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Abstract: In a certain class of graphs, a graph is called minimizing if the least eigenvalue of its adjacency matrix attains
the minimum. A connected graph containing two or three cycles is called a bicyclic graph if its number of edges is equal
to its number of vertices plus one. In this paper, we characterize the minimizing graph among all the connected graphs

that belong to a class of graphs whose complements are bicyclic with two cycles.
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1. Introduction
Let G be a finite, simple, and undirected graph with the vertex-set V(G) = {v; : 1 < i < n} and the edge-
set E(G) such that |V(G)| = n and |E(G)| = m are the order and size of the graph G, respectively. The
adjacency matrix A(G) = [a; ;] of the graph G is a matrix of order n, where a;; = 1 if v; is adjacent to
v; and a;; = 0 otherwise. The zeros of det(A(G) — AI) are called the eigenvalues of A(G), where I is an
identity matrix of order n. Since A(G) is real and symmetric, all the eigenvalues say A1 (G), A2(G),..., A\ (G)
are real and called the eigenvalues of the graph G. If A\1(G) is the least, then one can arrange the eigenvalues
as A1 (G) < X2(G) < ... < A\ (G) and the eigenvector corresponding to the least eigenvalue is called the first
eigenvector. For further study, we refer to [3, 4].

In a certain class of graphs, a graph is called minimizing if the least eigenvalue of its adjacency matrix
attains the minimum. Let G(m,n) denote the class of connected graphs of order n and size m, where

0 <m < (3). Bell et al. [2] characterized the minimizing graphs in G(m,n) as follows.

Theorem 1.1 Let G be a minimizing graph in G(m,n). Then G is either
(i) a bipartite graph, or
(i) a join of two nested split graphs (not both totally disconnected).

It is observed that the complements of the minimizing graphs in G(m,n) are either disconnected or
contain a clique of order greater than or equal to half of the order of the graphs. This motivated to discuss the

least eigenvalue of the graphs whose complements are connected and contain cliques of small sizes. Fan et al.
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[6] characterized the unique minimizing graph in the class of graphs of order n whose complements are trees.
Recently, Wang et al. [11] characterized the unique minimizing graph in the class of graphs whose complements
are unicyclic. In this note, we characterize the minimizing graph among all the connected graphs that belong
to a class of graphs whose complements are bicyclic with exactly two cycles.

In the literature, the least eigenvalue received less attention compared to the maximum eigenvalue. The
results related to the bounds of the least eigenvalue can be found in [5, 7]. For further study, we refer to
[1, 8-10, 12, 13]. The rest of the paper is organized as follows: in Section 2, we give some basic definitions and
terminologies that are frequently used in the main results. Section 3 deals with different results related to the
minimizing graphs in the class of connected graphs whose complements are bicyclic with exactly two cycles and

Section 4 includes the characterization of the minimizing graph in the same class.

2. Preliminaries
A star of size n is a tree that is obtained by joining one specific vertex to the remaining n vertices, where the
fix vertex is called the center and all the other vertices are called pendent vertices. It is denoted by K1, and

its vertex-set and edge-set are defined as V(K1,) ={v;: 1 <i<n+1} and E(K1,,) = {v1v; : 2 <i<n+1},
respectively. Moreover, Sin is a graph obtained by joining any one pair of pendent vertices of Ky, . If we
choose a pair of pendent vertices of Ky, consisting of v, and vy, then V(Sllyn) ={v;: 1 <i<n+1} and
E(St,) ={vivi :2<i<n+1}U{v,vu41} are the vertex-set and the edge-set of the graph Sf,,, respectively.
Similarly, Sin is a graph obtained by joining any two distinct pairs of pendent vertices of Ky, such that
V(8%,) =V(Si,) and E(Sf,) = E(S},,) U{vp_2vn_1}, where (v,_2,v,-1) is chosen as the second pair of
pendent vertices different from (vy,, vpy1)-

Since bicyclic graphs containing two or three cycles are connected graphs in which the number of edges

equals the number of vertices plus one, we conclude that Sin is a bicyclic graph with exactly two cycles and
n—4 pendent vertices. In particular, 812,4 is a bicyclic graph of order 5 with exactly two cycles. In the following

definitions, we define some more graphs that are bicyclic with exactly two cycles.

