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Abstract: In this paper we collect two generalizations of harmonic numbers (namely generalized harmonic numbers and
hyperharmonic numbers) under one roof. Recursion relations, closed-form evaluations, and generating functions of this
unified extension are obtained. In light of this notion we evaluate some particular values of Euler sums in terms of odd

zeta values. We also consider the noninteger property and some arithmetical aspects of this unified extension.
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1. Introduction

The nth harmonic number is defined by

H, ::kz_l’i (neN:i={1,2,3,...}),

where the empty sum Hj is conventionally understood to be zero. Harmonic numbers are a longstanding subject
of study and they are significant in various branches of analysis and number theory. These numbers are closely
related to the Riemann zeta function defined by

nS

()= = (Re(s)>1)
n=1

and appear in the expressions of miscellaneous special functions.
Among many other generalizations we are interested in two famous generalizations of harmonic numbers,
namely generalized harmonic numbers and hyperharmonic numbers.
Generalized harmonic numbers: The generalized nth harmonic number of order m is defined by

the nth partial sum of the Riemann zeta function ¢ (m) as:

"1
k=1

*Correspondence: adil@akdeniz.edu.tr
2010 AMS Mathematics Subject Classification: 11M32, 40B05, 11B37

1640



DIL et al./Turk J Math

The numerators of the special case H? are known as Wolstenholme numbers (see OEIS A007406).

Hyperharmonic numbers: Starting with h;o) = % (n € N), the nth hyperharmonic number hy) of
order r is defined by (see [9])

R =3 "hy Y (reN).
k=1

The harmonic number H, is never an integer except for Hjp; this is a classical result of Theisinger [19, 21].
Considering hyperharmonic numbers, Mez6 [19] proved that if » = 2 or r = 3, these numbers are never integers
except the trivial case when n = 1. He conjectured that this is always the case, i.e. the hyperharmonic numbers
of order r are never integers except when n = 1. This conjecture was justified for a class of pairs (n,r) by Ait-
Amrane and Belbachir [1, 2] and Cereceda [8]. Very recently Goral and Sertbag [14] extended the current results
for large orders; considering primes in short intervals, they proved that almost all hyperharmonic numbers are
not integers.

In this work we define the generalized hyperharmonic numbers as
) . ;r—1
Hpr =" P
k=1
where
HPY .= HP),

Observing Hy(ll’T) = hg), we see that the generalized hyperharmonic numbers are unified extensions
of both generalized harmonic numbers and hyperharmonic numbers. Thus, we collect these two different

generalizations under one roof:

H»,(lp’r)
e N
Hflp) hg’)
N /!
H,

Unified extension diagram of the generalized hyperharmonic numbers

In what follows we are going to study the properties of these numbers. We find recursion and closed-form
formulas for them, and we also study Euler-like sums containing generalized hyperharmonics. For example,
using these methods one can evaluate the following two series in terms of odd Riemann zeta values and the

powers of m as:

27%¢(3)  15¢(5) @

ST HPC(4,n) = ((3)* +
n=1

3 2 2835
and
 22) _ 9 b
5 21 576
+E”2(<(3) +2¢(5)) — 10¢(7) — Z<(5) BETSTL
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where ( (s,a) is the Hurwitz (or generalized) zeta function defined by

C(S’G)ZZ(RTIQ)S (Re(s)>1;a¢Z5)7

n=0

where Zg :={0,-1,-2,...}.
Besides, in the final section, we study the noninteger property of these numbers and, more generally, the

divisibility properties of them.

2. Some basic recursions
In this section we get some recurrence relations that we use in the next section to compute some special values
of the Euler-like sums of generalized hyperharmonic numbers.

