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Abstract: In this paper, we study the Ricci soliton in the Riemannian products M = R" x B and warped products
M = R xy B of the Euclidean space and Riemannian manifolds, and the gradient Ricci soliton in the warped products
M = St x ¢ B of 1-dimensional circle and Riemannian manifolds. Moreover, we introduce the concept of the generalized
Ricci soliton and we suggest the method of construction of the Riemannian manifold (M,g) with a Ricci soliton g.

Finally, we also study the Lorentzian warped products with the Ricci soliton.

Key words: Ricci curvature, warped product space, Ricci soliton

1. Introduction
The concept of a Ricci soliton was introduced by Hamiliton [7], which is both a generalization of the Einstein
metric and a special solution of the Ricci flow.

A Riemannian metric g on a complete Riemannian manifold M is called a Ricci soliton if there exists a

smooth vector field X such that the Ricci tensor satisfies the following equation:
) 1
Ric+ §£Xg:pg (1.1)

for some constant p, where £x is the Lie derivative with respect to X [2, 3, 5, 6, 9]. It is said that (M, g)
or M is a Ricci soliton if the metric ¢ on M is a Ricci soliton. The Ricci soliton is called shrinking if p > 0,
steady if p = 0, and expanding if p < 0. The metric of a Ricci soliton is useful in not only physics but also
mathematics, and it is often referred to as quasi-Einstein [4]. If X = Vh for some function h on M, then M

is called a gradient Ricci soliton. In this case, equation (1.1) can be rewritten as:
Ric+ Hess h = pyg, (1.2)

and h is called a potential function. It is well known that when p < 0 all compact solitons are necessarily
Einstein [6], and a Ricci soliton on a compact manifold has a constant curvature in 2 dimensions [7] as well
as in 3 dimensions [8]. Moreover, a Ricci soliton on a compact manifold is a gradient Ricci soliton [9, 14] and

Vaghef and Razavi [15] studied the stability of compact Ricei solitons under Ricci flow.
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In [12], we studied the gradient Ricci soliton in the warped product space and obtained the criterion for
the base space of the warped product space with a gradient Ricci soliton to be a gradient Ricci soliton or an
Einstein space by taking the derivative twice of the warping function. However, there are no such criteria or
methods of construction of a Ricci soliton for the Riemannian products or warped products as far as we know.
Thus, it is natural to consider the case of noncompact Riemannian products or warped product spaces with a

Ricci soliton.
From this point of view, we study the Riemannian product space M = R™ x B™ with a Ricci soliton and

obtain the fact that M is a Ricci soliton if and only if B is a Ricci soliton. Furthermore, we get a necessary
condition for the base space to be a Ricci soliton in the warped products R x y B with a Ricci soliton. Moreover,
we introduce a generalized Ricci soliton with the Ricci soliton warping function f, and using Theorem 3.7 we
can suggest the method of construction of the warped products R x s B to admit a Ricci soliton. Precisely, we
proved that if B is a generalized Ricci soliton with the Ricci soliton warping function f, then M = R xy B™
is a Ricci soliton.

On the other hand, Kenmotsu [10] gave a characterization of the warped product space L xj; CE"
by tensor equations. By use of the almost contact structure on L xy CE™ introduced by Kenmotsu [10] and
combining our theorems, we see that the warped product space M = R x ¢ B with Ricci soliton for the structure
vector is, in fact, Einstein and also B is Einstein, where B is a Kaehler manifold and f = ce! for a constant c.
In the consideration of the warped product space M = S'(k) x; B with a gradient Ricci soliton, we studied
the relationship of the warping function f and the Einstein metric on B. Moreover, we clarify the function A
appearing in equation (1.2) for the warped products M = S* x ¢t B.

Finally, we study the Lorentzian warped product space R x; B with a Ricci soliton and obtain the
necessary condition of the base space to be a Ricci soliton. For the converse of this case, we can construct
the Lorentzian warped product space R x; B admitting a Ricci soliton when the base space is a generalized
Lorentzian Ricci soliton with a Lorentzian Ricci soliton warping function f. Consequently, it is possible to
construct a Ricci soliton on the Riemannian product space or the warped product space by use of our results,

and not only the Riemannian case but also the Lorentzian case.

2. Ricci solitons in Riemannian product manifolds

Let (B, g) be an m-dimensional Riemannian manifold with a metric g and let M = R"™ x B be the Riemannian

product manifold with the metric g = ( 58“ gO ) , where the range of indices u,v,w,--- is {1,2,---,n}
ab
and the range of indices a,b,c,--- is {n+1,--- ,n+m}.

