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Abstract: We find the universal central extension of the matrix superalgebras sl(m,n, A), where A is an associative
superalgebra and m+n = 3,4, and its relation with the Steinberg superalgebra st(m,n, A). We calculate Ha (5[(m, n, A))
and Ha (5’L(m7 n, A)) . Finally, we introduce a new method using the nonabelian tensor product of Lie superalgebras to

find the connection between Hp (5[(m7 n, A)) and the cyclic homology of associative superalgebras for m +mn > 3.
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1. Introduction
The study of central extensions plays an important role in the theory of groups or Lie algebras and has numerous
applications going through physics, representation theory, or homological algebra. They have been studied by
many people in the context of Lie algebras as [8, 15], etc. The universal central extension is a key object in
this study, since it simplifies the task of finding all central extensions and, moreover, its kernel is the second
homology group. In [4] the universal central extension of Lie algebras is constructed as a nonabelian tensor
product, extended to Lie superalgebras in [7]; and in [9, 13] some of the results of [8] are extended to Lie
superalgebras and the universal central extension is constructed. The main problem of these constructions is
that they are usually hard to compute.

The concrete problem of finding the universal central extension of sl,,(A) for n > 5 was solved in [11].
It is a very important result that involves Steinberg Lie algebras (see [2, 5]) and allowed the development of the
additive K -theory. If n > 5, st,(A) is the universal central extension of sl,,(A) and if A is K -free, the kernel
is isomorphic to the first cyclic homology HC;(A). The problem of finding the universal central extension of
sl (A) and st,(A) for n = 3,4 was solved years later in [6]. In [12] the universal central extension of the Lie
superalgebras sl(m,n, A) and st(m,n, A) is computed with m +n > 5, where A is an associative algebra, and
the remaining cases where m +n = 3,4 are solved in [14].

If A is an associative superalgebra, the universal central extension of sl,(A) is computed in [3] for all
n > 3. The case sl(m,n, A) is studied in [7] for m+n > 5, leaving as an open problem the cases m+n = 3,4.
In this paper, we will solve these specific cases in order to complete the computation of the universal central
extension of sl(m,n, A) where A is an associative superalgebra and m+n > 3, and therefore giving a complete

characterization of the second homology Hy (st(m,n, A)) for m+n > 3 (Theorem 8.1). Moreover, we introduce
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a new technique using the nonabelian tensor product of Lie superalgebras defined in [7] to relate Hy (5t(m, n, A))
and the cyclic homology of associative superalgebras for m +n > 3 (Theorem 8.2).

The organization of this paper is as follows. In Section 2 we give some preliminary well-known results and
some technical lemmas about sl(m,n, A) and st(m,n, A). In Section 3 we adapt the classical construction of a
central extension from a super 2-cocycle in Lie superalgebras. In Section 4 we start with the case of s[(2,1, A)
and we show that its universal central extension is st(2,1, A), constructing a (unique) homomorphism to any
central extension. In Section 5 we find the universal central extension of st(3,1, A) (which consequently will be
the universal central extension of sl(3,1, A)) via the construction of a super 2-cocycle, repeating the procedure
for st(2,2, A) in Section 6. In Section 7 we relate the second homology of sl(m,n, A) with cyclic homology.
Finally, in Section 8 we give concluding remarks establishing a combination of the results presented here with

results of [3, 7] to give the full computation of Hy (5t(m, n,A)) and Hy (sl(m,n,A)) for m+mn > 3.

2. The Lie superalgebras sl(m,n, A) and st(m,n, A)

Throughout this paper we consider K as a unital commutative ring and A = Ag® Aj an associative unital K -
superalgebra. For any m,n € Z;,let {1,...,m}U{m+1,...,m+n} be the Zy-graded set, where the first set
is the even part and the second one the odd part. We now consider Mat(m,n, A) the (m+n) x (m+n) matrices
with coefficients in A. It is defined a Zs-graduation where homogeneous elements are matrices, denoted by
E;j(a), having a € Ag, A1 at position (4, j) and zero elsewhere and |E;;(a)| = |i|+]j|+|a|. With this graduation
we define the associative superalgebra gl(m,n, A) whose underlying set is Mat(m, n, A) with the usual matrix
product and it is endowed by a Lie superalgebra structure with the usual bracket [z,y] = zy — (—1)1*I1¥lya.

Assuming that m +n > 3, we define the special Lie superalgebra
sl(m,n, A) = [gl(m,n, A), gl(m,n, A)].

It is generated by the elements E;;,1 <i# j <m+n, a € A, with bracket
[Eij(a), Bra(b)] = 51 Bua(ab) — (=1)1Fs N Ol By (ba).

In [1] is introduced a generalization of the supertrace for = € gl(m,n, A), defined as follows:

m+n

Strl(aj) = Z (_1)\i|(|i\+|ﬂ?ii|)xii,

i=1

where z;; represents the element of = in the position (i,7). It is straightforward that sl(m,n,A) = {z €
gl(m,n, A) : Stri(z) € [A, A]} and that sl(m,n, A) is perfect.

