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Abstract: In this paper we derive several improved forms of the Jensen inequality, giving the necessary and sufficient
conditions for them to hold in the case of the real Stieltjes measure not necessarily positive. The obtained relations are
characterized via the Green function. As an application, our main results are employed for constructing some classes of

exponentially convex functions and some Cauchy-type means.
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1. Introduction

The Jensen inequality is one of the most important inequalities in mathematical analysis and its applications.
Recently, Pecari¢ et al. [6] established conditions on a real Stieltjes measure dX, not necessarily positive,
under which the Jensen inequality and its reverse hold for a continuous convex function. These inequalities are
characterized via the Green function G : [«, 8] X [a, 8] = R defined by

(t=p)(s—a) <s<
Glts)= ], Po forags<h, )
; % for t < s < B.

The corresponding result reads as follows: let ¢ : [a,b] — [«, 8] be a continuous function, and let A : [a,b] = R

b
and L 9(@)dN(=) € [a, A].

be a continuous function or a function of a bounded variation such that A(a) # A(b), T ax(e)

Then the following statements are equivalent:

(i) For every continuous convex function ¢ : [a, 5] — R the following inequality holds:

(f;’g@cu(x)) < Ja e (o) dA)
Jiaxa) ) dAw)

(ii) For all s € [a, 8] the following inequality holds:

G (f;’gmdA(x) ) _ JiGlo@). ) dA(z)
L) )T [ dA@)
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In addition, statements (i) and (ii) are also equivalent by changing the sign in both inequalities (2) and (3).
Hence, the Jensen inequality (2) and its reverse are characterized via relation (3). It should be noticed here
that in the case of a positive measure dA, where A is increasing and bounded, the inequality (2) reduces to the
classical integral Jensen inequality.

There are several reverses of the Jensen inequality, one of the most significant of which is the Lah—
Ribari¢ inequality. We single out the corresponding result for a real Stieltjes measure d\ also derived in [6]:
C [m,M], and let X : [a,b] — R be a

let g : [a,b] = [, ] be a continuous function such that g([a,d])
continuous function or a function of a bounded variation such that A(a) # A(b). Then the following statements
are equivalent:

(i) For every continuous convex function ¢ : [«, 8] — R the following inequality holds:

b
J, o lg(z)dAz) M -3 g—m
" ax@) S = Pm) + o e(M), (4)
_ b g(z)dA(x
where g = 7faé(dl(z§ )
(ii) For all s € [a, B] the following inequality holds:
G (g(x),s) dA M—3g q-—
Ja f o @) = iG(m,s)—Fﬁ/l ﬂ:nG(M,s). (5)
() _ _

Motivated by [6], Jaksi¢ et al. [4] obtained several reverses of (2) also characterized via the Green
function. In particular, they showed that if (5) holds, then for every continuous convex function ¢ : [, 8] — R

the following inequality holds:

(M —7g)(g—m)
fad)\ M—-—m

((PL (M) - (p/Jr(m» ) (6)

provided that g([a,b]) C [m, M] C (a, 5) and g € [m, M].

The main objective of the present paper is to establish several refinements and reverses of inequalities
(2) and (4). These more accurate relations will also be characterized via the Green function. In particular, we
are going to show that the inequality (6) also holds if the same inequality holds with a Green function G(z,-)
instead of a continuous convex function ¢(z).

The paper is divided into four sections, as follows: after this introduction, in Section 2, we give our main
results. We give two improved forms of the Jensen inequality (2) and an improved form of the Lah-Ribari¢
inequality (4), all of which are characterized via the same inequality, but with a Green function instead of
an arbitrary continuous convex function. As an application, we utilize established inequalities to construct
some classes of exponentially convex functions and some Cauchy-type means. More precisely, in Section 3
we give mean value theorems arising from improved inequalities, which is the crucial step in obtaining the
corresponding Cauchy-type means. Finally, combining our improved Jensen-type inequalities and a general
exponential convexity method developed in [3], in Section 4 we obtain several classes of exponentially convex

functions.
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2. Main results
In this section we give improved versions of the Jensen inequality (2) and the Lah-Ribari¢ inequality (4); that is,
we give the corresponding refinements and reverses. As we have already mentioned, these more accurate relations
are also characterized by the Green formula. Contrary to (6), these new improvements are characterized via the
same inequality, but with a Green function (1) instead of an arbitrary continuous convex function. Obviously,
the Green function is continuous and convex in each variable. Roughly speaking, we are going to show that if
the corresponding refinement or the reverse holds for the Green function with a fixed variable, then it holds for
every continuous convex function.