Definition 2.1 Let Ky, be a star and 81274 be a bicyclic graph with exactly two cycles and five vertices. The
bicyclic graph denoted by B (p) is obtained by joining one pendent vertex of K1, with a vertex of degree 4
of the graph St,, where p > 2. The vertez-set and the edge-set of B'(p) are defined as V(B (p)) = {vi :
1<i<p—1}U{y;:2<i<4U{vi:1<i<2}U{vi:1<i<2}and E(B(p)) = {vivy:1<i<
p— 1} U {vovs, vzvs} U {vgvd, vgvf 0 1 < <2} U {wio?, vlod}.

Definition 2.2 Let Ky, be a star and 8127(1 be a bicyclic graph with exactly two cycles and q — 4 pendent
vertices. The bicyclic graph denoted by Bi(p,q) is obtained by joining a pendent vertex of K1, with a pendent
vertex of the graph Siq, where p > 2 and q¢ > 5. The vertez-set and the edge-set of Bi(p,q) are defined as
V(Bi(p,q) ={vi :1<i<p—1}U{v; :2<i<5}U{vi:1<i<2}U{vi:1<i<2}U{vi:1<i<q—5}
and E(Bi(p,q)) = {vive : 1 < i < p— 1} U {wavs, v3v4, v4v5} U {vsvf, v50% + 1 < i < 2} U {ogol 0 1 < i <

g — 5} U {vgvg, vivf}.

Definition 2.3 Let Sll,p be a unicyclic graph with p — 2 pendent vertices. The bicyclic graph denoted by B*(p)
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is obtained by joining a pendent vertex of Sllvp with a vertex of Cs, where Cs is a cycle of order 3 and p > 3.
The vertez-set and the edge-set of B*(p) are defined as V (B*(p)) = {vi : 1 <i<p—-3}U{vi:1<i<2}U{v;:
3<i<5U{vi:1<i<2} and E(B*(p)) = {vivs:1<i<p—3}U{vdvg:1<i<2}U{vzvy,vavs} U {vs0} :
1<i<2}U{vivd viv}.

Definition 2.4 Let Sll,p and S%’q be two unicyclic graphs with p — 2 and q — 2 pendent vertices, respectively.
The bicyclic graph denoted by Ba(p,q) is obtained by joining a pendent vertex of Sllyp with a pendent vertex
of the graph S}, where p,q > 3. The vertez-set and the edge-set of Ba(p,q) are defined as V(Ba(p,q)) =
i1 <i<p-3tufvs:1<i<2lU{y;:3<i<6jUf{vi:1<i<2yU{vi:1<i<gq—3} and
E(Ba(p,q)) = {vivg : 1 <i <p—3}U{vdvg:1<i <2} U{v3vg,v405,0506} U{vgvt 1 1 < i <2} U {wgvg : 1 <
i < q—3}U{vivs, vivd}.

Let G, be a class of bicyclic graphs with order n and exactly two cycles. Let GS be a class of
connected graphs of order n whose complements are bicyclic with exactly two cycles i.e. G¢ = {G° :
G¢ is connected and G € G,}. Note that (57, ;)¢ does not belong to Gf as it is disconnected, where
n>4.