For m +n > 3, the Steinberg Lie superalgebra st(m,n,A) is defined as the Lie superalgebra over K
generated by homogeneous Fjj(a), 1 < i # j < m+n, and a € A homogeneous, with grading |F;;(a)| =
|i] + |4] + |a|, satisfying the following relations:

a— Fjj(a) is a K-linear map, (1)
[Fij(a), Fjr(b)] = Fig(ab), for distinct i, j, k, (2)
[Fij(a), Fu(b)] = 0, for j #k,i#1, (3)
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where a,b € A, 1 <4i,j,k,1l <m+n. Note that st(m,n, A) is a perfect Lie algebra and there is a canonical
central extension
p: st(m,n, A) — sl(m,n, A), ¢(F;j(a)) — Eij(a).

Using a completely new technique, in [7] it is shown that if m +n > 5, this epimorphism is the universal
central extension of sl(m,n, A). The remaining cases, when m +n = 3 or 4, are left as an open problem and
they are the object of study of this paper. Our procedure to solve the problem is to find the universal central
extension of st(m,n, A) and by [13, Corollary 1.9] it will be the universal central extension of sl(m,n, A).

We begin giving some relations in st(m,n, A) that will be useful. Let

Hij(a,b) = [Fyj(a), Fji(D)],
h(a’ b) = Hlj(a’ b) - (_1)|aHb|Hlj(1a ba),

for 1 <i#j<m+mn,a€ A. Itis well defined since h(a,b) does not depend on j, for j # 1. We recall that
|H;;(a,b)| = |a| + |b] for homogeneous a,b € A.

Lemma 2.1 We have the following identities in st(m,n, A),

Hij(a,b) = _(_1>(Ii|+|j\+|a\)(\i|+\j|+|b\)Hji(b, a), (4)
[Hij(a,b), Fix(c)] = Fix(abc), ()
[Hij(a,b), Fri(c)] = ,(fl)(|a|+|b\)(\iIHkHIC\)FM(CGb)7 (6)
[Hij(a,b), Fyj(c)] = (_1)(|i|+lj\+|a\)(\i|+\j|+|b\)+(|a\+|b\)(Ij\+|k|+\CI)ij(Cba) (7)
[H;;(a,b), Fy;(c)] = Fij(abe + (_1)(|i\+lj\+\a\\b|+|bHCI+\CIIa|)cba)’ (8)
[Hij(a,b), Fiu(c)] =0, )
[h(a,b), F1;(c)] = Fli((ab — (—1)'“”b|ba)c), (10)
[h(a,b), Fji(c)] =0 for j, k > 2. (11)

for homogeneous a,b,c € A and 1,3, k,l distinct.
Proof Relations (4)—(9) are just consequences of antisymmetry and Jacobi identities. To check (10) and (11)
we need to apply (5) and (9) to the definition of h(a,b). O

The following lemma gives a better understanding of the structure of st(m,n, A).

Lemma 2.2 Let F;j(A) be the subalgebra generated by Fyj(a), N the subalgebra generated by Fij(a) for
1<i<j<m+n, N~ the subalgebra generated by F;j(a) for 1 < j < i < m+n, and H the subalgebra
generated by H;j(a,b), for all a,b € A. Then

Nt= @ Fy4,

1<i<j<m+n

N = D Ry,

1<j<i<m+n

H="h(AA) <7&J§LHlj(1,A)),
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and we have the decomposition

m+n
st(m,n, A) = NT@HBN™ = h(4,A) & ( D Hlj(l,A)) P FiA.
j=2

1<i#j<m+n

Definition 2.3 Let Z,,, be the graded ideal of A generated by the elements ma (i.e. a+---+a, m times) and
ab— (=1)19Plpq,. Let A,, = A/ T, be the quotient algebra and denote by @ = a + I, its elements.

Lemma 2.4 ([3]) Z,, = mA+ A[A, A] and [A, A]A = A[A, A].

3. Central extensions of sl(m,n, A) and cocycles

Definition 3.1 Let L be a Lie superalgebra and W be a K -free supermodule. A super 2-cocycle is a K -bilinear
map Y: L x L - W such that

(=)= ([, 4], 2) + (=D e([y, 21, 2) + (=Dl ((z, 2], 9) = 0,
Y (xg, 75) = 0,
forall x,y,z€ L, x5 € Lg.

Given an even super 2-cocycle 1, we can construct a central extension ([13]) L& W — L, (z,w) — =z,
where the bracket is given by [(z,w1),(y,w2)] = ([z,y],¥(x,y)) (see [13]). In the particular case of L =

st(m,n, A) and the super 2-cocycle being surjective, this construction can be described in a different way using

generators and relations.

Definition 3.2 Let 1: st(m,n, A) x st(m,n, A) — W be an even super 2-cocycle, i.e. a super 2-cocycle such
that |[¢(x,y)| = |z| + |y| for homogeneous x,y € st(m,n, A). Let st(m,n, A)? be the Lie superalgebra generated
by the elements Fyj(a)* with homogeneous a € A, 1 <i# j <m+n, with degree \Ffj(a)| = |i| + |j] + |a| and
by the elements of VW, with the relations

av> Fli(a) is a K-linear map,
W W) = [Ffi(a), W] =0,
[Fl(a), F (b)) = Ffy(ab) + ¢(Fi;(a), Fj(b)) for distinct i, j, k,
[FF(a), FEy(b)] = o (Fj(a), Fu(b) fori #j # k#1141,

where a,b € A.