Then the Ricci curvature tensors S and S of M and B, respectively, are given by Sg, = Sq, and the
others are zero.

Suppose that B is a Ricci soliton. If we take p = p and a covector field U = (éu,éa) on M by
éu = ptu,ga =&, on B, then we obtain

i

o = Sab=pgab — 3(Valo + Vila) = pab — 3(Vals + Vila),
au = — 0= _%(@aéu + ﬁuga% (21)
0= pbuv — (Vs + Vola).

4

2
<
|

Hence, we can see that if B is a Ricci soliton, then M = R™ x B is a Ricci soliton.
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Conversely, if M = R™ x B is a Ricci soliton, then there exists a covector field V on M such that

1l =
Sij = p i = 5(Vi&; + V&)

for some constant function p on M, where & is a dual component of smooth vector field V on M and the

range of indices i,j,k,--- is {1,2,3,--- ,n,n+1,--- ,n+m}. Thus, we have

Sab = gab = ﬁgab - %(aaéb + abga -2 { acb }55)7

Duu + Dua = 0, 2:2)
ﬁéuv - %(augv + avéu) =0.
From the third equation of (2.2) with the case u = v, we obtain
€ = pruthy, (2.3)

where h?u) is a function on M having no z,-variable. The third equation of (2.2) with the case u # v and

(2.3) give rise to

which means that auhfv) is a function on M having no x,-variable and z,-variable. Thus, we can put

Heyw) = 6uh2’v). Integrating this equation and using (2.3), we get
Wty = —Hiyuyto + ki, (2.5)

where kf,) is a function on M having no x,-variable. Then from equations (2.3) and (2.5), we obtain

u=pru— Y Huwn@o+ K5 oy, (w#0). (2.6)
uFv

On the other hand, the second equation of (2.2) and (2.6) give

n
ga = _ZauKﬁ727...7n)xu +L((11,2,~~,n) (27)

u=1

and ‘he ﬁrSl equalion Of (22) giVeS
S ~ ~ C ~
ab ﬁgab 2 (C((lé-b ébfa 2 l 56)'

Hence, if we consider equations (2.6) and (2.7), we see that

1#v n#v
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U n+1 U n+m
=2 Ot Kz @+ L = D Onem Ky + L ).
u=1 u=1
If we take V = (&u41, -+, &ngm) such that &, = L‘(‘1 9 m)> then we get

1
Sab — PYab = _i(vdLl()l,Q,-" ,n) + VbL?LZ'“ 7”))

for p = p, because V is a smooth vector field on B and S, — pgqp is independent of R™. Hence, we can state

that if M = R™ x B is a Ricci soliton, then B is a Ricci soliton. Thus, we have:

Theorem 2.1 M = R™ x B is a Ricci soliton if and only if B is a Ricci soliton.

3. Ricci solitons in warped product manifolds

Consider the warped product space M = R xy B with g = < (1) fgg ) , where f : R — RT is a warping

function and ¢ is a Riemannian metric on B. Then the Ricci curvature tensors S and S of M and B

respectively are given by [1, 11, 12]

Svab = Sab - ffllgab - (m - ]-)f12.gab7

Sai = 0, (3.1)
Q . _mfn
Sll - f

where f; = %,fu = %,m = dimB, and the range of indices a,b,c, -+ is {2,3,--- ,m + 1}.

Let & be the dual components of £ for any vector field W = (51, e ,ém“) on M ; then the covariant

derivatives are given by

ﬁaé = aagb_{ Cfb }ge"i_fflgabgla

%agl = aagl - %Ea» (32)
615(1 = 815@ - %gaa
%1511 = algla

where V and V are operators of the covariant derivatives on M and B, respectively.
Suppose that M = R x; B is a Ricci soliton. Then there exists a vector field V on M such that
S, = PGij — %(@Zéj + @]&) for some constant function p on M, where §~z are dual components of smooth

vector field V on M and the range of indices i,j,k,--- is {1,2,3,--- ,m + 1}. Thus, we have

Sab - [)f2gab - %(@agb + @bga)7
S = —3(Va&i+Vide) = — 300+ & — 228, (3.3)
Su o= p-iVi&+Vi&) = p-a&,

where p is a constant on M.
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Using equations (3.1) and (3.3), we obtain
Sab — ff119a0 — (m - l)flzgab = ﬁfQ.gab - %(ﬁagb + @bga)a

8aél + aléa = %Eav (34)
& =p+ m}{“.