By interlacing theorem, for a graph G containing at least one edge, we have Apin(G) < —1. In particular,
if G is a complete graph or disjoint union of complete graphs with at least one non-trivial copy, then Apin(G) =
—1. Moreover, G contains K 2 as an induced subgraph that verifies that Apin(G) < Amin(K12) = —+/2. Thus,
for a graph G (tree), Amin(G€) = —1 if and only if G is a star. Consequently, if G being a tree is not a star
then G° is connected and Apin(G¢) < —1. For a unicyclic graph G, Amin(G¢) < —1, where equality holds if
G = Cy (as (C4)° is 2P2, where Py is a path of order 2). Similarly, for a bicyclic graph G with exactly two
cycles, Amin(G€) < —2, where equality holds if G & Sin for n > 3.

A vector X € R™ is said to be defined on the graph G of order n, if there is a 1-1 map ¢ from V(G) to
the entries of X such that ¢(u) = X, for each v € V(G). If X is an eigenvector of A(G), then it is naturally
defined on V(G), i.e. X, is the entry of X corresponding to the vertex w. Thus, it is easy to see that

XTAG)X =2 Y XX, (2.1)
weE(G)

and A\ is an eigenvalue of G corresponding to the eigenvector X if and only if X # 0. For each v € V(G), we
obtain the following eigen-equation of the graph G:

AX,= Y X, (2.2)

uENg (U)
where Ng(v) is the set of neighbors of v in G. For an arbitrary unit vector X € R",
)\min(G) S XTA(G)X; (23)

and equality holds if and only if X is the first eigenvector of G.
Moreover, for a graph G, A(G°) =J—1—A(G), where J is the all-ones matrix, I is the identity matrix

of same size as of the adjacency matrix A(G), and G¢ is complement of the graph G.
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Thus, for any vector X € R"
XTA(GH)X = XT(JT-DX - XTA(G)X. (2.4)
Now we state the following result, which is used in the proof of the main theorem of this paper.

Lemma 2.5 [6, 11] Let T be a tree and U be a unicyclic graph with nonnegative or nonpositive real vectors
X = (X1, X9, X3,....X,)T and Y = (Y1,Y2,Ys3,...,Y,)T defined on T and U, respectively. The entries of
X and Y are ordered as |X1| > |Xa| > |X3| > ... > |Xn| and |Yi| > |Yo| > |Y3| > ... > |Ya.|, where
[V(T)| =|V(U)| =n. Then

dooXuX, < Y XuXy,

weE(T) weEE(K1,p)

where X is defined on the star Ky, such that its central vertex of degree p =n —1 has value X, and equality
holds if and only if T = K151, and

Yooy, < > VY,

uwveE(U) weSt

where Y is defined on the unicyclic graph 811},1 such that the vertex of degree ¢ =n — 1 has value Y7 and two

vertices of degree two have values Yo and Y3, and equality holds if and only if U = ‘S.ll,q'

3. Minimizing graphs
In this section, we find some minimizing graphs among the connected graphs whose complements are bicyclic

with exactly two cycles under certain conditions.

Let X' be the first eigenvector of the graph B (p)¢ with entries corresponding to the vertices as defined
in Definition 2.1. By eigen-equation (2.2), the vertices vi for 1 < i < p—1, va, v3, vy, vi for 1 <i <2
and v§ for 1 < i < 2 have values in X', say X1, Xo, X3, X4 X5, and Xg, respectively. Moreover, if
)\min(B/ (p)°) = ), then we have

NX1=(p—2)X1 + X3+ X4 + 2X5 + 2Xg,
N Xy = X4+ 2X5 + 2X6,
NXs = (p—1)X1 +2X5 + 2X,

! (3.1)
AMXy=(p-1)X1 + Xy,
NX5=(p—1)X + Xo 4+ X5+ 2Xg,
AN Xe=(p—1)X1 + Xy + X5+ 2X5.