The crucial step in establishing our results is the fact that every function ¢ : [a, 8] = R, ¢ € C?([a, f]),

can be represented as

_ B-x e s /
Plo) = E=plo) + =08+ [ Glas)e () @

where the function G is defined by (1), which can be easily shown by integrating by parts (see also [8]).

Now our first result is an improvement of inequality (2). In particular, we show that the inequality (6)
holds under a different condition also including the Green function. In order to shorten the notation, throughout

[z 9(z)dX(z)

this paper we use the notation g = 7 dx o)

Theorem 2.1 Let g : [a,b] — [a, 8] be a continuous function such that g([a,b]) C [m, M] C («a, ), and let

A fa,b] = R be a continuous function or a function of a bounded variation such that A(a) # X(b). If § € [a, 5],

then the following two statements are equivalent:

(i) The inequality
Jy ¢ (9(x)) dA()
I dA()

holds for every continuous convez function ¢ : [a, 5] — R.

(M —9)(g—m)

IRIZT (o (M) - ¢y () 5)

—p(9) <

(i) The inequality

12G (9(x), ) A (@)
J2 dA(@)

holds for all s € [, B], where the function G is defined by (1).

(M —g)(g—m)

IR (G (M s) ~ G(m, ) (9)

—G(E,S) S

In addition, the statements (i) and (ii) are also equivalent if we change the sign of inequality in both relations
(8) and (9).
Proof The first implication (i) = (ii) is trivial since the function G(-, s) is continuous and convex on [«, ],
for every fixed value s € [a, f].

Now we show that (ii) = (i). We first prove that the statement (ii) implies the relation (8) for the case
of a convex function ¢ : [a, 8] — R such that ¢ € C?([o, 8]). Namely, since ¢ € C?([a,3]), utilizing the

representation formula (7), it follows that
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so the difference between the left-hand side and the right-hand side of the inequality (8) can be rewritten in the

following form:

Japlo@)dr@) (M -g)G-m) o
o PO o AN e m)
_ P LGu@ s dre) o (M -gE-m) , ’
| e 06 - R @0k - Gutms| s (1

Now, since ¢ is in addition convex, it follows that ¢’(s) > 0 for all s € [a, 8]. Therefore, with the assumption
(ii), it follows that the right-hand side of relation (10) is not greater than zero. This means that (8) holds for a
convex function ¢ € C%([a, f]).

Furthermore, it should be noticed that it is not necessary to demand the existence of the second derivative
of the function ¢ (see [7, p. 172] and references therein). The differentiability condition can be directly
eliminated by using the fact that it is possible to approximate uniformly a continuous convex function by
convex polynomials.

The remaining part of the theorem referring to relations with a reversed sign of inequality is proved in
the same way. O

Remark 2.2 Observe that in the statement of Theorem 2.1 the interval [m, M| belongs to the interior of the

interval [a, B]. This condition assures finiteness of the one-sided derivatives in (8). Without this assumption,

these derivatives might be infinite.

Remark 2.3 If § € [m, M], the inequality (8) represents the reverse of (2), while the inequality with the

reversed sign represents the refinement of the Jensen inequality (2).

Theorem 2.1 refers to a convex function ¢. The same conclusion can be drawn for the case of a concave
function.

Remark 2.4 Suppose that the assumptions as in Theorem 2.1 are fulfilled. Then the following statements are
equivalent:

(i’) The reverse inequality in (8) holds for every continuous concave function ¢ : [a, B] — R.
(ii’) The inequality (9) holds for all s € [o, f].

In addition, the statements (i’) and (ii’) are also equivalent by changing the sign of inequality in the corresponding

relations.

