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Abstract: In this paper, we investigate the existence and uniqueness of a piecewise asymptotically almost periodic mild
solution to nonautonomous neutral Volterra integro-differential equations with impulsive effects in Banach space. The
working tools are based on the Krasnoselskii’s fixed point theorem and semigroup theory. In order to illustrate our main
results, we study the piecewise asymptotically almost periodic solution of the impulsive partial differential equations

with Dirichlet conditions.
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1. Introduction
In this paper, we investigate the existence and uniqueness of a piecewise asymptotically almost periodic mild

solution of neutral Volterra integro-differential equations with impulsive effects:

iD(t,u(t)) = A(t)D(t,u(t)) + /t k(t — s)g(s,u(s))ds + h(t,u(t)), t e R, t #t;, i € Z,
dt —oo (1.1)

Au(t;) = u(t]) —u(t;) = viults) + 6,

where A(t) : D € X — X are a family of closed linear operators on Banach space X, D(t,u(t)) =
u(t)+ f(t,u(t)), f,g,h: Rx X — X are piecewise asymptotically almost periodic functions in ¢ € R uniformly

in the second variable, ;, d; are asymptotically almost periodic sequences, and u(tf),u(t.

;) represent the

right-hand side and the left-hand side limits of w(-) at ¢;, respectively.

There are many physical phenomena that are described by means of integro-differential equations with
impulsive effects, for instance, biological systems, electrical engineering, and chemical reactions. For more
details about this topic, one can see [6, 7, 9, 16, 23, 24, 26], where the authors have given an important overview
about the theory of impulsive differential and integro-differential equations. On the other hand, the asymptotic
properties of solutions of impulsive differential equations have been studied from different points, such as almost
periodicity [8, 17, 18, 20, 21, 29], almost automorphy [1, 30], asymptotic stability [19, 28], asymptotic equivalence

[5], and oscillation[15]. However, the existence and uniqueness of a piecewise asymptotically almost periodic
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mild solution for neutral Volterra integro-differential equations with impulsive effects in the form (1.1) is an
untreated topic in the literature and this fact is the motivation of the present work.

The paper is organized as follows. In Section 2, we recall some fundamental results about the notion of
piecewise asymptotically almost periodic function including composition theorem. Section 3 is devoted to the
existence and uniqueness of a mild solution to nonautonomous neutral Volterra integro-differential equations
with impulsive effects in Banach space. In Section 4, an application of impulsive partial differential equations

with Dirichlet conditions is given.

2. Preliminaries and basic results

Let (X,]-1), (Y,] -]|) be Banach spaces, £ be a subset of X, and N, Z, R, and C stand for the set of
natural numbers, integers, real numbers, and complex numbers, respectively. For A being a linear operator on
X, D(A), p(A), R(A\,A), 0(A) stand for the domain, the resolvent set, the resolvent, and spectrum of A. Let

T be the set consisting of all real sequences {t;};cz such that a = in%(ti_l,_l —t;) > 0. Tt is immediate that this
1€
condition implies that lim ¢; = oco and lim ¢; = —o0.
71— 00 71— — 00

In order to facilitate the discussion below, we further introduce the following notations:
o C(R,X) (resp. C(R x Q,X)): the set of continuous functions from R to X (resp. from R x Q to X).

e BC(R,X) (resp. BC(Rx 2, X)): the Banach space of bounded continuous functions from R to X (resp.

from R x © to X ) with the supremum norm.

e PC(R,X): the space formed by all piecewise continuous functions f : R — X such that f(-) is continuous
at t for any t & {t;}icz, f(t]), f(t]) exist, and f(t]) = f(t;) for all i € Z.

e PC(R x €, X): the space formed by all piecewise continuous functions f: R x Q@ — X such that for any
z e, f(-,z) € PC(R,X), and for any t € R, f(¢,-) is continuous at x € Q.

e L(X,Y): the Banach space of bounded linear operators from X to Y endowed with the operator topology.
In particular, we write L(X) when X =Y.

o [*(Z,X)={x:Z— X :|z|| =supllz(n)| < co}.
neL

2.1. Fixed point theorem and compactness criterion

First, we recall the definition of strong continuous evolution family and Krasnoselskii’s fixed point theorem,

which will be used later.