Take X = (X1, Xo, X3, X4, X5, X6)T; then the matrix equation of the above system of equations is (A —
)\/I)X, =0, where A is a matrix of order 6. Thus, A" is the least root of the polynomial
F(\p) = det(A—AT)

(20 — 12p) + (8 + 8p)A + (=25 + 17p)A? + (=26 — 3p)A3 (3.2)
+(=7—=6p)A* — (2 — p)A5 + AS.
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Let X be the first eigenvector of the graph By (p, )C with entries corresponding to the vertices as defined
in Definition 2.2. By eigen-equation (2.2), the vertices vi for 1 <i <p—1, v, v3, v4, vs, v§ for 1 <i <2,
vi for 1 <4 <2 and v for 1 <i < ¢g—>5 have values in Xy, say X1, Xo, X3, X4, X5, Xp, X7, and Xg,
respectively. Moreover, if Apin(B1(p, q)¢) = A1, then we have

MXi=(p-2)X1+Xs+ Xy + X5 +2X6+2X7 + (¢ — 5)Xs,
MXoy =Xy + X5 +2X6 +2X7 + (¢ — 5) X5,
MX3=(p—1)X; + X5 +2Xg +2X7 + (¢ — 5) X5,
MXi=p-1)X1+Xo+2Xs+2X7 4+ (¢ —5)Xs,
MXs=(p—1)X1 + Xo + X3,

MXe=(p—1)X; + Xo+ X3+ Xy +2X7+ (¢ —5)Xg,
MX7r=(p—1)X1 + Xo+ X3+ Xy +2X6 + (¢ — 5)Xs,

M Xs = ( X1+ Xo+ X5+ X4 +2X6+2X7 4+ (¢ — 6)Xs.

p—

Take X; = (Xl,XQ,X37X4,X57X6,X77X8)T; then the matrix equation of the above system of equations is
(A —\I)X; =0, where A is a matrix of order 8. Thus, A; is the least root of the polynomial

filhp.q) = det(A - AI)
= (20 —4p —4q) + (—32 + 28p + 12¢q — 8pq) A
(=65 + 3p + 19¢ + 4pg) A% + (—4 — 36p — 8q + 18pg) A3 (3.4)

+(65 — 39p — 31q + 11pg)A* + (64 — 24p — 24q + 2pg) \°
+(30 — 8p — 8q)AS + (8 —p — @) A" + A8,

Lemma 3.1 If n > 12, then Apin(B1(n —7,5)¢) < )\min(B/ (n—6)°).
Proof Let \' = )\minB,(nfG)c and A\ = ApinB1(n—7,5)¢ be the least roots of f,()\,nfG) and f1(A\,n—17,5),
respectively. Define
FOun—=6)=(A+1)%f (A\,n—6).
Since A < —2, A" is the least root of f(\,n — 6). From (3.2), f(=3.5,n — 6) = 9409 — 1128n and
f(=3.5,n—6) < 0 for n > 12. Moreover, if A - —oo, then f(A,n—6) — 400, which implies A\ < —3.5. Now,
for A < —-3.5 and n > 12,
fO,n—6)—fiAn—17,5) = (—n+8)(8+4X+ 222 + 1523 + 1121 4 2)%)
= —(n—8)(A+1)(A+2)(A+3.2920)(2A? — 1.584\ + 1.2145) > 0.

Consequently, fi(A,n—7,5) < f(A\,n—6) for A < —3.5 and n > 12. In particular, \; < X', which
implies Apin (B1(n — 7,5)¢) < Amin(B' (n — 6)°) for n > 12. O

Lemma 3.2 Let p and q be any positive integers such that p > q > 6 and p+q+2=n > 14; then

n—2 n—2

)\min(Bl([i‘L L 2

) J)c) S )\min(Bl (p7 Q)C),

equality holds if and only if p = ["T_21 and q = L"T_zj .
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Proof From equation (3.4), we have

1
F1(=3.5,p,0) = =2 [~ 10874441 — 10530p + (53928 — 241929)]

and f1(—3.5,p,q) < 0 for p > ¢ > 6, which implies A\; < —3.5, where A; is the least root of f1(A,p,q).