Now we give another type of improvement of the Jensen inequality (2), which is characterized again via

the Green function, but this time without one-sided derivatives.

Theorem 2.5 Let g : [a,b] — [a, 8] be a continuous function such that g([a,b]) C [m, M], and let X : [a,b] = R
be a continuous function or a function of a bounded variation such that M a) # A(b). If § € [a, 8], then the

following two statements are equivalent:
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(i) The inequality

LAy (3 T i 2o (52)] o

holds for every continuous convez function ¢ : [a, 8] — R.
(i) The inequality

12 G (g(x),5) dA(x)
[P dA(x)

g—m

— G, <max{]\1\j:i,M_m}- [G(m,s)+G(M,s)—2G (m;M,s)] (12)

holds for all s € [a, ], where the function G is defined by (1).

Furthermore, the statements (i) and (il) are also equivalent with the reversed sign of inequality in (11) and (12).

Proof The proof is analogous to the proof of Theorem 2.1. We only prove the implication (ii) = (i). Namely,
if p € C?([, B]) is convex, then, utilizing (7), the difference between the left-hand side and the right-hand side
of the inequality (11) can be rewritten in the following form:

L2 ¢ (9(@) dA(z) “"f(af(d?();?(” o - ma [ M T2 o g -2 ()]

:/f [I:G(fib(z)):(i)d)\(x) ~G(g.s) —max{]\]\j:i, AZiTZL} [G(m7s)+G(M’S)_2G(m;M75)H s,

(13)

Now, since ¢ is convex, the inequality (12) implies that the right-hand side of (13) is not greater than zero. In
addition, the differentiability condition can be omitted by the same argumentation as in the proof of Theorem
2.1. This means that (11) holds. O

Remark 2.6 Provided that g € [m, M], the inequality (11) represents the reverse of the Jensen inequality (2),

while the inequality with the reversed sign represents its refinement.

Remark 2.7 [t was shown in [4] that the inequality (11) is also valid provided that (5) holds.

Our next theorem yields the refinement and the reverse of the Lah—Ribari¢ inequality (4).

Theorem 2.8 Let g : [a,b] — [o, ] be a continuous function such that g([a,b]) C [m,M] C (a, ), and let
A [a,b] = R be a continuous function or a function of a bounded variation such that A(a) # A(b). Then the

following two statements are equivalent:

(i) The inequality

_ b N\ =
g_mgp(M)—f“ QD( (I)) ( )S (M;w.’g)_(gvn_m) (QO,_(M)—QO:'_(TTZ)) (14)

holds for every continuous convez function ¢ : [a, 8] = R.
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(i) The inequality

G- oy o GL@)5)AN@) (M —g)(G —m)
M—-m MfmG<M’ ) f: d\(z) = M-m

(G;(Mv S) - G;(m, S))

holds for all s € [, B], where the function G is defined by (1).

The statements (1) and (ii) are also equivalent if we change the sign of inequality in both relations (14) and (15).

Proof The proof follows the lines of the proof of Theorem 2.1. We only prove that (i) implies (i). Let
¢ € C*([a, B]) be a convex function. Then, utilizing the representation formula (7), the difference between the

left-hand side and the right-hand side of inequality (14) can be transformed in the following way:

_ _ b N
MT ) + T () - “"f(f %M - L0 (o1 ar) — ')
P m—g Gg—m 12G (g(x), s) dA(@)
_/a lM—mG(m’SHM—mG(M’S)_ e
_ A9 G=m) (o (a1, 6) - Gma )| o (s)ds. (16)

M—-—m

Now, due to convexity of ¢ and taking into account that (ii) holds, it follows that the right-hand side of (16) is
not greater than zero. This means that (14) holds for a convex function ¢ € C?([a, 8]). Now, in the same way
as in Theorem 2.1, the differentiability condition can be directly eliminated by using the fact that it is possible
to approximate uniformly a continuous convex function by convex polynomials. O

Remark 2.9 It should be noticed here that in the previous theorem G does not have to belong to the interval
[, B]. In the case when G € [m, M], the inequality (1) represents the reverse of the Lah—Ribari¢ inequality

(4), while the inequality with the reversed sign represents its refinement.