Having the definition of the generalized hyperharmonic numbers, we can find recursions besides the trivial

HPT = HPD + B, (1)
These read as
HED = (0 4+ )P — g1, )
HOD — ”(”; D gen o g ¢ %Hﬁpfm _ %H};’*Q’U _ g1,

1

HP4) — H Pt gt ¢ —ge-11) 4 ®3)
n n n 6 n n

nn+1)(2n+1) n(n+1)
12 '+ 4

L ige-1 _Lpe-an _ Lpo-2 _ ge-1s),

The proofs are easy exercises; for example:

H7(7,p72) — Hl(pﬁl) 4+ o4 H,,(lp71)

1 11 11 1
= oHtlpty )ttt gttt

1
= Sk = -y
k=1

= (n+1)HPY - gr-LY,

Proofs of the remaining two recursions are similar but need more computation.
These identities show that for a general r we probably cannot find such a simple expression as the
Conway—Guy formula (see [9])
. X -1
HO = ) = (” T : )(H,W1 ~H,_) (3)
r—

for the hyperharmonic numbers, because we cannot reduce the (p,r) parameter pair to one parameter as in (3)

where r was reduced to r = 1.
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3. Euler sums of generalized hyperharmonic numbers

Euler discovered the following invaluable formula (see [5] and [13]):

m—2
2€g(m)=(m+2)¢((m+1)— ZC(m—n)g(n—l—l)7 m=23,... (4)

where (g (m) is the harmonic zeta function defined by

Cr (s) = Z IZ: (Re(s) > 1).

Recently Alkan [3] showed that real numbers and certain types of log-sine integrals can be strongly approximated
by linear combinations of special values of the harmonic zeta function.

Mez6 and Dil [12] showed that the Euler-like sums of hyperharmonic numbers

S hq(1r)
Cuiry (m) = Z m

n=1

can be expressed in terms of series of Hurwitz zeta function values. Later Dil and Boyadzhiev [10] generalized
this to the multiple Hurwitz zeta series. Kamano [16] investigated the complex variable function () (s) and
proved that it can be meromorphically continued to the whole complex plane.

In this paper we consider the Euler-like sums of the form

x H’r(lpﬂ')
Caron (M) =) o
n=1

We will see in the following sections that such sums are not just connected to the Hurwitz zeta function
but they help to find closed form evaluations of some specific Hurwitz zeta sums containing generalized harmonic

numbers.

3.1. Asymptotics of HPT
To be able to determine the parameters m, p, and r for which the series (g~ (m) converges we need the

asymptotic behavior of H,Sp ™) . In this short subsection we deal with this question.
It is well known that
HMY = H, = O(logn),

and it is trivial that
HPYD =0(1) (p>1). (5)

Dil and Mezé [12] proved that
H =) = 0" tlogn) (r>1).

The following lemma completes the description of the asymptotic behavior of the sequence H,(Lp )
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Lemma 1 For all fixed p > 1 and r > 1 we have

Hr(lpﬂ") =0(Mn"Y) asn tends to cc.

Proof Since p > 1 we can apply (2) and (5) to obtain
2P = 0 ((n+1)¢(p) — BY D) = O(w),

as it follows from the above-mentioned asymptotics. For r = 2 the statement holds. The result now follows by
induction on r and using the basic recurrence (1). O

Gathering all the asymptotics together we have the convergence test for the Dirichlet series of generalized

hyperharmonics.

Corollary 2 For all p>1 and r > 1 the series

x H’r(lpﬂ')
Carwr (M) = o
n=1

is convergent whenever m > r.

This knowledge permits us to generalize the result of Dil and Boyadzhiev [10] as:

Theorem 3 For a positive integer p and r and a positive real number m such that m > r, we have

oo

Ctwn (m) =Y HPT=D( (m,n). (6)

n=1

This result can also be extended to the multiple sums as

Crrn ( ZHW D > ¢ (myix) (7)

n<iy <tg << <00

where
> min=3 Y . 3 Cmiy
nSiISi2S”'§ik<OC i1=n i2=11 i =lk—1

Proof From Lemma 1 we can infer, when m > r, that

o0 H”(LPaT)
< Q.
nm
n=1

This convergence implies the absolute convergence. Hence, we can reorder the terms of the series (g p.r (m) as

Hl(P7T—1) prﬂ”—l) _’_Hépﬂ"—l) H{P»T—l) —|—H2(p’r_1) _’_Hépﬂ“—l)