Lemma 3.3 If st(m,n, A) = st(m,n, A) ® W is a central extension constructed from a surjective super 2-
cocycle v st(m,n, A) x st(m,n, A) — W then there is an isomorphism p: st(m,n, A)* — st(m,n, A)’ where
p(Fiﬁj(a)) =F;; and p(w) =w.
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Proof The proof of [3, Lemma 1] can be easily adapted. O
As before, we denote Hfj (a,b) = [Fiﬁj(a), Fjﬂl(b)] and h¥(a,b) = Hfj (a, b)f(fl)‘“”b‘Hfj(l, ba). Therefore,

h! is independent of j and we have the analogue decomposition lemma.

Lemma 3.4 We can decompose the Lie superalgebra st(m,n,A)* generated by a surjective super 2-cocycle

p: st(m,n, A) x st(m,n, A) = W in the following way:

m4+n
st(m,n,A)jj =W @ hﬂ(A,A) @ ( @ Hfj(17A)) @ qu](A)

1<i#j<m+n

4. Universal central extension of st(2,1, A)

In this section we study the case when m 4+ n = 3 and prove that st(2,1, A) is the universal central extension
of sl(2,1, A).

Theorem 4.1 If 7: 5t(2,1, A) — st(2,1, A) is a central extension, then there exists a unique section 1: 5t(2,1, A) —
st(2,1,4).

Proof We will directly obtain a Lie superalgebra homomorphism 7: st(2,1, A) — st(2,1, A), such that
7omn =1id and since st(2,1, A) is perfect it must be unique. Let

00—V ——>5t(2,1,4) —=5t(2,1,4) —=0

be a central extension. We choose a preimage for Fj;(a) denoted by Ej (a) and extend it by K -linearity to all
a€A.
We define ﬁ[ij(a, b) = [E—j(a), ﬁji(b)], since it is independent of the choice of E—j (a). By identity (4) we
know that [Hyx(1,1), Ej (a)] = Ej (a)+wv;j(a), where v;;(a) € V and so we will replace E-j (a) by ﬁij(a)+vij(a).
It suffices to show that these Fj;(a) satisfy relations (1)-(3) because our K -linear section 7: st(2,1, A) —
st(2,1,A), Fyj(a) — Ej (a) will be a Lie superalgebra homomorphism and the result is proved. The first relation

is immediate by definition.
To see the second one, we use Jacobi identity and the fact that ) is in the centre of &(2, 1,A).
Fyj(ab) = [Hik(1,1), Fyj(ab)] = [Hix(1,1), [Fix(a), Fry (0)]]
= [[Hix(1,1), Fir(a)], Fi; (0)] + [Fir(a), [Hix(1,1), Fi; (b)]]

= [Furla+ (<)1), Fi (0)] + [Fie (@), ~(~D) DD T )

= [Fik(a),ﬁkj(b)]-

Now we check that the remaining brackets vanish.

[F3j(a), Fij(b)] = [Fij(a), [Fir(b), Firj (1)]
= [[Fi;(a), Fir(b)], Fij (1))

T (= 1) EHIHaD G+ EHOD [ 7y (), [F (a), By (1)]] = 0.
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To see that [f‘ij(a), Fy,(b)] = 0 we can assume |i| + |j| = 1; then
0= (=)l Hy(1, 1), [Fys(a), Fin(0)]
= (=) [[Hy(1,1), Fy(a)], Fa(0)]

+ (=1)@HlaD+al+1D e+ 1+ al) [Ej(a% [f[ij(l, 1)7ﬁik(b)]]

= (~1)™E;(a+ (—1)'a), Fir(0)] + [Fij(a), Fx(b)] = [Fi;(a), Fir(0)].

If |i| + |j| = 0, we have that |i| + |k| = 1 and the calculation is the same. Therefore, [Ej(a),ﬁkl(b)] =0 if
Jj # k and i # [, satisfying relation (3) and completing the proof. O

Corollary 4.2 The universal central extension of s1(2,1, A) and st(2,1, A) is st(2,1, A). Moreover,
Hy (st(2,1,A)) = 0.

5. Universal central extension of st(3,1, A)

In this section we find the universal central extension of s[(3,1, A). Let S4 be the symmetric group of degree
4, i.e. the set of all quadruples (4,7, k,1) where 1 <4, j, k,I <4 distinct. We quotient S; by Klein’s subgroup,
formed by {(1,2,3,4),(3,2,1,4),(1,4,3,2),(3,4,1,2)}, obtaining 6 cosets denoted by P,,. We have a map 0
that sends (i,7,k,1) — 9((i,j,k,l)) =m when (i,j,k,l) € Py,.