Definition 2.1 [13] A family of bounded linear operators (U(t,s))i>s on a Banach space X is called a strong

continuous evolution family if
(¢) U,r)U(r,s) =U(t,s) and U(s,s) =1 forallt>r>s and t,r,s € R.

(1¢) The map (t,s) = U(t,s)x is continuous for all x € X,t > s and t,s € R.

Theorem 2.1 ([27] Krasnoselskii’s fized point theorem) Let M be a closed convex nonempty subset of a Banach
space X . Suppose that A and B map M into X such that
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(i) Au+ Bve M (Yu,v € M),
(1) A is compact and continuous,
(#it) B is a contraction mapping.
Then there exists v € M such that Av + Bv = v.

Next, we recall a useful compactness criterion on PC(R, X).

Let h: R — RT be a continuous function such that h(t) > 1 for all t € R and h(t) — oo as [t| = oco.
Define

Pep®. )= {1 € PO@.x): gim WL}

ILf@ll
h(t)

endowed with the norm || f||, = sup , it is a Banach space.
teRr

Lemma 2.1 [19] A set B C PCP(R, X) is relatively compact if and only if it verifies the following conditions:

O]
[t|—»oo  h(t)

(1) =0 uniformly for f € B.

(2) B(t) ={f(t): f € B} is relatively compact in X for every t € R.
(3) The set B is equicontinuous on each interval (t;,t;41) (i € Z).

2.2. Piecewise asymptotic almost periodicity

Definition 2.2 [14] A function f € C(R,X) is said to be almost periodic if for each € > 0 there exists an
l(g) > 0, such that every interval J of length l(¢) contains a number T with the property that || f(t+7)—f(¢)| < €
for all t € R. Denote by AP(R, X)) the set of such functions.

Definition 2.3 [26] A sequence {z,} is called almost periodic if for any € > 0 there exists a relatively dense
set of its €-periods, i.e. there exists a natural number | = l(g), such that for k € Z, there is at least one number

p in [k, k+1], for which inequality ||Tn4p — T,|| < € holds for all n € N. Denote by AP(Z,X) the set of such
Sequences.

Define

AAP(Z, X) = {xn €1%(Z,X) : lim_[lan] = 0},

Definition 2.4 [25] A sequence {z, }nez € I°°(Z,X) is called asymptotically almost periodic if x,, = x. + 22,
where zl € AP(Z,X), 22 € AAPy(Z,X). Denote by AAP(Z,X) the set of such sequences.

For {ti},c, €T, {t/} is defined by
{t‘z :ti+j —ti}7i S Z,] e 7.
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It is easy to verify that the numbers tg satisfy

)

L—th=th —tb b =dTF for i,j ke

2 1+k

Definition 2.5 [4] A function f € PC(R, X) is said to be piecewise almost periodic if the following conditions
are fulfilled:

(1) {tf =tliyj — ti} 1, J € Z are equipotentially almost periodic, that is, for any € > 0, there exists a relatively
dense set in R of -almost periods common for all of the sequences {tf}

(2) For any ¢ > 0, there exists a positive number § = §(g) such that if the points t' and t” belong to the
same interval of continuity of f and |t —t"| < §, then ||f(t") — f(t")| <e.

(3) For any € > 0, there exists a relatively dense set Q. in R such that if 7 € Q. , then

[fE+7)—f)l <e
for all t € R that satisfy the condition |t —t;| > ¢,i € Z.

We denote by APr(R, X) the space of all piecewise almost periodic functions. Obviously, APr(R, X) endowed

with the supremum norm is a Banach space. Throughout the rest of this paper, we always assume that {tf }
are equipotentially almost periodic. Let UPC(R, X) be the space of all functions f € PC(R, X) such that f

satisfies the condition (2) in Definition 2.5.

Lemma 2.2 [26] If the sequences {ti} are equipotentially almost periodic, then for each j > 0 there exists a

positive integer N such that on each interval of length j there are no more than N elements of the sequence
{ti}, i.e.
i(t,s) < N(t—s)+ N,

where i(t, s) is the number of the points {t;} in the interval [s,t].