CH(p’T) (m) = 1m + om + 3m +

s H£p7r_1) +H2(p77“_1) +H3(’P»7'_1) 4. +H](€p77“_1) L

km
B oo (e &S]
- ;an 1; D
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and this completes the proof of the first equation. Similarly, after one more step we get

oo

Catn () = P73 Com ).
n=1 i1=n
Using a similar argument, after k steps we obtain the second equation. O
In particular, we have the following result.
Corollary 4 For the case r =1 in (6) we have
I+ttt S) = (mn)
2P 3P p) )
G () = 3 LEZ ST L)
n=1 n=1
Also, for the case r = 2, we have
Z H(P) &
Crwa (m Z Sh=lk N HPIC(m,n).
n=1

In general, we can give the following equalities:

Setting k=7 —1 in (7) gives

Z D on<iy Sin<on i1 <00 & (M ir—1)

H(p 7) npP

n=1

and also by setting k =7 — 2 we get

e ( Z Y > ¢ (myir_s).

n<iy <ig <o < <00

3.2. Some closed-form evaluations of (.~ (m)

In this section we show how to evaluate sums of the form

oo HT(LP"")
Crrnry (M) = o
n=1

at least for small r. Recall that such sums are convergent when m > r 4+ 1. We use the set of recurrences (2)

and the multiple zeta functions

H( >1

(We remark that in place of ((m|p) the notation {(m,p) is the standard. However, this would lead to confusion

here since this notation coincides with that of the Hurwitz zeta function.)
The theory of multiple zeta functions is studied by a large number of authors; see the website “References
on multiple zeta values and Euler sums by M. Hoffman” (http://www.usna.edu/Users/math/meh/biblio.html)

for a set of articles. For comprehensive literature see [22].
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3.2.1. Some concrete values of (e (m) and (w2 (M)

Considering Corollary 4 we have the case r =1 as
S5 sl
n=1

The left-hand side is a multiple zeta sum, namely

S S L S = Clmlp) + Cm + ).

n=1 n=1 n=1

Hence, (,».1) (m) can be written in terms of multiple zeta and zeta values as

00 (p) o
G (m) = 3 T2 S SO i) 4 Gl 4. (®)
n=1 n=1

Again the case r = 2 can be seen from Corollary 4 as

o0

(p)
Crwo (M ZZ’“ L Hy ZH (m,n)

This also reduces to multiple zeta values if we use identity (2):
STHP = HPD =nHP + HP) — HEY.
k=1
From this it follows that
o (m) =D HP((m,n) = Con (m = 1) + Cyom (M) = (o1 (m),
n=1

or

(o (m) =Y HP((m,n) = ((m —1|p) = ((m|p = 1) + ((m|p) + {(m + p)

in terms of multiple zeta values. The Euler sum ((m|p) can be evaluated in terms of the classical zeta function

for some particular values [4, 6, 18]. For example, taking (m,p) = (4,2), we have

272¢(3)  15¢(5) @
3 2 2835

Crea (4 Z H¢ =((3)* +
and for (m,p) = (4,3) we have

Creon (4) =Y HP((4,n) = 18¢(7) +
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3.2.2. Some concrete values of (y.3 (M)

Now we express (.3 (m) in terms of multiple zeta values. By using our recurrence (2) we easily find that

Gt (1) = 3 [Gare 0= 2) + G (m = 1))+ Cagom (m)

+% [Crw-11) (M) = Cgw—20) (M)] = Ce-1.2) (M) .

This can be written in terms of multiple zeta values via the corresponding formulas for (g1 (m) and for

Cgwe (m). For any m > 7 + 1 we have
1 3 1 3
Caws (M) = iC(m —2[p) + §C(m —1|p) + {(m|p) + iC(m|p -2) - iC(m|P -1)

—((m —1lp—1) 4+ ((m +p).
We give two explicit evaluations:

4 6

1 45
Cues (4) =C¢(3)* + (2 + 7r2> ¢(3) = 5¢0) = 335~ 5e35

i (5) = JCBP + 1557 (40(3) + 1) + 57(¢(3) + 24(5))
’/T6
~106(7) — 2e(5) - o

Some of the necessary multiple zeta values can be found in [4, 6, 7, 18, 22] or can be deduced by standard

techniques [19].