Let TI(As) be the K -supermodule Ay (see Definition 2.3) with the parity changed, i.e. (H(Az))(-) = (A2)1
and (I1(A;)); = (A2)5. Let W = TI(A2)® be the K-supermodule formed by the direct sum of six copies of
II(A2) and consider the maps €,,: II(A2) = W, en(a) — (0,...,a,...,0), in the position m.

Using the decomposition of Lemma 2.2 we consider the K -bilinear map
¥ st(3,1,A4) x 5t(3,1,4) = W,

where

¢ (Fij(a), Fr(b)) = “6((1.3.k.0) ()

Y(z,y) =0 if x or y belongs to H.

Lemma 5.1 The K -bilinear map 1 is a super 2-cocycle.

Proof Since the grading in W is changed and exactly one index is odd, we have that
[9(Fs @), Fa0)] = il + 171+ lal + b1+ 1] + bl = lal + 16+ T = ley () @)l
for homogeneous a,b € A and so 1 is even.

To complete the proof we can just follow the steps of [6, Lemma 2.2] since @ = —a and signs do not play

any important role. O
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By the previous lemma, we have a central extension
0 ——=W——=5t(3,1,4) —=5t(3,1,4) —=0,

where 5t(3,1, A)F = st(3,1, A) @ W is the Lie superalgebra constructed by the surjective super 2-cocycle v,
defined by the following relations

a+ Ff.(a) is a K-linear map, (12)

W, W] = [Ffi(a), W] =0, (13)
[Ff(a), FF (b)) = Ff(ab) for distinct i, j, k, (14)
[F(a), Fij(a)] =0, (15)
[Ffj(a), Fi(0)] =0, (16)
[Ffi(a), Fi(0)] =€, (o) (ab) for distinct 4, j, k, 1. (17)

Theorem 5.2 The central extension 0 — W — st(3,1, A)F — st(3,1, A) is universal.
Proof Let
00—V ——>5t(3,1,4) —>st(3,1,4) —=0
be a central extension. We need to show that there exists a Lie superalgebra homomorphism p: s5t(3,1, A)* —
s5t(3,1, A) such that 70 p=r.

We choose a preimage Ej(a) of Fyj(a) K-linearly for all a € A. Since V C Z(st(3,1, A)), we have that

[Fir(@), Fis(9)] = Fiyj(ab) + vigk(a,b),
for distinct 4, j, k, where v;;x(a,b) € V. Using Jacobi identity we have
[Fir(a), Fiy(cb)] = [Fun(a), [Fra(c), Fiy (0)]]
= [[Fir(a), Fu(c)], Fi;(b)]
+ (=)W D AR D [ By (), [Fig(a), B (B)]

= [Fu(ac), Fy; (b)),

and so choosing ¢ = 1 we have the identities v;jx(a,b) = viji(a,b) and [Fix(a), Fi;(b)] = [Fu(a), F;(b)]. This
means that v;;x(a,b) is independent of the choice of k and so we have

[Fix(a), Fij(b)] = Fij(ab) + vij(a,b),

and

[Fir(1), Fij(b)] = Fij(b) + vi;(1,0).

Therefore, we can replace ﬁij (b) by ﬁij(b) +v;;(1,b). We want to define p(Flﬁj (a)) = F;(a) and so will
see that these elements satisfy relations (12)—(17).
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Relations (12), (13), and (14) are straightforward by definition. To see relation (15), we choose 1, j, k

distinct
[Fj(a), Fij (0)] = [Fij(a), [Fix(b), Fii(1)]]
= [[F(a), Fir(b)], Fij (1)]
+ (=1) Ul +al e+l o) [ﬁik(b), [Ej(a), ﬁkj(l)”
=0.

For relation (16), taking i, j, k,l distinct, we have

[E(a), Fir(b)] = [Fij(a), [Fu(b), Fi(1)]]
= [[Fi(a), Fa (b)), Fir(1)]
+ (_1)(|i|+|j\+|a\)(\i|+\l|+|b\) [El(b% [ﬁij(a)aﬁik(l)]]
=0.

To check relation (17) we define fNIZ-j (a,b) = [E] (a), ﬁjl(b)] and following the steps of Lemma 2.1 we can
check that for distinct 4, j, %, 1,

5(a,b) = —(— 1)+ Uil +151+0D F . ),

[Hij(a,b), Fu.(c)] = Fi(abe),

[ﬁij(mb),ﬁki(C)] - _(_1)(IaH-Ib\)(|i|+|k\+|0\)ﬁki(cab)7

[flij(a,b),ﬁkj(c)] - (_1)(\i|+\j|+|a|)(|i\+\j|+\b|)+(|a|+|bl)(\j|+|k\+\c\)ﬁkj(Cba)’
[ﬁij(a7b),ﬁij(c)] - Ej(abm— (—1) i+l lallbl+bllel+lellal) b))

[Hyj(a,b), Fr(c)] = 0.