Remark 2.10 Theorems 2.5 and 2.8 refer to a convex function ¢. The case of the concave function is treated

in the same way as in Remark 2./.

3. Mean-value theorems
The improved Jensen-type inequalities derived in Section 2 can be utilized in obtaining some means of Cauchy
type. The crucial step in this direction is to establish mean-value theorems arising from Theorems 2.1, 2.5, and
2.8. The starting point in this direction is to construct the corresponding functionals as the differences between
the right-hand sides and the left-hand sides of inequalities (8), (11), and (14).

As in the previous section, let ¢ : [a,b] — [a, §] be a continuous function such that g([a,b]) C [m, M] C
(a, B), and let A : [a,b] — R be a continuous function or a function of a bounded variation such that A(a) # A(D).

Motivated by inequalities (8), (11), and (14), for g, A and for a continuous convex function ¢ : [, 8] — R, we
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define three functionals:

where g € [a, 8] for A1(g. A, @) and As(g, A, ).

Taking into account Theorems 2.1, 2.5, and 2.8, it follows that:

o Ai(g, A\, @) <0 if for all s € [a, 8] the inequality (9) holds, and A;(g, A, ¢) > 0 if for all s € [a, 8] the

reverse inequality in (9) holds;

o Ay(g, A\, ) <0 if for all s € o, B] the inequality (12) holds, and Az(g, A, ¢) > 0 if for all s € [, 5] the

reverse inequality in (12) holds;

o As(g, A\, @) <0 if for all s € o, B] the inequality (15) holds, and Az(g, A, ¢) > 0 if for all s € [, 5] the

reverse inequality in (15) holds.

In the sequel we give two mean value theorems of Lagrange and Cauchy type for each of the functionals
Az(ga )‘790)7 = 17273'

Theorem 3.1 Let g : [a,b] — [a, B8] be a continuous function such that g([a,b]) C [m, M] C («, 8). Further-
more, let ¢ : [a, 8] = R, o € C%([o, B]), X : [a,b] — R be a continuous function or a function of bounded
variation such that \(a) # \(b), and let ¢o(t) = 2.

If for all s € [, B] the inequality (9) holds or if for all s € [, B] the reverse inequality in (9) holds, then
there exists £ € [a, 8] such that

Arlg. A 9) = 59" (€)1 (9.1, 00). a7)

If for all s € [, B] the inequality (12) holds or if for all s € [, B] the reverse inequality in (12) holds, then
there exists £ € [a, §] such that

A3(9,0,9) = 58" (€) Ax(9, A, 00). (15)

If for all s € [a, 8] the inequality (15) holds or if for all s € [a, B] the reverse inequality in (15) holds, then
there exists £ € [a, 8] such that

Aslg, A 9) = 5¢(€)4s(9, )\, 60). (19)
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Proof We show the relation (17). Following the assumptions of the theorem, we have that the function ¢” is

continuous and

12 G (g(), s) dA(z)
[P dA(x)

(M —9)(g —m)
M—m

—G(§7S> - (G;(M,S) _G;(mvs))

does not change the sign on [a, 8]. Moreover, utilizing the relation (10) and the integral mean-value theorem,
it follows that there exists £ € [a, 8] such that

120 (g(x)) dA(z)
J2 d(@)

=¢"(¢) /j

Now a straightforward calculation yields

A Lt —B)(s —a Bs— -«
/G(t,s)ds:/ (tg)(a)der/t %ds:%(tfa)(tfﬂ)

M=) (1) — o (m)

- (@) —

G (g(x),s) dA()

M—-9)(g—m
o CGs) - (M —7g)(g—m)

M—-—m

(GL(M,s)— Gl(m,s))| ds. (20)

and

B o B 4 _
/ G;(t,s)ds:/ ; stJr/ ; ids:tf%(a+ﬂ).
« « - t -

Finally, calculating the integral on the right side of (20), we have

b N\ =
fa QO(i](.’E))d)\(.’E) _ SO@) _ (M ;\49)_(9’”/1_ m) ((P/(M) _ go’(m))

? x), s) dsd\(x s oG —m) [P
_ (e | dad G(fi(di’(m))d 2 )—/ G@,S)ds%/ (G4 (M, 5) — Gl (m, s)) ds

2 (g(x))” d\(x)
J2 dA(@)

= 2 (OA0. ), 60),

=-¢"(¢)

922(Mg)(gm)]

which proves the relation (17).