4. Closed-form evaluations and combinatorial expressions

The well-known generating function of the generalized harmonic numbers is given by the polylogarithm function
Liy(z) (see [22]):

. o0
LZP (ﬂf) _ Z H(p)xn
From this we obtain the ordinary generating function of the generalized hyperharmonic numbers as:

Ty = ©

The closed form of the nth derivative of the polylogarithm in terms of the Stirling numbers of the first

kind is evaluated as follows:

Proposition 5 We have

T ACED S I [ i P E)

where [ ] denotes the Stirling numbers of the first kind.

n
k

1647



DIL et al./Turk J Math

Proof Considering the equation

the proof can be completed by induction on n.

. . ™ .
Now we give a recursion formula for H,(Lp ™) in terms of r.

Proposition 6 For a nonnegative integer r and a positive integer s we have

v n s + s — 1
HPr+s) — n—=J P
" ; s—1 J

Proof Using the generating function (9) we obtain

> Li (z) n+s—1
HP’T+5 "= P H(PW) n
> L e

> z(“ iff D) o

Comparison of coefficients gives the desired result.

If we consider the special case r = 0 we get

(p,s) _ 2 n_]+5—1 i
an _Z( s—1 jp

j=1

where HP? = L. The case 7 =0 and p =1 is given in [11].

Proposition 7 We have the following expression for n > 1:

k+n o) & 1 " r+n—j5—1 (f%)j
Z(k)H“” - <lz>’“+”§_:< rol ) "

k=0

S OE] e ()
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On the other hand, we have

d" ( Lip(2) - (pr) k—
— | ———5 = E k(k —2)..(k— 1) H" "
dz" <(1—z)r> = ) ( n+1)H> 7z
0o I€+’I’L ,
- Z( : ) L
k=0

These two evaluations yield the result.

Remark 8 As a special case for r =1 we get the following expression:

k=0 s=1

4.1. A connection with Bernoulli polynomials

(3t - e S [ s

In this short subsection we are going to present the generating function for the Bernoulli polynomials B, (x)

where the argument is the index of the summation. More concretely, we prove the following theorem.

Theorem 9 For any positive integer a and any integer p > 1 we have

o0

By(n+1) , .
ZpTx :Blea($)+
n=1
p—1 L
p’;kaA(p—Lp—l—k’)a+1Fa(k+]_ k+1 k+1 ... k+1 %)

where A(n,k) is an Eulerian number giving the number of permutations of length n with k runs, and 441F,

s the hypergeometric sum. In the argument of the hypergeometric function the parameter k occurs a times in

the upper line and all the lower parameters (there are a occurrences) are k + 1.

Proof We begin with the generating function

Z(lp 4P = L})(:L‘).
n=1

1—=x

It is known that Li_,(z) is a rational function, namely

Li_,(x an:c 1_16 _HZAp,p k)"

Dividing (10) by = and integrating we can see that

o0

n=1

" Llfp tr
Z(1p+...+np)?:/0 ZAZM? k/o mdt'

(10)

1649



DIL et al./Turk J Math
The integral on the rightmost expression can be integrated term by term:

T tk oo 1 m+k
o t(L—t)rt =\ pt+l Jm+k

This can be continued to increase the power of n in the denominator of the leftmost sum. Thus, in general, we
have

(o] n y4 o0 m
T m+p+1 T
Z(1p+~~~—|—n”):ZxkA(p,p—k)Z< )
n=1 ne k=1 m=0 p +1 (m + k)a
The inner sum on m is a hypergeometric sum ,F,, denoted simply as F,:

im+p+1 z" 1o (p+l ok koo ko
p+1l J(m+ke ke *\ k+1 k+1 E+1 ... kE’7)°

m=0
Therefore, we have

oo} n V4

zF p+1 K E ...k
p p P —
2 (-4 n) Z_lkaA(p’p k>F“(k+1 E+1 k+1 ... k:x) (11)

p fr—
n=1 k

xT
n

Using this result, the statement of the theorem immediately follows once we take into account the well-known
Faulhaber’s formula:

1
lp+~-~+np:m(3p+1(n+1)_3p+1)»

where Bj,1; is the (p + 1)th Bernoulli number. Substituting this into (11) and writing p — 1 instead of p, the

result follows. O

5. On the noninteger property
It was proven in 1915 by Theisinger [21] that the harmonic numbers H,, are never integers. Mez6 [19] proved

that the second and third order hyperharmonics H7(L1,2) and H,(L1’3) are never integers. Later this result was

improved by Amrane and Belbachir [1, 2] (see also Cereceda [8]) to some general class of the parameter r. All

these results were further sharpened by Géral and Sertbas [14].
It was conjectured by Mez6 [19] that the hyperharmonic numbers Hflu) are never integers if n > 1.
We can ask the same question for the generalized hyperharmonic numbers: Are there some indices n, s

and r for which Hy(f’r) is an integer? By obvious reasons and by Theisinger’s theorem, if » = 1, then Hy(bs’l) is

never integer except n = 1. We prove the following theorem.

)

Theorem 10 For any n,s > 1 the number H7(f’2 is not an integer.

Proof Following verbatim the proof of Theorem 1 in [19], we can verify the useful fact that
D]y = 2200, (12
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Here | - |2 is the 2-adic valuation [17], and ords(n) is a unique integer such that

20rd2(n) <n< 20rd2(n)+1.

Statement (12) simply means that
Hr(Ls,l) _ 2—ord2(n)%’ (13>

where a and b are odd integers.

Now applying our recursion (2), which reads as

HED = (n+1)HSY — 8D

n ’

and substituting (13) into this recursion, we can easily find that

HED = 1 adl||n + 1[|s — be - 20742(")
n - 2(8—1)0rd2(n) bd - 20rd2(n) )

where a,b,c,d are positive odd integers, and ||n + 1|2 is the even part of n + 1, that is From these

1
In+1]2 °

considerations we get an interesting formula for the 2-adic value of H,(lS’Q) :

|H7(ls,2) ‘2 _ 280rd2(n)7min{log2(Hn+1|\2),ordg(n)}.
ere log,(-) 1s the logarithm function of base 2. Since logy(||n + 1||2) <orda(n) 4+ 1 this yields that
Here log,(+) is the logarithm functi fb 2. Si log, 1 d 1 this yields th
‘HT(L5,2)|2 > 2(sfl)ord2(n)71 > 1 (S >2.n> 4)7

and we get, in particular, that the denominator is always even and the nominator is always odd of HT(LS’2) if we

write it in reduced fraction form (in the other cases when n = 2 and n = 3 the 2-adic norm of H,SS’Z) is 29 >1
and 2571 > 1, respectively). Our theorem then follows. O

The rest of our investigation will depend on the concept of p-integers (cf. [15]). The unique integer
ords (n) defined above can be stated for a general prime number p as ord, (n) = k whenever n = p*m with
ged (m,p) = 1, and ord, (0) = co. The map ord, can be generalized to rational numbers by ord, (%) =
ord, (m) — ord, (n). A rational number a is said to be a p-integer if ord, (a) > 0; in other words, a is a

p-integer if a =", m,n € Z and p{n. ord, further satisfies

ord, (ab) = ord, (a)+ ord, (),
ord, (a+b) > min{ord, (a),ord, (b)}

for p-integers a and b, and in particular
ord, (a + b) = min {ord, (a) ,ord, (b)} (14)
if ord, (a) #ord, (b). It is a classical result due to Legendre that
[n
ord, (n!) = —1,
J=Y | %]

i=1
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where [z] denotes the integer part of the real number z, and the series on the right is in fact a finite sum. We
also have (see [20]) that
ord, ((m +n)!) > ord, (m!) + ord, (n!), (15)

m-+n
n

with equality if and only if p{ ( ) . The set of p-integers forms a ring, which is denoted by Z,,.

)

Theorem 11 For a prime number p and positive integers s and r, psHZSS’T is a p-integer.

Proof We write
p . p—1 .