Definition 2.6 [26] f € PC(R x Q, X) is said to be piecewise almost periodic in t uniformly in x € Q if for
each compact set K C Q, {f(-,x) : x € K} is uniformly bounded, and given £ > 0, there exists a relatively
dense set Q. such that | f(t + 1,2) — f(t,z)|| < e forall x € K,7 € Q. and t € R, |t —t;| > €. Denote by
APr(R x Q, X) the set of all such functions.

Define
0 _ T —
PCY(R, X) = {f € PC(R,X) : lim [|f(1)]| = 0},
PCA(R x Q,X) = {f e PCRx N, X): tlim I f(t,z)||dt =0 uniformly with respect to
— 00

x € K, where K is an arbitrary compact subset of Q} .

Definition 2.7 A function f € PC(R,X) is said to be piecewise asymptotically almost periodic if it can be
decomposed as f = g+ ¢, where g € APr(R,X) and p € PCA(R, X). Denote by AAPr(R,X) the set of all

such functions.
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Similarly as the proof of [11, Lemma 2.5], one has

Lemma 2.3 Let {fn}nen C PCY(R,X) be a sequence of functions. If f, converges uniformly to f, then
f € PCLR, X).

Definition 2.8 Let AAPr(R x Q, X) consist of all functions f € PC(R x Q,X) such that f = g+ ¢, where
g€ APr(Rx Q,X) and p € AAPY(R x Q, X).

Similarly as the proof of [19, Theorem 3.1], the composition theorems hold for piecewise asymptotically

almost periodic function.

Theorem 2.2 Suppose f € AAPr(R x Q,X). Assume that the following conditions hold:
(i) {f(t,u):teR,ue K} is bounded for every bounded subset K C .

(i) f(t,-) is uniformly continuous in each bounded subset of Q uniformly in t € R.

If p € AAPp(R, X) such that R(¢) C Q, then f(-,¢(-)) € AAPp(R, X).

Corollary 2.1 Let f € AAPr(R x Q,X), ¢ € AAPr(R,X), and R(p) C Q. Assume that there exists a
constant Ly > 0 such that

lf(t,u) — ft,v)|| < Lellu—vl], teR, u,veQ,

then f(-,¢(:)) € AAPr(R, X).

3. Neutral Volterra integro-differential equations with impulsive effects

In this section, we investigate the existence and uniqueness of a piecewise asymptotically almost periodic mild
solution of (1.1).

First, we make the following assumptions:

(H1) There exist constants Ag > 0,0 € (g,w),L,M >0,and 8,7y € (0,1) with 84~ > 1 such that

Sg U0} C p(At) = Xo),  [[R(A A() = Ao)l <
and
I(A(®) = X0)R(X, A(t) = Ao)[R(ho, A(t)) = R(Xo, A(s))]]| < LIt = s”[A| 7
for t,s e R,Eg = {A € C\ {0} : |arg\| < 0}.
(Ha) R(\o, A()) € AP(R, L(X)).

(Hs) The evolution family (U(t,s)):>s generated by A(t) is exponentially stable, i.e. there exist constants
M >0, w> 0 such that |U(t,s)|| < Me <=9t >s tscR.
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(Hy) f e AAPr(R x Q,X) and there exists a constant Ly > 0 such that

1F&w) = [lFE )l < Lpflu=ol,  t R, u,ve.

(Hs) g€ AAPr(RxQ,X) and ¢(t,-) is uniformly continuous in each bounded subset of Q uniformly in ¢ € R.
(Hg) he AAPr(RxQ,X) and h(t,-) is uniformly continuous in each bounded subset of € uniformly in ¢ € R.

(H7) v, € AAP(Z,X), 0; € AAP(Z,X) and sup ||v;|| < w, sup ||0;]| < k, i € Z.
i€l i€l

(Hs) k€ C(RT,R) and |k(t)| < Cre™" for some positive constants Cy, 1.