To prove relations (18) and (19), we proceed in the same way except that we utilize relations (13) and
(16) instead of (10). O

Theorem 3.2 Let g : [a,b] = [a, 8] be a continuous function such that g([a,b]) C [m,M] C («,3). Further-

more, let ¢,v : [, 8] = R, o, € C*([a, B]), and X : [a,b] — R be a continuous function or a function of
bounded variation such that A(a) # A\(b).
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If for all s € [, B] the inequality (9) holds or if for all s € [a, ] the reverse inequality in (9) holds, then
there exists & € [a, 8] such that
Al (97 Aa (p) QON (5)

Al(g7 )\71/)) = w//(g)’ Al (97 /\aw) 7& 0. (21)

If for all s € [a, 8] the inequality (12) holds or if for all s € [a, B] the reverse inequality in (12) holds, then
there exists £ € [a, 8] such that
Ax(g: A 0) _ ¢"(E)

L re) g HeNEe 2

If for all s € [, 5] the inequality (15) holds or if for all s € [, 8] the reverse inequality in (15) holds, then
there exists £ € [a, 8] such that
As (97 A, 90) 90//(6)

Iolg he) o) @A) 20 (23)

Proof We prove (21) only. Define a function x as a linear combination of functions ¢ and ¥ by x(¢) =
A1(g,\0) - p(t) — A1(g, N\, @) - ¢¥(t). Applying the relation (17) to the function y, after a straightforward

calculation we obtain that there exists & € [«, 5] such that

9y g 0210

(A1<gvx,w>*" ) A1(g. 2 o) = O,

where ¢ stands for the quadratic function ¢g(t) = t?. Since Ai(g, A\, ¢o) # 0 (otherwise we would have a
contradiction with A;(g, A, 1) # 0), we get the assertion of the theorem. O

4. Applications to exponential convexity

In this section we are going to use Theorems 2.1, 2.5, and 2.8 to construct some new classes of exponentially
convex functions as well as some interesting Cauchy-type means. These results rely on a general method of
constructing exponentially convex functions and means of Cauchy type developed in [3].

Exponentially convex functions were invented by Bernstein in [2] as a subclass of convex functions in
a given open interval. These functions have many nice properties; for example, they are analytical on their
domain. Although we need only a few of these properties we point out here that a good reference on general
results about exponential convexity is [1]. For some recent results about exponential convexity, the reader is
referred to [3] and [5].

From now on, I stands for an open interval in R. Recall that a function f:I — R is n-exponentially

convex in the Jensen sense on I if

" T+ x;
Zpipjf< 5 J)ZO

i,j=1

holds for all p; € R and z; € I, ¢ = 1,...,n. In addition, f : I — R is n-exponentially convex if it is

n-exponentially convex in the Jensen sense and continuous on 1.
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Clearly, 1-exponentially convex functions in the Jensen sense are in fact nonnegative functions. Addi-
tionally, n-exponentially convex functions in the Jensen sense are k-exponentially convex in the Jensen sense
for every k € N, k <n.

A function f: I — R is exponentially convex in the Jensen sense on [ if it is n-exponentially convex in
the Jensen sense for all n € N. A function f: I — R is exponentially convex if it is exponentially convex in

the Jensen sense and continuous.

Remark 4.1 Some examples of exponentially convex functions are (for more details, see [3]):
(i) f:R— R defined by f(x) = ce’®, where ¢ >0 and k € R;
(ii) f:RTY =R defined by f(x) =%, where k> 0;

(iii) f:Rt = R defined by f(x) = e "=, where k > 0.