When ¢, j, k, 1 are distinct we denote

[Fij(a), Fiu(1)] = vijra(a),

where v;;5(a) € V. We want that p(ee((i ) (ab)) = vijri(ab), since

[Fij(a), Fra(b)] = [p(Ff; (), p(FF,(0))]

= p([Fiﬁj(a)ﬂ Flgl(b)]) = P(Ee((i’j,m)) (ab)) = vijki(ab).
Thus, we have to check that
(Rl) QUijkl(a) =0,

(R2) wvijri(a) = vgjula) = vaks(a) = viij(a),
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(R3) wijri(alb,c]) =0,
(R4) [Fij(a), Fia(b)] = vijua(ab).
Assume i + |j| =0,
0 = [Hyj(a,b), [Fy(c), Fu(1)]]
= [[Hij(a,), Fy ()], (V)] = [Fyi(a), [Hij(1,1), Fu(1)]]
= [F;(abe + (= 1)1+l Hlallbltblleltellal g Fy(1)]

— viyni(abe + (—1)lallolHolle+elal gy

If b=c=1, we have that
vijki(2a) = 2v55,(a) = 0,
proving (R1).
If ¢ =1, we have that
vijki(ab — (—1)lallblpg) =0,

and so
0 = viga(abe + (— 1)l blieblelielcha) — v,y (@b + (<111 ba)c),

implying (R2). If |k| + |I| = 0, the calculation is the same.
On the other hand,
[Fij(@), Fr(b)] = [[Fir(a), Fij (1)], Fiua(0)]
= [Fir(a), [Fiy (1), Fu (v)]]
_ (_1)(|i\+lk|+\al)(|k|+\jl) [ﬁkj(l), [ﬁik(a)’ ﬁkl(b)]]
= (—1)(|”+|k|+‘b|)(|k|+‘j‘)[E—l(ab),ﬁkj(l)]
= vk (ab),
since the sign does not play any role. Choosing b =1 and using (R1), we have that
vijki(a) = vikg(a).
Doing the same but changing the indexes we have relations (R3) and (R4).

Thus, the morphism p: st(3,1, A)* — 5~’£(3, 1, A) defined by

p(Ffj(a)) = Fij(a)  and Pl (7)) (ab)) = vijr(ab)

(4,3,k,

is actually a Lie superalgebra homomorphism completing the proof.

Corollary 5.3 The universal central extension of sI(3,1, A) is s5t(3,1, A)* = s1(3,1, A) © T1(A2)5.

H, (st(3,1,4)) =W = TI(4,)5.

1560
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6. Universal central extension of st(2,2, A)

In this section we find the universal central extension of st(2,2, A). As in the previous section we consider the

partition of Sy but with a small difference. Not all the cosets will be considered as equals. The coset formed by
{(1,3,2,4),(1,4,2,3),(2,3,1,4),(2,4,1,3)},

is named P5; and the one formed by
{(3,1,4,2),(3,2,4,1),(4,1,3,2),(4,2,3,1)},

is named Pg. The order of the other cosets Pi,..., Py, will not be relevant. Note that all the elements of Ps
and Ps have the property that |i| = |k|,|j| = |I| and |i| + |j]| = |k| + |I| = 1.
Let 0: Sy — {—1,1} be a map defined by

o((i,j,k,0)) = 1if (i,5,k,1) € P, P, Py or Py,

in Ps,
o((i,j, k1) =1 if (i,7,k,1) = (1,3,2,4) or (2,4,1,3),
o((i, 4,k 1)) = -1 if (i,5,k,0) = (1,4,2,3) or (2,3,1,4),
and in Fg,
o((i,j, k1) =1 if (i,7,k,1) = (3,1,4,2) or (4,2,3,1),
o((i,j,k,0)) = —1 if (4,7,k,1) = (3,2,4,1) or (4,1,3,2).

Furthermore, let W = A3 @ A2 be K-supermodule formed by the direct sum of four copies of Ay and
two copies of Ay and the maps €,,(a) = (0,...,a,...,0) in position m.

Using the decomposition of Lemma 2.2 we consider the K -bilinear map

P 6t(2,2, A) x 6t(2,2, A) = W,

where
Y (Fyj(a), Fu(b) = (G5 0) (ab), if (i,7,k,1) € P, Py, P3, Py
¥(Fij(a), Fra(b)) = (-1)"lo (i, 4, k, D)y ((o5n0) (@) if (i,j,k,1) € P or Pg,
Y(z,y) =0 if « or y belongs to H.

Lemma 6.1 The K -bilinear map i is a super 2-cocycle.

Proof The map is even since |i| + |j| + |k| + |I| = 0. To check antisymmetry, it suffices to see what happens
when (i,7,k,1) € Ps or P since in the other cases the signs do not make any difference since As and Ag are
commutative. Let (4,7, k,l) € P5, and we know that |i| + [j| = |k| + |I| = 1,
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—(—1)‘F“'(”)||Fkl(b)‘¢(Fkl(b),Fij(a)) - —(—1)(‘i|+‘j|+|“|)(|k|+”|+|b‘)¢(Fkl(b),Fij(a))

J((kvlvivj))ef)(%)

= (=1 ((k, 1,1, 5)) es((—1)“!"ad)

—_ _(—1)(THaD A Hb) (_q)le

= (—=)Ple((4, 4, B D)o (5.) (D)

= (F;(a), Fru(b)),

since o ((i,5,k,1)) = o((k,1,4,5)) and ab= (—=1)lelltlpg. Tf (4,7, k,1) belongs to Ps it is analogue.

