @, [Ta (IT z)z, oo (TT2s)(IT @i)s - ovzn [T @),
i=1 =2 =3 —4 i=k i=1

i i=1
n—1 n—1 n—1 k=3 n—4 n—3 n—2 n—1 .

Ly = (]I o, (IT )1, - ([T ) (TT ®i)s -« -y @n—1 I =i, [[ %), and Uy = (] @i, [ 24, 2n). Since
=3  i=4 =k i=1 i=1 =1 =1 =2

S/Ur = Sp—1/In—1,n—2, we obtain sdepth (S/U1) = depth (S/U;) = n—3 by Lemma 2.8. For any 1 < j < n—4,

by some simple computations, one can see that

n—j n—j

n—j k—3 n—j—3 n—j-=2
Lj:(HQii,(HQii)l'h...,(H,TZ‘)(HLUZ‘),...,LL'n,j H i, H SL'Z‘),
i=3 i=4 i=k i=1 i=1 i=1
n—j—1
and U; = (Uj—1,2n—j41) = ( [l @i, xn—jt1). In particular, L, 4 = (x324,T421,2122) and S/L,_4 =~
i=1

(Sa/I42)[s5, ..., zy]. Therefore, by Lemma 2.8 and [8, Lemma 3.6], we get sdepth (S/L,,_4) = depth (S/L,_4) =
(n—4) 45— [2] — [2] = n— 2. On the other hand, we obtain sdepth (5/U;) = depth (5/U;) = n — 2 by [10,
Theorem 1.1]. By applying Lemmas 2.5 and 2.6 on the exact sequences

0— S/L; "5 S/L;  — S/U; — 0 for 1 <j<n—4,

we conclude depth (S/J, n—2) > n — 3 and sdepth (S/Jy n—2) > n — 3.
On the other hand, by [10, Theorem 1.1] and [2, Proposition 2.7], we have depth (S/J,, n—2) < depth (S/L,,_4)
and sdepth (S/J, n—2) < sdepth (S/Ly,_4). This completes the proof. O
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