It is well known that a positive function f: I — R is log-convex in the Jensen sense on I if and only if

it is 2-exponentially convex in the Jensen sense on I, that is, if and only if the relation

71w+ 2] (5 ) #7250 2 0 (21)

holds for every p,7 € R and «,y € I. If such a function is additionally continuous, then it is log-convex on I.
We need the following characterization of a convex function (see, e.g., [7, p.2]): if @1, 29,23 € I are such

that z1 < z9 < x3, then the function f:I — R is convex if and only if the following inequality holds:
(x5 — 2) f(z1) + (21 — 23) f(22) + (22 —21) f(23) 20 . (25)

Moreover, we utilize the following property of a convex function f : I — R (see [7, p.2]): if z1,22,y1,92 € T
are such that =1 <y, 2 < ya, 1 # X2, Y1 # Y2, then the following inequality is valid:

flwz) = flwr) _ fly2) = Fn) (26)

Ty — X1 o Y2 — Y1

When dealing with functions with different degrees of smoothness, divided differences are found to be very
useful. The second-order divided difference of a function f: I — R at mutually different points yo,y1,y2 € 1

is defined recursively by

[yz]f = f(y2)7 1=20,1,2
Wi, yiva] [ = M7 i=0,1
Yi+1 — Yi
Wo,yr. el f = 1, y2l f — [yo,y1] /- 27
Y2 — Yo

A function f:I — R is convex if and only if for every choice of three mutually different points yg,y1,y2 € I,
[yo,y1,y2]f > 0 holds.

Now we use an idea from [3] to give an elegant method of producing exponentially convex functions by
applying functionals A;, i = 1,2,3, defined in the previous section, to a given family of functions with the same
property.
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In order to simplify our results, we define functionals ®; i = 1,2, 3, by the following:

—A1 (g, A\, @), if for all s € [a, ] inequality (9) holds;
D1 (g, N ) =

Ay (g, N, p), if for all s € [, 8] the reverse inequality in (9) holds,

—As(g, A, @), if for all s € [a, ] inequality (12) holds;
Az (g, A, ),  if for all s € [a, 8] the reverse inequality in (12) holds,

(I>2 (gv)‘aso) = {

—As (g, N\, @), if for all s € [a, 8] inequality (15) holds;
As (g, N, ), if for all s € [a, 8] the reverse inequality in (15) holds.

(I)3 (gv)‘?(p) = {

Under the appropriate assumptions on functions g, A, and ¢, as in Theorems 2.1, 2.5, and 2.8, we
now have that ®;(g,\,¢) > 0, i = 1,2,3, whenever they are defined. The following result yields a class of

exponentially convex functions obtained via functionals ®;(g, A, ), i = 1,2,3.

Theorem 4.2 Let Q = {¢, : p € I} be a family of functions ¢, : [o, ] = R, ¢, € C([a, B]), such that the
function p— [yo, y1,Y2]ep is n-exponentially convex (resp. exponentially convex) in the Jensen sense on I for
every three mutually different points yo,y1,y2 € (o, B]. Then the functions p — ®;(g,\,¢p), @ = 1,2,3, are
n -exponentially convex (resp. exponentially convex) in the Jensen sense on I. In addition, if p — ®;(g, X\, ¢p),

i=1,2,3, are continuous on I, then they are n-exponentially convex (resp. exponentially convez) on I.

Proof For ¢; €R, j=1,...,n, we define the function
n
h(z) = Z qg‘qugpk (@),
jik=1

where pj,pr € I, 1 < j,k < n, and @p;+», € Q. Clearly, h is continuous on [o, (] since it is the linear
Pitre

combination of continuous functions. Since p — [yo, 1, ¥y2] ¢p is n-exponentially convex in the Jensen sense by

the assumption, for every three mutually different points yo,y1,¥y2 € [, 8] we have
n
o,y w2l h =D ;ak[Yo, y1,y2] @50 >0,
Gk=1 ’
which implies that h is also convex on [«, 8]. It follows that ®; (g, A,h) > 0 and therefore
n
Z Qij‘I)z‘ (ga >" @P_;‘erk) Z 0.
jk=1 ’