The identity v (zg,z5) = 0 where zg € (5’((2, 2, A)) g 1s straightforward by definition. The last step is to

check Jacobi identity. In order to ease notation, we denote by J(zx,y,z) the expression

(D)= ([z, 9], 2) + (=) e([y, 2], ) + (=)l (2, 2], ).

We have to check that J(z,y,2) =0 for all z,y, 2z € s5t(2,2, A).

Let 9 ([z,y],2) # 0. Using the decomposition of Lemma 2.2 we see that at most one of z,y belongs to
H. We can assume that x € H. To exclude trivial cases we need that y = F;;(a) and z = Fg;(b), where i, j, k, [
are distinct. If (4,5, k,1) € Py,..., Py, the signs do not make any difference and so the proof is the same as in
[6, Lemma 2.2]. Therefore, we just need to check when (4,7, k,1) = (1,3,2,4) € Ps since the other cases are

similar.

If x = h(c,d), then

J(w,y,2) = (=D)UAHIDPED g ([n(e, d), Fig(a)), Foa(b))
+ (_1)(|a|+T)(|b\+T)¢([F247 h(c,d)], F13(b))

= (_1)(|0\+|d|)(|b\+i)¢(F13((ab _ (—1)'“”b|ba)c),F24(b)) +0

- (fl)(|6\+|d|)(|b\+i)+lb|J((l, 3,2, 4))65((ab _ (fl)mub‘ba)cb)
=0.
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If x = Hi2(1,c¢), then

T(w,y, z) = (=)0 Dy ([His (1, ¢), Fig(a)), Faa(b))
- (=)D D (B (b), His (1, 0)], Fra(a)
— (1)l D Fyg ca), Faa (b))
(<) DD+ D) By (cb), Fig(a))
= (1)l DFlal 5 (1, 3,2, 4))e5(cab)
+ (—1) (el DA D0l (2, 4, 1, 3)) e (cBa)

= (= 1)l (1)1l (cab) + (—1) e DD+ e (Cha))

= (=1)lel0B+D+al (¢ (cab — (—1)alPlcba))
=0.

If z = ng(l,c), then

T(w,y,2) = (=)D ([Hia(1, 0), Fig(a)l, Foa(b))

= ¥ (Fia(ca + (~1)Fllldae), Foy (b))

= (-1 ((1,3,2,4))es((ca — (—1)lellclac)b)
=0.

If x = H14(1,c¢), then

J(2,y,2) = (=)D ([H(1, ), Fis(a)], Fa (b))
+ (=1)UeHDUED g ([ (b), Hia(1,¢)), Fis(a))
= (=)D g (Fyg(ca), Fas (b))
+ (=1)\lel+DUD+lelyy (B, (be), Frg(a))
= (=)l 5 (1,3, 2, 4)) e5 (cab)
+ (= 1)l DD+l tlal 5 (2, 4,1, 3)) e (bea)
1ol (—1)lellbleg (cab) — (—1)19/1Pleg (Bea))

= (-
= (—1)|b\+|6|((_1)|C|\b|+\b|\c\+|a\\b|65(@) _ (_1)\allb\€5(@))
0.

Assume now that neither z,y,z € H. If ¢([z,y],2) # 0 we must have ¥ ([F(a), Fr;(b)], Fuu(c)) or
w([Fil(a),Flj(b)],Fkl(c)). Again, if (i,4,k,1) € P1,..., Py, the sign does not matter and so the proof is the
same as in [6]. Assume that (4,7, k,1) = (1,3,2,4) € Ps.
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If x = Flg(a), Yy = F23(b)7 and z = 1?24(0)7 then
(e, 2) = (=) 210Dy (i (ab), Faa(c))
— (_1)(|b\+i)(\CI+T)+\a\(ICI+T)¢(Fm(ac)’F23(b))
= (_1)|a|(\0\+i)+\0\0((1’372’4))65(@)
_ (f1)(|a|+\b|+i)(\6\+i)+\b|U((l,47 2,3))es(ach)

= (=)Dl (5 (@be) + (1)1 s (ach))

= (—1)lellel+DHel ¢, (a(be — (—1)Pllelch))
=0.
If x = Fi4(a), y = Fu3(b), and z = Fy4(c), then
T(@,y,2) = (=1) 1D (g (ab), Foa(c)
_ (_1)\bl(la\+i)+|b\(|0|+i)w(F23(ac)’ F14(b))
- (_1)(Ia\+i)(\6|+i)+\6|U((l’37274))65(@)

_ (,1)\bl(la\+|6\)+|a|0((2, 3, 174))65(%)

= —(=1)lles((—1)lallclabe — (—1)lallbl+llcleha)

= —(—1)|“|55 ((—1)\‘1”C|abc — (—1)|a\\bIHbI\C\HC\(lelal)bac)

= —(=1)laltlelldles ((ab — (—1)lelltl)c)
=0.