Moreover,

fiMp—1,g4+1) = (20—4p—4q) + (—24 + 20p + 20q — 8pq)\
+(—69 + Tp + 15q + 4pg) A2 + (—22 — 18p — 264 + 18pq) \>
+(54 — 28p — 42q + 11pg)A\* + (62 — 22p — 26q + 2pg) \°
+(30 — 8p — 8¢)AS + (8 —p — ) A" + A&,

and

fitup ) — filhp—1,g+1) = f(pqu1))\(—8+4)\+18)\2+11)\3+2)\4
= 2p—q- DA - DA+

We note that if p > ¢g+1 and A\ < —=3.5, then f1(\,p,q)— f1i(A\,p—1,¢+1) > 0. Furthermore, f(—3.5,p—1,¢+

1) < 0. Consequently, Amin(B1(p — 1,¢ + 1)) < Amin(B1(p,q)%). It follows that Amin(B1([252], [252])%) <

Amin (B1(p, ¢)¢) with equality if and only if p = [”T_Q] and ¢ = L”T_2J , where n > 14.

Let X* be the first eigenvector of the graph B*(p)¢ with entries corresponding to the vertices as defined
in Definition 2.3. By eigen-equation (2.2), the vertices v{ for 1 <i < p—3, v} for 1 <i <2, v3, vy, vs,
and vi for 1 < i < 2 have values in X*, say X;, Xa, X3, X4, X5, and Xg, respectively. Moreover, if

Amin(B* (p)c) = >\*, then we have

NXy = (p—4)X1 +2Xs + X4 + X5 + 2X,
NXo=(p—3)X1 + X4+ X5 +2X5,

AN X3 = X5+ 2Xp,

N Xy = (p—3)X1 42X + 2Xg,

N X5 = (p—3)X) + 2Xs + X, (3.5)
MXe=(p—3)X1+2X2+ X35+ X4

(3.5)

Take X* = (X1, Xo, X3, X4, X5, X6)?; then the matrix equation of the above system of equations is (A —
M) X* =0, where A is a matrix of order 6. Thus, A* is the least root of the polynomial

O\, q) = det(A =) = (12—4p) + (—124+8p) A+ (= 17+ Tp) A2+ (=Tp) X3+ (5— 6p)A* + (4 —p) A +A\°. (3.6)
Let X5 be the first eigenvector of the graph By (p, q)¢ with entries corresponding to the vertices as defined in
Definition 2.4. By eigen-equation (2.2), the vertices vi for 1 <i < p—3, v} for 1 <i <2, v3, v4, vs, Vs,

vi for 1 <i <2 and v for 1 <i < g — 3 have values in Xo, say X;, X2, X3, X4, X5, X¢ X7, and Xg,
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respectively. Moreover, if A\pin(B2(p, ¢)¢) = A2, then we have

Ao X5 = (p
A Xs = (p
Ao X7 = (p
A Xs = (p

Ao Xy = (p—4) X1 +2Xo + Xy + X5 + X +2X7 + (¢ — 3) X5,
MXo=pP-3)X1+ X4+ X5+ X6 +2X7+ (¢ — 3)Xs,
Mo X3 = X5+ X6 +2X7 + (¢ — 3)Xs,

XXy =(p—3)X1 +2Xs + Xg +2X7 + (¢ — 3) X,

3)X1 + 2X2 + X3 + 2X7 + ((] — 3)X8,

3) X1 +2X2 + X5 + Xy,

3)X1 + 2X2 + X3 + X4 + X5 =+ (q — S)XS,
)

3NX1+2Xo+ X5+ Xy + X5 +2X7 4 (¢ — 4) Xs.