(Hg) Forany L >0, Cip, = sup |g(t,u)] < oo, Cap, = sup  ||A(t,u)|| < co. Moreover, there exists a
teR, Jull <L teR, Jull<L

constant Ly > 0 such that

M(Cyn~tCir, + C: M (wLo +
LyLo+sup [ £(t,0)] + 2O Crto  Coro) | M@lo +5) _p
teR w 1—ewe

(Hyo) For fixed t,s € R,t > s, the operator U(t,s) : X — X is compact.

Remark 3.1 (Hy) is usually called “Acquistapace—Terreni” conditions, which was first introduced in [3] and
widely used to study nonautonomous differential equations in [2, 3, 12, 13]. If (Hy) holds, there exists a unique

evolution family (U(t,s))i>s on X, which governs the homogeneous version of (1.1) [2].

Before starting our main results, we recall the definition of the mild solution to (1.1).

Definition 3.1 [10] A function u: R — X is called a mild solution of (1.1) if for any t e R, t > 0, 0 # t;,

i€z,
u(t) = U(t,0)(u(o) + f(o,u(0))) = f(t,u(t)) + /: U(t, s)((Ku)(s) + h(s, u(s)))ds
-~ ;<tU(t,ti)(%u(ti)—|—6i), (3.1)
where

(Ku)(t) = [ k(t — $)g(s, u(s))ds.

Note that if (H3) holds, then (3.1) can be replaced by
¢

u(t) = —f(tu(t)) + / U (t,s)(Ku)(s) + h(s,u(s)))ds + Y Ut t:) (vau(ti) + 6).

- t;<t

Lemma 3.1 [22] Assume that (Hy)—(Hs) hold; then for each € >0 and h > 0, there is a relatively dense set
Q.. such that

U@t +7,s+7)=U(t,s)|| <ee 3¢9 t—s>htsecRTED,.

This property can be abbreviated by writing U € AP(L(X)).
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Lemma 3.2 [4] Assume that f € APr(R,X), U € AP(L(X)), the sequence {x;}icz, € AP(Z,X), and {t!},
Jj € Z are equipotentially almost periodic. Then for each € > 0, there exist relatively dense sets Q. of R and
Q- of Z such that

@) 1fE+1)=f@)l<e forallteR, |t—1t;| >e, T€Q., and i € Z.

(i5) |U{t+7,s+7)=Ult,s)| <ee 5% forallt,s €R, |t—s| >0, [s—t;| >¢e, [t —ti| >, T€Q., and
1€ L.

(491) ||Titq — ]| <€ forall g€ Qs and i € Z.

(iv) |t —7|<e forallqe Q., T€Q., and i € Z.

Lemma 3.3 Assume that (Hy)-(Hs), (Hs), (Hg), (Hy) hold, if ue AAPp(R, X), then

(Ku)(t) = /_ k(t = 8)g(s, u(s))ds € AAPp(R, X).

Proof For u € AAPr(R,X), it is not difficult to see that ¢(-) = g(-,u(-)) € AAPr(R, X) by Theorem 2.2.
Let ¢ = ¢1 + ¢h2, where ¢1 € APr(R, X), ¢o € PC(R, X); then

(Ku)(t) = [ k(t — 8)b(s)ds = [ k(t — 5)1 (s)ds + [ k(t — 8)(s)ds
— Wy (1) + Uat).
(i) U1 € APp(R, X).

It is not difficult to see that ¥; € UPC(R,X). Since ¢1 € APp(R, X), for any € > 0, there exists a relatively
dense set ). such that

lo1(t+7) —d1(t)]| <e for 7€ Dt €R, |t —t;] >e,i€Z.