We have a central extension

0 ——=W ——=5t(2,2,A) ——=5t(2,2,4) —=0

)

where st(2,2, A) = 5t(2,2, A) @ W is the Lie superalgebra constructed by the surjective super 2-cocycle 1,

defined by the following relations
avr Fluj (a) is a K-linear map,
W, W] = [Ffi(a), W] =0,
[Flﬁj (a),F}k(b)] = F* (ab) for distinct i, j, k,
[F(0), Fij(a)] =0,
[F(a), Fi ()] =0,

[Fzﬁj(a)aFlgl(b)] = 69( (%) if (Zajakal) S P17P2aP37P4

(i.d.k.D))

(55 (@), Fy®) = (=)Mo (G b D)€ (1 )
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Theorem 6.2 The central extension 0 — W — st(2,2, A)F — 5t(2,2, A) — 0 is universal.
Proof Let
00—V —>5(2,2,A) —>5t(2,2,A) —> 0

be a central extension. As done in Theorem 4.1, we need a Lie superalgebra homomorphism p: st(2,2, A)% —
5t(2,2, A) such that 7o p = w. Choosing preimages Ej(a) of 7, we have to check they satisfy relations (18)-
(24). Doing the analogue computations as in Theorem 4.1 it is obvious that relations (18)—(22) are satisfied.

We have to check that the E—j(a) follow (23) and (24) to complete the proof.
As in the previous section, when 4, j, k,[ are distinct, denote

[Fij(a), Fru(1)] = vijui(a).

To satisfy relations (23) and (24) we want to define the homomorphism from W by the expression

p(ee((ij k) (ab)) = o ((i, 4, k, 1)) vijra(ab). If (i,5,k,1) € Pr,..., Py, we have to check the conditions

(R1) 2viju(a) =0,

(R2) vijri(a) = viju(a) = vikj(a) = viij(a),
(R3) wijri(alb, c]) =0,

(R4) [F(a), Fa(b)] = vijia(ab).

Note that every permutation in P, ..., Py, has an element such that |i| + |j| = 0. Thus, recovering some

computations of the previous section we have that

0= [Hy(1,1), [Fj(a), Fu(1)]]
= [Fyj(a+ (=1)i+11g) ) By (1)]

= vijkl(a + (—1)‘i|+‘j|a).

If [i| 4 |j| = 0, we have that [F};(a), Fx(1)] = —[F;(a), Fi(1)]. Then

[Fir(a), Fij(1)] = —(=1)KHDWHHIN[E (a), Fa (1),

and so [Fy(a), ﬁkj(l)] = —[Fu(a), ﬁkj(l)]. Changing the indexes we obtain (R1) and (R2), and proceeding as
in the proof of Theorem 5.2, conditions (R3) and (R4) are satisfied.
If (i,4,k,1) € Ps, Ps, we have that

[Fij(a), Fa(0)] = [p(FF; (@), p(Ffy ()]
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Thus, we have to check the following conditions:
(C1) wvijri(a) = —vgjula) = —vikj(a) = vij(a),
(C2) [Fyj(a), Fu(b)] = (—1)M[Fy;(ab), Fru(1)],
(C3) wiji(alb, ) = 0.
To see (C1),
vigri(a) = [Fy(a), Fa(1)]

= [Fyj(a), [Fri(1), Fa(D)]] = [[F3(a), Fri(1)], Fa(1)]

— (<) HIHaD IR D[ (a), Fig(1)]

= —[Fi(a), Fa(1)] = —vgju(a),
and

vighi(@) = [Fyj(a), Fia(1)]
[Fij(@), [Fiy (1), Fu(D)]] =

= (fl)(Ii\+|j|+\a\)(|k\+\j|) [ij(]-), [Fij(a),Fjl(l)]]

= (=1)UiHHaDUEHID [ F (1), Fy(a)] =
= —(=1)(FHEDUIHIN [Fy (a), By (1)] =
= —[Fu(a), Fi; (1)] = —vix;(a).
To check (C2),
[Fij (@), F(b)] = [Fig (@), [Fis (1), E(0)]]
= (— 1) HaD AR D [ B (1), [Fy (a), Fiu(b)]]
— (=)D [F (1), By (ab)]
— (= 1) WD URIHID [ Fy (ab), By (1)]
= —(=1)P[Fu(ab), Fy;(1)] = (=1)I[F(ab), Fiu(1)]
= (—=1)"lv;jpi(ab),
by part (C1).
Using (C2) and the fact that k| + |I| =1,
vigki(alb, ) = [Fij(alb, c]), Fra(1)]
= (=)l o (4, 4, Kk, 1)) [Fyj(a), Fy(be — (—1)1P11€lch)]

= (71)|b‘+|6‘0((i,ja kv l)) I:ﬁlj (a)v [ﬁkl(ba C)v ﬁkl(l)]]
0,
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by Jacobi identity, we have that (C3) is satisfied.

Thus, we obtained a Lie superalgebra homomorphism p: 5¢(2,2, A)f — st(2,2, A) completing the proof.
O

Corollary 6.3 The universal central extension of s1(2,2, A) is s5t(2,2, A)F = 51(2,2, A) @ A3 © AZ. Moreover,
Hy (st(2,2,4)) @ W = A3 @ AZ.