Assuming that & = & (t), then from the second equation of (3.4), we have 9,&, = %«fd This means

that 0y (lnga) = 201Inf. Thus, we can put fa = f2C,, where C, is a function on B. Moreover, we have

@bga = f2(vbca) + fflgabél (t) (3'5)
Hence, the first equation of (3.4) and (3.5) give rise to

2

Suv = U1+ Om = D) f2 4 5% = £ 60 bg — L 9a(Ch) + Vo(Cu)). (36)

If we take &, = f2C), on B, then we see that f;{VQC’b +ViCo} = %(Va&, + Vp&,). Since the coefficient

of gup in (3.6) is a constant on B, we have:

Theorem 3.1 If M = R x; B is a Ricci soliton with & = & (t) , then B is a Ricci soliton.

In particular, if we consider the case that B is Kaehler manifold and f = ce’ for a constant ¢, then M = Rx ;B

admits an almost contact metric structure (¢,&,7,g) such that [10]

(Vx¢)Y —n(Y)pX — (X, ¢Y)¢, (3.7)
Vxn = X -nX)& .

Letting M be a Ricci soliton for a structure vector ¢, then S + %259 = pg for a constant p. Since

Leg=2(G—non) in M, S=(p—1)g+n®n; that is, M is n-Einstein with constant coefficients. The following

is well known [10].

Lemma 3.2 Let M be an almost contact Riemannian manifold satisfying (3.7). If M is n-FEinstein with

constant coefficients, then M is Finstein.

From Lemma 3.2 and the above mentioned particular case, we can state:

Theorem 3.3 Let B be a Kaehler manifold and f = ce' for a constant c¢. If M = R xy B is a Ricci soliton

for a structure vector £ of an almost contact structure ($,€,m,§) that is induced on M, then M is Einstein.

Related to the Riemannian manifold with a gradient Ricci soliton, we proved [12]:

Theorem 3.4 Let M = R x; B be a gradient Ricci soliton and f"(t) # 0. Then B is Einstein.

Since Einstein is a generalization of the gradient Ricci soliton, if we combine Theorems 3.3 and 3.4, then

we have:
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Theorem 3.5 Under the same assumptions as in Theorem 3.3, B is Finstein.

On the other hand, for the converse of Theorem 3.1, we introduce the following definition as a general-
ization of the Ricci soliton.

Definition 3.6 A Riemannian manifold B with a Riemannian metric g is called a generalized Ricci soliton
if there exist smooth covector fields V = (1) and U = (n,) on R and B, respectively, and a positive smooth
function f on R such that

2

(38)  Swp={Ffir+ (m— D)2+ pf? — FFim ()} gap — =

9 (vanb + vbna)

for some constant p. In this case, we call f the Ricci soliton warping function. We easily see that the generalized

Ricci soliton with f2 =1 becomes a Ricci soliton.

Now let g be a generalized Ricci soliton on B. From equation (3.8), we have:

NZ(SH Sla)z _% 0 , )
Sar Sab 0 (pf2 - fhm (t))gab - f?(vanb + Vb"]a)

If we take p=p, 1 = [(p+ %)dt with a real integral constant and 7, = f?7,, then we obtain

m ~ . ~ . ~ . -
J*’f” it = —f fi110s ¥ 1ila = Fitas Vs = F2(Vams) + £ 71900

61771 =p+

Therefore, we see that

N

_mfn 0
~§ - 2 g - < f J] ) .
P * 0 pf%gab — 3 (f2(Vams + Vna) + 2f L gapin)

Thus, we have S = pg — %QXQ, and so R xy B is a Ricci soliton.
Theorem 3.7 If B is a generalized Ricci soliton with a Ricci soliton warping function f, then M = R x; B
is a Ricci soliton.

By use of Theorem 3.7, we can construct Riemannian manifolds (M, g) with Ricci soliton g.

4. Gradient Ricci solitons in the warped product spaces M = S'(k) x; B

Consider the warped product space M = S'(k) x; B of the S'(k) and the Riemannian manifold B with the
metric § = ( g fgg ), where g and § are the metrics on S'(k) and an m-dimensional Riemannian space

B, respectively. For a local coodinate system u! =t of S'(k) and the metric tensor g has the component
g1 =1+ kztiitz Similarly, for a local coordinate system (u”) of B, the metric tensor g has the components

Gzy- Then, with respect to the local coordinate system (t,u”) of M, the metric g has the components g;;.