Thus, by (Hs), for t € R, |t —t;| > €,i € Z, one has

|Ti(t+71) — T1(2)| H/ZT E(t+71 —s)p1(s)ds — /too E(t — s)p1(s)ds

H/_; k(t = 5)(1(s +7) — 91 (s))ds

t
= / Cre "9 gy (s +7) — G1(s)|ds
C
< —¢,
n
which implies that ¥; € APp(R, X).
(ii) U, € PCY(R, X).
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Since ¢ € PCY(R, X), for each € > 0, there exists Ty > 0 such that |¢2(s)|| < e for all s > Tp; then
for all ¢t > 27Tp, one has

e S/ [kt — s)pa(s)l|ds

—00

t

< / Croe =) | o (s) | ds
t/2 t

- / Croe = g(s) s + / Croe ) | o) | ds
oo /2

SC’quSQH/ efnsdereC’k/ e "ds,
t/2 0

and, therefore, tlim |Wa(t)|| =0, that is ¥ € PC(R, X). This completes the proof. O

Theorem 3.1 Assume that (H1)—(Hio) hold; then (1.1) has a mild solution uw € AAPr(R, X).
Proof Let I': AAPr(R, X)NUPC(R,X) — PC(R, X) be the operator defined by

t

(Tu)(t) = —f(t,u(t) + / U (t,s)((Ku)(s) + h(s,u(s)))ds + Y Ut t:) (vau(ti) + 6:) (3.2)

= (Fru)(t) + (Tau)(?),

where

(Tra)(t) = —f(tu(t), (Tau)(t) = / Ut ) (Ku)(s) + h(s,u(s))ds + 3 UL, t) (oults) + 6,).

o0 t; <t

Let M ={u € AAPr(R,X) NUPC(R,X) : |Ju|| < Lo}. We next show that I" has a fixed point in M and

divide the proof into several steps.
(1) For u,v € M, we have I'yu,Tev € UPC(R, X).

For u,v € M, it is not difficult to see that I'yu € UPC(R, X). Next, we will show that I'sv € UPC(R, X). Let
t't" € (tiytiv1), 1 €Z, t" <t', ve AAPr(R,X) NUPC(R, X), and one has

(Ta0)(t') — (T20)(¢")

:/ Ut s)((Kv)(s) + h(s,v0(s)))ds + > U, t:) (viv(ts) + 6;)

—0o0 ti<t,

= [ U@ (K + b oe)ds - Y U )it + )

—00 ti<t!
t

:/ [U(t,s) = UE", $)|((Kv)(s) +h(s,v(8)))d8+/ U(t',s)(Kv)(s) + h(s,v(s)))ds

— 00 i

+ UM ) — U )] (vav(t:) + 05). (3.3)

ts <t
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Moreover,

/ [U(t,s) = UX", $)[((Kv)(s) + h(s, v(s)))ds

= /OOO[U(t’, t"—s) = U{",t" — s)|(Kv)(t" — s) + h(t" — s,v(t" — 5)))ds
= /OOO[U(t’, YU, " —s) = U@, t" — s)|(Kv)(#" — s) + h(t" — s,v(t" — s8)))ds

= /OOO[U(t’,t”) —NU{" " — s)((Kv)(t" — s) + h(t" — s,v(t" — s)))ds.

3
M (Cren~ +[|¥]oo)

Note that for any ¢ > 0, there exists 0 < ¢ < such that if ¢/,¢"’ belong to the same

continuity and 0 < ¢’ —t"” < §, then

1_e—wo¢)5
o, e 1 3M(Chn " + [¥]loc)” 3MN (w[[v] o + k)

where ||¥]|o = sup ||h(t,v(¢))||, N is the constant in the Lemma 2.2. Hence
teR

H | W) U () (s) + s vl))ds

< / U, #") = TNU R, 8" = s)[[[(Kv) (" = ) + h(t" = s,0(t" — 5))l|ds
0

o0 WE
< Me “3(Crn~! + || U]| o )ds
—/o S (G 1+ W]y 10 (G 1)

<3 (3.4)
and
y U(t', s)((Kv)(s) + h(s,v(s)))ds|| < /t [T, s)[[(Kv)(s) + (s, v(s)))llds
<SM(Crn™* +[[¥]lo0) < (3.5)
Similarly,
Z (U, t:) = U@, )] (vav(t:) + 6:) || < Z (U, ¢") = TU" t:) (yiv(t:) + i)
< U =TT ) iv(t:) + 6l
- Z SMS(;E;T:O)Z K) Me™ =) (@]v]|o + 1)
<z (3.6)

1664



XIA/Turk J Math

Hence, by (3.3)—(3.6), if ¢',¢” belong to the same continuity and 0 < ¢’ —t"” < §, then
[(T20) () — (T20) ()| <,

which implies that T'yv € UPC(R, X).
(#) For u,v € M, we have I'yu,I'yv € AAPp(R, X).