7. Nonabelian tensor product and cyclic homology

In this section, we will consider the associative superalgebra A free as a K-supermodule. This assumption is

needed in the definition of cyclic homology via a complex.

Definition 7.1 ([10]) Let C,(A) = A®"/I, be the chain complex for n > 0 where I, is the submodule

generated by the relations

W0 @ar® - ®a, — (1)1l i i, @ ag @ a1 © - © ap1,

for a; € A homogeneous. The boundary maps d,, are defined on generators by

n—1
dp(ap® a1 ® - ®ap) = Z(—l)ia()@al R R ajli41 Qi1 Q- Qp
i=0

+ (—1)Hanl i lilg, a0 @ a1 © - @ apy,

for a; € A homogeneous. The cyclic homology HC,,(A) of the associative superalgebra A is the homology of
the chain complex C.(A).

In [7], the nonabelian tensor product of two Lie superalgebras acting on each other is introduced. For
the sake of simplicity, we recover the definition in the particular case of a Lie superalgebra L acting on itself

by the canonical action, also called nonabelian tensor square.

Definition 7.2 Let L be a Lie superalgebra. The nonabelian tensor square LRL is the tensor product of
supermodules L ® L quotient by the submodule generated by the relations

(i) [ry]@z=2®y,2] - (1) W¥ly & [z,2],
(ii) 2 [y,2] = (~1) 0D (2, 2] @ y) — (~1) W[y, 2] © 2),
for all x,y,z € L. It has a Lie superalgebra structure with bracket
ey, 2@ w] = [2,9]® [z w].

It is shown in [7] that if L is perfect, the homomorphism u: LOL - L, 2@y — [, 9], is the universal
central extension of L and Keru = Hy(L). Therefore, the universal central extension of sl(m,n, A) is the same
as the universal central extension of st(m,n, A), which is st(m,n, A)&st(m,n, A). Additionally, we know that
the universal central extension of st(m,n,A) is just itself plus a K-supermodule, which will be denoted by

W(m,n, A), possibly zero.
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Theorem 7.3 Let m +n > 3. Then there is an isomorphism of K -supermodules
Hy(sl(m,n, A)) 2 HC1(A) @ W(m,n, A).

Proof We consider the following diagram

A®A
|md2

& W(m,n, A) L [A,A] —=0

\. \
Stl‘zT s Stry !Ell(—)
4 v

0 —— Hy (sl(m,n, A)) — st(m, n, A)@st(m,n, A) 2% sl(m,n, A) — 0,

0—HC;(A) @ W(m,n,D) —

where p(a®b) = Fi(a) ® Fj1(b) — (—1)‘“||b‘F1j(ba) ® Fi(1), ,u(vijkl(a)) = F;;(a) ® F(b) and
a®b, ifi=45 and k=1,
Stry (Fjij(a) @ Fii(b)) = < vijri(ab), when it makes sense depending on m,n,
0, otherwise.
It is a straightforward computation that uo Stro and Fi1(—) o Str; are the identity maps and that the
diagram is commutative. Then the restriction of Stry to the kernel of w is also a split epimorphism, with u

restricted to the kernel of d; as section. Let us see that these restrictions are indeed isomorphisms. An element

in the kernel of w is a sum of elements of the form Fj;(a) ® Fj;(b) plus the elements of W(m,n, D). Any

element of Kerw can be written as an element of Im p plus Z:’;;" Fi;(a;) ® Fi1(1), since

Fij(a) ® Fji(b) = Fir(a) ® Fyi(b) — (=1) 1P @DIBOD 15, (ba) @ F1;(1),

and
Fij(a) @ Fj(b) = Fij(a) @ Fji(b) = (=1) WL Fj (ba) @ F15(1) + (1)1 Ej (ba) @ F(1).
Furthermore, if it is in the kernel of w, all the a; must be zero. Then the restriction of y to the kernel
of dy is surjective. O

8. Concluding remarks

Combining the main theorems presented here with the main theorems of [3, 7] we have a complete characteri-
zation of Hy (st(m,n, A)) and Hy (sl(m,n, A)) for m+n > 3.

Theorem 8.1 Let K be a unital commutative ring and A an associative unital K -superalgebra. Then

0 form+n>5o0orm=2n=1,
AS form=3n=0,
H; (st(m,n, A)) = AS form=4,n=0,

(A42)¢  form=3n=1,

A ® A3 form=2,n=2,

where Ay, is the quotient of A by the ideal mA + A[A, A] (Definition 2.3) and 11 is the parity change functor.
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Theorem 8.2 Let K be a unital commutative ring and A an associative unital K -superalgebra with a K -basis

containing the identity. Then

C1(A) form+n>5o0rm=2n=1,
1(A) & A form=3n=0,
H; (sl(m,n, A)) = HC,(A) @ AS form=4n=0,
(A) @ T(A)S  form=3,n=1,
1(A) AT D AZ form=2n=2,

where A, is the quotient of A by the ideal mA+ A[A, A] (Definition 2.3) and Il is the parity change functor.
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