Throughout this paper, the range of indices are as follows:

Ty, 2, =2,3,--- ,m+1and ¢, j,k,---=1,2,--- m+1.
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Let V,V, and V be the covariant derivatives with respect to g, g, and g, respectively. Then { 1 } =

t z _f 1 o 1= x _ x
= { yl } = 715;5, { yz } = —ff9y, { Yz } = { vz }, and the others are

zero, where f1 = %,fl = fig''. Hence, we have Rini! = Rint =0, Ry = %(Vlfl)ég, Rmyzw =

Ruyz" — || f1112(9:20% — G220y ), and the others are zero. Thus, for the components of Ricci curvature tensors

S, S,and S of M, S'(k), and B, respectively, we have:

S = Su-— %(vlfl) = —%(V1f1)7
Sjlw = 0_7 (41)
Swy = Sa:y _f(Af>ga:y - (m_ 1)||f1||2§1?/’

where Af =V, f!. Now suppose that M is a gradient Ricci solution. Then we have

Sll = pgn — ?1?% = (1 + ) — (Drhy — F15),
St = pire — ViVeh = =01hy + Lthy, (4.2)
Sﬁcy = ﬁgacy - vxvyh = ﬁfzgxy - (vxvyh + fflhlgxy)a

for some constant p and some function h on M. Considering Vi f; = 01 f1 — kgtjfl, and comparing (4.1)

and (4.2), we obtain

hll - k?itz hl = p(l + kztjtz) + %(fll — 7k2t7t2 fl),
Sey = {f(AS) +(m=DAIP+5f% = [ h1}Gey — VaVyh,
where we put h11 = 81]7,1 and f11 = 31f1.

Supposing that h, # 0, then we have % = % Hence, Inh, = Inf + C,(u?, -+ ,u™*!), where C, is

some function on B. Therefore, we have h, = feCI(UQ"”’“m'H) and that h = fD(u?,-,u™1) + E(t), where
D(u?,-,u™™1) and E(t) are some functions on B and S!(k), respectively. Here, D(u?,-,u™*1) is not constant
because h, # 0. Thus, we have

hi=f1D(u?, -, u™*) + E1(t),

hii=fi1D(u?, - u™ ) + Ena (t). (4.4)
Substituting (4.4) to the first equation of (4.3) leads to
~ m
{(k* =) fu —t/1}D(W?, -, u™ ) = pk* + ?{(1# — ) fu1 = tf1} — (K — *)En(t) + tEy (). (4.5)

The right-hand side of (4.5) is a function of ¢ and the function D(u?,-,u™*!) is independent of ¢ and

nonconstant. Thus, we have
(k* —t3) fu1 —tf1 = 0. (4.6)

The general solution of (4.6) is f = asin_li + . Hence, we can state that if f # asin‘lé + [, then h, =0,
and h is of the form h = h(t), V,V,h =0, and hence we see that S, = A(t)gs, from the third equation of
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(4.3), where A(t) = f(Vf)+(m—1)||fi||> +pf? — ff hy is constant on B. We conclude that B is an Einstein

space. Thus, we have:

Theorem 4.1 If the warped product space M = S*(k) x ¢ B is a gradient Ricci soliton and f # Ocsinﬂ% + B,

then B 1is an FEinstein space.

On the other hand, from (4.5) and (4.6), we have
(k* — t*)Eq1(t) — tEy (t) = pk>. (4.7)

If we put z = Ey(t), then we obtain

, t pk?
VE2—t2 2 — z (4.8)

VEZ =2 - VEZ =2

Since the left-hand side of (4.8) is equal to (VA2 —t2 2)’, equation (4.8) leads to

iy = 49

that is,

V2 =12 2 = pk> / L (4.10)

k‘2—t2

Hence, we get

ok? t t t
E]_ =z = \/%Sin_lg = ﬁkQ(Sin_IE)/Sin_1%7
so that
pk? t
BE(t) = %(sm*%)?. (4.11)

Therefore, the function h becomes

h=fD(u', -, um™t) + E(t) = (asin™ £ + B)D(u?, - ,u™) + £(sin~'£)?, where D(u?,--- ,u™*!)
is nonconstant and independent of ¢, and a and S are constants.

For the construction of the model space of the warped product space M = S1(k) x ¢ B with gradient
Ricci soliton, we consider f(t) = asin™'£ + 3 and h = h(t) as a potential function (1.2). Then the following

relations have to hold:
pk?