For u,v € M, by Theorem 2.2, one has I'yu € AAPr(R, X). Next, we will show that T'sv € AAPr(R, X).

Similarly as the proof of Lemma 3.3, one has

/ U, s)((Kv)(s) + h(s, v(s)))ds € AAPH(R, X).

— 00
It remains to show that

> Ut ti)(iv(t:) + 6;) € AAPp(R, X).

t; <t

It is not difficult to see that v;v(t;) + §; € AAP(Z,X); then let yv(t;) + §; = B; + 04, where 3; € AP(Z, X)
and o; € AAPy(Z,X), and so

S Ut (iv(ti) +6:) = > _ Ut t)Bi + Y Ut t)oi = Ty (¢) + Thy(2).

t; <t t; <t t; <t

For any € > 0, by Lemma 3.2, there exist relative dense sets of real numbers €. and integers ., such that for
ti <t <tit1, TEQ, g€ Q., |t—ti| > €, |t—ti+1| >e, €L, one has

t+T > ti+e+T >ty

and

tivgr1 > tip1 +7—e>t+T,

that is t;4¢q <t + 7 < ti4q+1; then, by Lemma 2.2, one has
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Lt +7) ~ L@ = || Y Ult+rt)b— Y Ultt:)s;

t, <t+T1 t; <t
<D UE+7tirg)Bivg— D U+, ti+q)5i||
t; <t t;<t
+ Z U(t+7,tivq)Bi — Z U(t, t:)Bi
ti<t t; <t
< MU+ 7t M1 Bivg — Bl
t; <t
+ Y U+ 7 tirg) — Ut E)]15:]
t; <t
< Z Me @tz 4 Z eMg, e 5(t—t)
t;<t i<t
+00 +o0
SIND VINTE S S S
7=0j<t—t;<j+1 7=0j<t—t;<j+1
NMe NMg, e

= l—ewa ' 1_e 52’
where Mg, = Slelg I18:ll- Thus II; € APp(R, X).
Next, we show that II; € PC%(R, X). For a given i € Z, define the function p(t) by
p(t) = Ult,t)os,  t; <t <tisn,

then
. 1 . . . 7w(t7ti)
Jm {[p(6)]| = lim [|U(,¢;)oq]| < lim Me

ail =0,
and then p € PCY.(R, X). Define p; : R — X by

pe(t) =U(t, tii)oier, i <t<tiy1, k€N,
Hence p € PCY(R, X). Moreover,

D = U, ti—r)oi—il| < M sup ||oi]le ¢ ti=%) < M sup ||o;||e”“ ¢t e—wak,
lpe ()| = U, ti—k)oikll < Do < pflos
i€ i

o]
Therefore, the series > pj is uniformly convergent on R. By Lemma 2.3, one has

k=0
My(t) = > U(t,t;)oi =Y _ pr € PCH(R, X).
t; <t k=0

Thus I'yv € AAPr(R, X).
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(#i1) For all u,v € M, we claim that T'yu + I'yv € M.

For u,v € M, one has

ITvull < £ u(@)) — f(80)[ + [1f (2 0)]]
< Lylull 4 sup [ £(2, 0)]]
teR

< LyLo +sup || (2 0)]],
teR

and

t

[(T20)(®)]] < / I, ) (Kv)(s) + his, o(s)lids + YN, )l [[viv(ts) + &l

- t; <t

t
< [ M R0 6) + R, vl s + 3 M

t; <t

Yiv(ti) + 4|

IN

t

(Cxn~*Cir, + Car,) / Me =) ds + (wlo + k) Z Me~@(=t)
- ti<t

M(Ckn_lClLO + CQLO) n M(WLO + I{)

<
w 1 — e wo

)

and then ||T'yu+ Tov|| < Ly by (Hg). Hence, by (i) and (i¢), we claim that T'yu + I'yv € M.
(iv) Ty is a contraction mapping.
For u,v € M, one has
[Tyu —Tyoll = Lf (¢ u) — f(& )] < Lllu = o,
and it follows that T'; is a contraction mapping by (Hy).