Take Xy = (X1, X2, X3, X4, X5, Xg, X7, Xg)T'; then the matrix equation of the above system of equations is

(A — XoI) X5 =0, where A is a matrix of order 8. Thus, Ay is the least root of the polynomial

fQ()‘vpv Q)

det(A — A)

(20 — 4p — 4q) + (—40 + 20p + 20q — 8pg) A
+(=53 + 11p + 11q + 4pq)\? + (4 — 22p — 22q + 18pqg)\3
(65 — 35p — 35¢ + 11pg)A* + (64 — 24p — 24 + 2pq) AP
+(30 — 8p — 8¢)AS + (8 —p — ) A" + A%,

Lemma 3.3 If n > 10, then Apin(B2(n —5,3)¢) < Amin(B*(n — 4)°).
Proof Consider A* = Apin(B*(n —4)¢) and Ay = Apin(B2(n — 5,3)¢) are the least roots of f*(A\,n —4) and

fa(\,n —5,3), respectively. Define

fOun—4)=\+12f*(\n—4).

(3.8)

Since A\* < —2, \* is the least root of f(A\,n—4). From (3.6), f*(—3,n—4) =133 —19n and f(—-3,n—4) <0
for n > 10. Moreover, if A — —oo, then f(A\,n —4) — +o0, which implies A* < —3. Now, for A < —3 and

n > 10,

FOun—4) — fo(A,n —5,3) = —=A(X — 1)(A + 2.8507) (A — 0.3507) (A + 2(

As (1 - —15) €[0.75, 1] for any integral value n > 10, fa(A,n —5,3) < f(A,n—4) for A < =3 and n > 10.

In particular, Ao < A*, which implies Apin(B2(n — 5,3)¢) < Amin(B*(n — 4)¢) for n > 10.

Lemma 3.4 Let p and q be any positive integers such that p > q >4 and p+q+2=n > 10; then

n—2 n—2

)\min(Bz(fTL LTJ)C) < Amin(B2(p; 9)9),

equality holds if and only if p = [%‘21 and q = L"T_zj .

O
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Proof From equation (3.8), we have

f2(=3,p,q) =203 —19(p + q) — 21pq

and f2(—3,p,q) <0 for p > g > 4, which implies Ao < —3, where Ay is the least root of fa()\,p,q). Moreover,

fop—1,g4+1) = (20 —4p —4q) + (=32 + 12p + 28¢ — 8pg)A
+(=57 4+ 15p + 7q + 4pq)A? + (—14 — 4p — 40q + 18pg) N3
+(54 — 24p — 46q + 11pg) A\t + (62 — 22p — 26q + 2pg) \°
+(30 — 8p — 8¢)A + (8 — p — @)\ + A, and

and
foO\p,0) — o\ p—1,g+1) = —(p—q—DA(=8+4X+18)A% + 11A3 + 2)*
— 2p—g—DAG- DA +2)
We note that if p > ¢+1 and A < —3, then fo(A\, p,q)— fa(A\,p—1,¢g+1) > 0. Furthermore, f(—3,p—1,q+1) <
0. Consequently, >\min(32(p - 1,(] + ]-)C) < )\min(BQ(pv Q)C> It follows that Amin(BQ([nT%L LHTJJ)C) S
Amin (B2 (p, ¢)¢) with equality if and only if p = ["772] and ¢ = L"Tﬁj , where n > 10. O

Lemma 3.5 (a) If n > 22 and n = 0(mod 2), then Apin(B2([252]
L252D9) < Aain(Bu([2521, [252)9). (6) If n > 19 and n = 1(mod 2), then Aumin(Bi([252], [ 252))°) <
Amin (B2 ([ 521, [2521)°).
Proof Using (3.4) and (3.8), we have
Aiupa) = 20 p,q) = [=4(p — )N + [-14(p — @) — 8]X° + [-8(p — ¢) — 12]X* + [8(p — q) + ]\

(a) If n=0(mod 2), then p = [252] = 232 = | 22| = ¢q. Thus,

n—2 n—2 n—2 n—2

AGTESELIE2 D) = SO T2 2 ) =~ + (- ).