Hence, the functions p — @, (g, A, ¢p), @ = 1,2,3, are n-exponentially convex in the Jensen sense on I. In
addition, assuming the continuity, the functions p — ®; (g, A, ¢,) are n-exponentially convex. O
The following consequence of Theorem 4.2 is very useful for constructing some Cauchy-type means

expressed via functionals ®;(g, A\, ), i =1,2,3.
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Corollary 4.3 Let Q = {¢, : p € I} be a family of functions ¢, : [a, B8] = R, ¢, € C([a, B]), such that the
function p — [yo, 1, y2]p s 2-exponentially convex in the Jensen sense on I for every three mutually different

points Yo, y1,y2 € [a, B]. Then the following statements hold:

(i) If the functions p — ®;(g, A\, ¢p), ¢ = 1,2,3, are continuous on I, then they are 2-exponentially convex
onI.Ifp— Qi(g,\ ¢p), i =1,2,3, are in addition positive, then they are also log-convex on I, and for
r,s,t € I such that r < s <t we have

((I)Z (97 )\7 @S))t7T < ((I)Z (gv )\7 @T))tis ((I)i(gﬂ )‘7 (Pt))87r . (28)

(i1) If the functions p — ®;(g, A, vp), i = 1,2,3 are positive and differentiable on I, then for every p,q,u,v € I
such that p <u and q < v, we have

fp,q(9, @iy Q) < fruw(g, Biy Q), (29)
where
(I)i(gv )‘7 Spp) ) riq
= ; pP#q,
(®1(93 )‘790(1)
luP7(I(ga (I)ia Q) = d (30)
P ‘I)z(g,)\,@p) ’ p=1
for PpsPq € Q.

Proof (i) The first statement in (i) is an immediate consequence of Theorem 4.2, while the log-convexity is
an immediate consequence of (24). Since p — ®;(g, \, ¢p), ¢ = 1,2,3, are positive, then considering (25) with

f(x) =log®;(g,\,pz) and 7, s,t € I, r < s <t, it follows that
(t = s)log @i(g, A, or) + (r — 1) log @i(g, A, 0s5) + (s — 1) log Di(g, A, 1) = 0,

which is equivalent to (28).
(ii) Since by (i) the functions p — ®;(g, A, p), @ = 1,2,3, are log-convex on I, that is, the functions
p—log (g, A\, ¢p), © =1,2,3, are convex on I, utilizing (26) for p <wu, ¢ < v, p # ¢, u # v, we obtain

log ®i(g, A, pp) —10g @9, A pg) _ 1og @ifg, A, pu) — log Pi(g, A, pu)

31
) I , (31)

from which we obtain pp (g, @i, Q) < py (g, s, Q). The cases p = ¢ and v = v follow from (31) as the limit
cases. O

Remark 4.4 The value [yo,y1,y2] f is independent of the order of the points yo,y1, and y2. This definition
may be extended to include the case in which some or all of the points coincide (see [7, p. 16]). Taking the

limit y1 — yo in (27), we get

lim (0,51, 301f = [0, 40, 1a]f = f(y2) = f(yo) — f'(0)(y2 — yo)

Y110 (y2 — y0)2 y Y2 7é Yo,
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provided that [’ exists. Furthermore, taking the limits y; — yo, i = 1,2, in (27), we get

1"
lim lim [yo,yl,yg]f = [yo,yo,yo]f = ! (2y0)7

Y2—Yo Yy1—Yo

provided that " exists. Taking into account the above discussion and assuming the differentiability of a family

@p, it is obvious that the results from Theorem 4.2 and Corollary 4.3 still hold when some or all of points

Yo, Y1, Y2 € [a, ] coincide.

To conclude the paper, we vary the choice of a family Q = {¢, : p € I}, presenting several families of
functions that fulfill the conditions of Theorem 4.2 and Corollary 4.3. In such a way we are going to construct

several examples of exponentially convex functions, as well as some related Cauchy-type means.
Example 4.5 Let Q1 = {¢, : Rt — R :p e R} be a family of functions defined by

ﬁa p 7& 0717
pp(r) = ¢ — logz, p=0;
zlogzx, p=1.