(v) Ty is continuous.

Let {u,} C M, u, — u as n — oo; then there exists a bounded subset € C Q such that R(u) C ,

R(u,) C Q, neN. By (Hs)—(H7), for any € > 0, there exists 0 < < e such that u,v € Q and lu—ov] <6
implies that

lg(t,u) — g(t,v)|| <e forall teR,
[lh(t,u) — h(t,v)|| <e forall teR.
For the above § > 0, there exists ng such that |Ju,(t) —u(t)]| < 0 for all n > ng, t € R; then, for n > ng, one
has
lg(t,un(t)) — g(t,u(t))] <e,  forall teR,
[[h(t, un(t)) — h(t,u(t))|| <e,  forall teRR.
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Hence

t

[(Taun)(t) — (Cow) @) S/ 1O ) (Kun)(s) + h(s, un(s))) = (Ku)(s) + h(s, u(s)))|ds

— 00

+ Y U ) Hyiun (t:) — yiult:) |

= /_ Me= U= |[((Kun)(s) + h(s, un(s))) = (Ku)(s) + h(s,u(s)))||ds

+ Z Me*w(t*ti)

t; <t

Yitn (ti) — viu(ts) ||

t
< / Me= =) (Chn~t + 1)eds + Z Me () e

t; <t

-1
S(M(Ckn +1)+ MNw )5,

w 1—ewa
which implies that I's is continuous.
(vi) B(t) = {(Tou)(t) : w € M} is a relatively compact subset of X in each t € R.

Foreach t e R, 0 <e <1, u € M, define

(T3u)(t) =:/76U(t78)((KU)(S)+h(8,u(8)))d8+ > Ultt) (vt +6:)

- t;<t—e

=U(t,t—e¢) [/ b Ut —e,s)((Ku)(s) + h(s,u(s)))ds + Z Ut —e,t;)(vv(ts) + ;)

- t;<t—e

=U(t,t —e)(Tau)(t —¢).

Since {(Tou)(t —¢) : u € M} is bounded in X and U(t, t — €) is compact by (Hio), {(T5u)(t) : u € M} is a

relatively compact subset of X . Moreover,

| U@  hsus)ds+ 3 Ul i(t) +5)

t—e<t; <t

[(Tau)(t) — (T5u)(t)]] = ‘

S/t U, ) (K w)(s) + h(s,ul))llds + - WU ) lyvav(ts) + il

—€ t—e<t; <t

t
S/ MemU2)|[(Ku)(s) + h(s,uls))llds + > Me™*=") |ly0(t;) + 6|
t—e

t—e<t; <t

< EM(Ckn_lclLO + CQLO) n €M(wL0 + K)

w «

Thus {(Tou)(t) : uw € M} is a relatively compact subset of X in each t € R.
By (i), {T'2u : u € M} is equipotentially continuous at each interval (¢;,¢;+1) (i € Z). Since
{Tou : u € M} C PCY(R,X), then {I'su : u € M} is a relatively compact set by Lemma 2.1, and then
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Iy is a compact operator. Since M is a closed convex set, by Krasnoselskii’s fixed point theorem (Theorem

2.1), T has a fixed point u in M, which is the piecewise asymptotically almost periodic mild solution of (1.1). O

The following existence result is based on the Banach contraction mapping principle.

Theorem 3.2 Assume that (H1)—(Hy4), (H7), (Hs) hold and satisfy the following conditions:

(Hf) g€ AAPr(R x Q,X) and there exists a constant Ly > 0 such that

lg(t,u) = llg(t, )| < Lgllu —v],  tE€R, w0 e

(Hf) he AAPr(R x Q, X) and there exists a constant L, > 0 such that

|h(t,u) = [|h(t,0)|| < Lpllu—v||, teR, u,ve.

Then (1.1) has a unique mild solution uw € AAPp(R, X) if & C’“n_ng+Lh) + MNe Ly <1.