—Jj+r—1\1 1 p—j7+r—1\1

Hsr) — p=J -2 =

e = (I = e ()

S S
j=1 J j=1 J

Let

3 (r=Dlp -t

)

) <pj+r1>1 (p—j+r—1'1
c=c(j,s,rp)= T e

r—1 -
for 7=1,2,...,p—1. Then
ord, (¢) = ord, (p—j +r— 1)) —ord, ((r — 1)!) — ord, ((p — j)!) — sord, (j) .
We observe that ord, ((p — j)!) = sord, (j) = 0. Thus, by (15),
ord, (¢) =ord, ((p—j+r—1)!)—ord, ((r—1)!) >0
forall j =1,2,...,p— 1, which implies that the summation

-1

L p—j+r—1\1
— r—1 j°

is a p-integer. On the other hand, since ord, (%) = —s, we see that

<

ordy, (H;f”) =-—5

by (14), from which we deduce that pSH,(,s’T) —1 € Z,. Now the result follows since Z,, is a ring including —1. O

Corollary 12 H,ES””) is mot an integer for prime p and positive integers s and 7.

We now consider a more general case.

Theorem 13 For a prime number p, per(%kp) is a p-integer, where 1 <m <p and k> 1.

Proof We may write the sum
mp .
(s,kp) _ mp—j+kp—1\1
Hmp P = Z ( kp —1 'S
= P j
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as

m—1 .
sk (k+m—-i—-1)p—1 1
Hik — Z( o

Consider the double sum on the right, and let

. (k—l—m—i)p—j—l) 1
c = c(k,m,j,i,8,p :< — 3
( ) k- 1 G+
[(k+m—i)p—j—1]! 1
(kp = D(m — i) p — j]' (j +1ip)*
Using Legendre’s formula we find that

ord, (k+m—-9)p—j—-1) = k+m—i—1
k —1 )+ 1 k —1 )+ 1
+[ +m Z_j-f;:|+|:+ﬂ21 z_y—i; P
p p p p
ord, ((kp—1)!) = k-1
BB
p p? P> p? ’
and
ordy ((n—i)p—j)) = m—i~1

R NS
p P p P '
Employing the well-known fact that [a] — [b] > [a — b], we then obtain

ordy, (((k +m —i)p — j = 1)!) = ordy, ((kp = 1)) — ord, (((m — ) p — 5)!)

k+m—1 j+1 k+m—1 j+1
- PP P

\Y]
—

Moreover, since ged (p,j +ip) = 1, we have ord, ((j +ip)”) = sord, (j +ip) = 0. Therefore, we obtain
ord, (¢) > 1, which yields that the sum

m-lp-1 ((k+m—i)p—j—1>(1

kp—1 Jj+ip)°
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is a p-integer.

Now consider the sum

m—

Z((k—l—m—i—l)p—l)(l 15

_ (( —1)p— 1>
kp —1 p+ip) P = kp —1 '
and let

d=d(k,m,i,sp) = ((]”m_’_l)p_l) 1
m—1

Then the sum Y d is a p-integer, since 1 <m < p
i=0

In conclusion, we find that

s (s k+m—-i1—-1)p—1 1
P H <( kp—1 ) >(z+ 1)°
=0 p
SRR ((Etm—i)p-j—1) 1
+p 3 1 -
= = p— (J +ip)
is a p-integer, since it is just a sum of two p-integers
As a final result we consider H, (s )
Theorem 14 For an odd prime p, H(S_l) is a p-integer for 2 <r <p.
Proof We note that
p—1 . p—l |
(s,7) p—1—j+r—1 p—1l—j+r—1I1
iy = r—1 j* Zr—l p—1— )
j=1 i=1 e
Let
. p—1—-j+r—-1)! 1
c= C(],S,T,p) s
(r=Dlp—1-j)!j°
where j=1,2,...,p—1. Then

ord, (¢) =ord, (p—1—j+r—1)!)—ord, ((r — 1)) —ord, ((p — 1 — j)!) — sord,, (j)
and since 2 < r < p, we obtain that

ord, (p—1—j+r—1)1) > ord, ((r — 1))

= O’
which implies that HI(,S_Z) is a p-integer
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