Since ¢, () = xP=2, p # 0,1, it follows that the function ¢, is conver on RT, so that ®;(g,\, ) > 0,
i =1,2,3. Due to Remark 4.1 it follows that p — ¢} () is exponentially conver, and utilizing [3, Corollary
3.6.], we then have that p — [yo, y1,Y2|ep is exponentially convex. Therefore, a family of functions Q. fulfills
conditions as in Theorem 4.2, providing a class of exponentially convexr functions. Namely, the mappings
p = (g, A 0p), @ =1,2,3, are exponentially convexr in the Jensen sense. In addition, these mappings are
obviously continuous, so they are exponentially conver.

Next, our intention is to construct some Cauchy-type means in connection with family Q1. For that, we
consider restrictions of functions ¢, on bounded interval [, 5] C RT. Now, employing Corollary 4.3 for this

family of functions, the expressions py (g, ®;,Q1), i =1,2,3, become

1
Pi(g,A\pp) \ P .
(4%:(9,%302)) » PFEG

1-2 2;(9,\,00¢p) - _
P <p(p—11)) - ‘Dﬁg,;?;f) )7 p=4q 7£ 1,0;

exp (1 - 7%(%;‘/\“‘20;)’ p=q=0;

exp (1 - HEEE) p=a

/J/p,q(g, (I)i7 Ql) =

satisfying the monotonicity property as in the corollary.
Now, by virtue of Theorem 3.2, we show that i, 4(g, P, 1), @ = 1,2,3, represent means of a function
g. More precisely, considering relations (21), (22), and (23) with ¢ = ¢, € Q1 and P = @4 € O, it follows

that there exist & € o, ], © = 1,2,3, such that &7 = % Since the function & — P9 is invertible

for p # q, we then have

1

<I>i(g,A7<pp)>p‘“ :
o< (22Dl < fori=1,2,3,
(q)z(ga)\a‘pq)
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that is,

. <I>i(g,>\,<pp)>f’l“
a = min ) < | ———= < max t)} =05,
min {9(0)) < (q)i(g, ) < e (a(0) = 5

provided that [, 8] is the image of function g. This shows that , (g, ®;, 1) are means of function g.

Another class of Cauchy-type means arises from the previous relation by imposing an additional parameter
q

r # 0. Namely, considering the previous relation with g, 2, 4 instead of g, p, q, respectively, we have

. r (I)i(grvAa(pp) pi:q T -
tg&]{(gu»}s(w) < max {(g(0)'}, fori=1,2,3.

The previous relation establishes a generalized class of means defined by

lu’p,q;’r‘(g7 (I)ia Ql) =

These new means are also monotone, i.e. [y gr(g Pi, Q1) < fuvir(9, i, 1), ¢ =1,2,3, whenever p <wu, ¢ <

v. This follows by virtue of the monotonicity of a class iy q(g, @i, 21).

Example 4.6 Let Qs = {¢, : R — R : p € R} be a family of functions defined by

s el p# O
Yp(z) =
%x2, p=0.

Since i, (x) = eP?, it follows that v, is convex on R and the function p — ¢, (x) is exponentially conver.
Furthermore, utilizing the same argumentation as in Example 4.5, we obtain that the mappings p — (g, X\, ¥p) ,
1=1,2,3, are exponentially convex.

Now, to construct Cauchy-type means in connection with family Qs, we consider restrictions of func-
tions 1, on a bounded interval [a, 8] C R. In this setting, the expressions ppq(g, i, Q2), © = 1,2,3, (see
Corollary 4.3) become

1
Pi(g,\p) \ P .
(F(g,wj)) s PFEG

1 ®i(g,M\,3d-1)o) o
exp (5 (00 00) ) p=q=0,

where id stands for an identity function. In this case the relations (21), (22), and (23) with ¢ =, € Q2 and
Y =1, € Qo yield the estimate

o S IOg:U’P,q(ga (I)hQZ) é 57 fOT’i = 172737
that is,

— mi t)} <1 D, Q) < N =3, = 1,23,
« trerfig]{g()}*()g“”’q(g’ 2) tren[%]{g()} B, fori
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provided that [a, 5] is the image of the function g. This shows that log iy q(g, s, Q2), @ = 1,2,3, are means

of the function g and they are also monotone.
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