Proof Define the operator I' as in (3.2). Similarly as the proof of Theorem 3.1, for u € AAPr(R,X) N
UPC(R, X), one has T'u € AAPr(R, X)NUPC(R, X). Hence I'AAPr(R, X)NUPC(R, X)) C AAPr(R, X)N
UPC (R, X). Tt suffices now to show that I" has a fixed point in AAPr(R,X) NUPC(R,X). For u,v €

AAPr(R, X)NUPC(R, X), one has

t

[(Tu)(t) = (Co))] < / 1O, s)[[[((EKu)(s) + h(s, u(s))) = ((Kv)(s) + h(s, v(s)))l|ds

— 00

+ > U ) lysults) = yiota) |+ 1 ul®) = fE o))

t; <t

S/_ Me™=U=2|[((Ku)(s) + hls, u(s))) — (Kv)(s) + h(s,v(s))) |l ds

+ > Me U lygu(t) — yio(t)|| + [Lf (8, u(t)) = £t 0(8)]

t; <t
¢
< / Me =) (Cyn~ Ly + Ly)ds + Z wMe ) L Le | lu— v
- <t
M(Cyn™ 'L, + L MN
< < (Crn Lo h)+1_effa +Lf) =]l

-1
Since M(Ckn wL9+L’L) + llflej\_'f'a + Ly <1, I' is a contraction. By the Banach contraction mapping principle,

I’ has a unique fixed point in AAPr(R, X) NUPC(R, X), which is the unique piecewise asymptotically almost
periodic mild solution to (1.1). O
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4. Example

Consider the impulsive partial differential equations with Dirichlet conditions

2

= @(u(t,x) + f(t, z,u(t,x))) — 2(u(t,x) + f(t, z,u(t, z)))

t

+ (sint + sin \/§t) (u(t,z) + f(t,z,u(t,x))) + / k(t — s)g(s,z,u(s,x))ds + h(t,z,u(t,z)),

— 00

7]
o7 (u(t:2) + f(t 2, u(t, 2)))

(4.1)

Au(t;, ) = Biul(ts, x),i € Z, x € [0,7],

u(t,0) =u(t,m) =0, teR,

where f,g,h € AAPp(Rx [0, 7] x L?[0, ], L*[0, 7)), t; = i+%|sini+sinv/2i|, B; € AAP(Z,R), and sup |3;| < .
€L

Note that {t{}, 1 € Z, j € Z are equipotentially almost periodic and o = i_ng(ti_l,_l —t;) > 0; one can see [19, 20|
1€

for more details.

Take X = L?[0,7] is equipped with its natural topology and define
D(A) = {u € L*[0,7] : v € L*0,7],u(0) = u(n) = 0},

Au =" — 2u, for all u e D(A).

Let ¢, (t) = sin(nt) for all n € N. It is well known that A is the infinitesimal generator of an analytic

e

semigroup (T'(t));>0 on L2[0, 7] with ||T(¢)|| < e=3* for ¢t > 0 . Moreover,

0 2
T(t)(p = Z e +2)t<‘P7 50n>90n7

n=1

for each ¢ € L?[0,7].
Define a family of linear operators A(t) by

D(A(t)) = D(A),
At)p(z) = (A +sint + sin \/it) o(z), Yzelo,n], ¢eDA.

Then the system

u(s) = ¢ € L?[0,],
has an associated evolution family (U(t,s));>s on L?[0, 7], which can be explicitly expressed by

U(t, 5)50 _ T(t . S)ef:(sin T+sin \/ET)dTQD.

Moreover,

U, )| <e ) for every t > s.
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Note that sint + siny/2t € AP(R,R) and it is not difficult to verify that (H;)-(Hs), (H;) hold with

M =1,w=1. One can see [11] for more details.

Now the following theorem is an immediate consequence of Theorem 3.2.

Theorem 4.1 Under the assumptions (Hy), (HE), (Hg), (Hg), (4.1) admits a unique mild solution u €
AAPp(R, L2[0,7]) if Cpn 'Ly + Ly + 2% + Ly < 1.
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