@1}141 = ﬂ, (412)
o o? 2 ot 2 SRR
Say — (m — 1)ﬁg = p“(asin™ z +B3)°g — V.Vyh, (4.13)

where hy = 9;h and m = dimB.
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Since Vih; = d1hy — ﬁhl , equation (4.12) is rewritten as

t k2

i — sl =

(4.14)

If we put z = hy, then we get

t pk?
VkZ =12 — PR— (4.15)

\/k/,Q_tQ = \/k,Q_tQ’

which is the same type as (4.8). Hence, we obtain h(t) = [’%Z(sm_1 £)?, so if we take the fiber B as an Einstein

manifold with the scalar curvature

o

=i Plasin™' . +8)), (4.16)

m((m — 1) .

then relation (4.13) is satisfied. Hence, we have:

Theorem 4.2 Let f = asin71% + 8 and B be an Einstein manifold with scalar curvature (4.16). Then the

warped product space S*(k) X s B admits a gradient Ricci soliton having the potential function h = %(sin_l %)2 .

Hence, if we use Theorem 4.2, then we can construct a Riemannian manifold with gradient Ricci soliton

in the warped product space.

5. Ricci solitons in Lorentzian warped product spaces

The metric in the Lorentzian warped product space M = R x; B is given by § = ( Bl fgg ), where

f: R — R' is a warping function, and ¢ is the Riemannian metric on B. It is well known that { alb }

ffigap, { bal } = %5{}, { l?c } = { l?c }, and the others are zero, where the range of indices a,b,c, - is

{2,3,---,m+ 1} and m = dimB.

The curvatures K and K of M and B are given by Kawm @ = Kaep @ + J2(0%geb — 6%gan) Kigp =
ff119ap, K1 @ = —%5?, and the others are zero. Moreover, the Ricci curvature tensors S and S of M and
B, respectively, are reduced to [11, 13]

Sab - Sab + ffllgab + (m - 1)f129aba
S, = 0, (5.1)
Sio= —L}cu-

Suppose that M = R x; B is a Lorentzian Ricci soliton. Then there exists a vector field V on M such
that

Sij = pgij —

N |
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for some constant p on M, where 5} are dual components of smooth vector field V' on M. Thus, we have

Sab = P%9ab — 3(Vals + Vica),
5:al = _%(aaflj' 01&a — %fa)v (5'2)
Su = —p— 0,

where p is a constant on M .

From equations (5.1) and (5.2), we obtain

Sab + ffllgab + (m - 1)f12.gab = p~f2.gab - %(@aéb + ﬁbga%
8(151 + 8lga = %gav (53)
Hé& = —p+ %

The third equation of (5.3) gives

& =—pt+ / mJ]:Hdt. (5.4)

Assuming that & = & (t) and considering the second equation of (5.3) and (5.4), we have NE, = 2,

Thus, we can have &, = f2C,, where C, is a function on B. Moreover, we have

@bga = f2(vbca) - fflgabél (t). (5.5)
Hence, the first equation of (5.3) and (5.5) give rise to

2

Sub = {11 — (m— 1) f2 + 37+ FFE (1)} g — =

5 {Va(Ch) + Vu(Co)}. (5.6)

If we take & = f2C, on B, then we see that B is a Ricci soliton from equation (5.6). Thus, we have:

Theorem 5.1 If M = R xy B is a Ricci soliton with &= fl(t) , then B is a Ricci soliton.

For the converse of Theorem 5.1, we introduce the following definition as a generalization of the Ricci

soliton.

Definition 5.2 A Riemannian manifold B with a Riemannian metric g is called a generalized Lorentzian
Ricci soliton if there exist smooth covector fields V- = (n1) and U = (n,) on R and B, respectively, and a

positive smooth function f on R such that

f2
Sab = {=Ffir = (m =1 f7 + pf? + £ frm(t) }gap — ?(Vanb + Vina) (5.7)
for some constant p. In this case, we call f the Ricci soliton warping function. We easily see that the

generalized Lorentzian Ricci soliton with f? =1 becomes a Ricci soliton.
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Now let B be a generalized Lorentzian Ricci soliton. Then we have, from equation (5.7),

0 (pf2 + ffim(t))gasr — ’%(Vﬂlb + Vna)

If we take p=p, T = [(—p+ %)dt with a real integral constant and 7, = f2n,, then we obtain

.m = 5.5 N 7 d;
p+ ?117%”1 = —ffi1a; Vifla = ffina Vai = f2 (Vo) = f 1 Gab-

Vi = —

Therefore, we see that

lg §= ( _% 0 )
2~ 0 pf29a0 — (2 (Vams + Vona) — [ gasin) )

Thus, we have S = 0g — %)ng, and so R xy B is a Ricci soliton.

Theorem 5.3 If B is a generalized Lorentzian Ricci soliton with a Lorentzian Ricci soliton warping function

f, then M = R x; B is a Lorentzian Ricci soliton.
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