This shows that, for A < —2,

Consequently, for n > 22,

n—21 Ln—2 n—2 n—2
2 2

)\minBQ< |—

(b) If n=1(mod 2), then p = [252] = 2L and ¢ = [252] = 252, Thus,

L) - AL ) = O+ D - )3+ )
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This shows that, for A < —4,

n—2 n—2 n—2 n—2

5 1L 5 J><f2()\a(T1aLTJ)~t

fl ()‘7 |—
Consequently, for n > 19,

n—2 n—2 n—2 n—2

1D < Amin(Ba( 5T, 1

)\min(Bl([ J)c)

4. Characterization of the minimizing graph

In this section, we characterize the minimizing graphs among all the connected graphs whose complements are

bicyclic with exactly two cycles.

Lemma 4.1 Let B€ G, and X = (X1, X2, X3, ..., X,,)T be a nonnegative or nonpositive real vector defined on
B such that the entries of X are ordered as | X1| > |X2| > | X3| > ... > |X,,|. Then

dooXuX, < Y XX,

we E(B) quE(Sin_l)

where X is defined on 812,n—1 such that one vertex of degree n — 1 has value X1 and four vertices of degree 2
have values Xs, X3, X4, and X5, respectively. The remaining values X; for 5 < i < n are assigned to the
n — 5 pendent vertices. The above equality holds if and only if B = 812’”71 .

Proof Without loss of generality assume that X is nonnegative; otherwise we consider —X. Let v be a
vertex of the bicyclic graph B with value X; assigned by the first eigenvector X. Suppose that there exists a
vertex u that is not adjacent with v. Since B is a connected graph, there exists a neighbor of u, say w, that
is on the path of B containing v and u. If we delete uw and add a new edge vu in B, then we have a new

bicyclic graph B with exactly two cycles such that

Z X, X, < Z X Xo.

uwveE(B) wwEE(B)

This process is repeated on the bicyclic graph B for the nonneighbor of v. Thus, we obtain a bicyclic
graph that is in fact a star Ky ,—1 with center v and two edges v and w v” that are not incident to the

vertex v. Thus, we have

SOX X, <Y XX, < S XX+ XX, + X, X, Since XoXs + X4X5 > XX, +
uv€E(B) wve E(B) i=2

X Xy and Y X1 X, + XoXs + X4 X5 = S7,,_;, we obtain
=2

dooXuXe < Y XuX,.

uv€ E(B) uvEEB(S? )

1,n—1
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The equality holds if v is adjacent to all the other vertices and there are two nonincident edges to the

vertex v in B, which implies that B =87, ;. O

Lemma 4.2 Let B¢ be a minimizing graph in GS and X be a first eigenvector of B¢, where n > 10. Then X
has at least two positive and two negative entries.

Proof Suppose in contrast that only one vertex v of B¢ has a positive value assigned by X. We claim that
the degree of v (the number of adjacent vertices) in B¢ is nonzero, i.e. dge(v) # 0. Otherwise, if dg-(v) =0,
then B =S}, ; which is a contradiction. Consequently, 1 < dge(v) <n —1. Let u be another vertex in B°.
We claim w is adjacent to v; otherwise the eigen-equation (2.2) does not hold for u in B¢ as AX, > 0 and

> X, < 0. Hence, u is adjacent to v. Since u is taken as an arbitrary vertex, our claim is true for each
wENg(u)

vertex in B¢. Consequently, v is adjacent with all other vertices in B¢, i.e. dge(v) =n — 1. This shows that
B is disconnected, which is again a contradiction. Similarly, we can obtain a contradiction if a vertex v of B¢
is the only one with a negative value assigned by X. Consequently, for n > 10, the first eigenvector of the

minimizing graph B¢ in G¢ has at least two positive and two negative entries. O

Lemma 4.3 Let B¢ € G be a connected graph of order n such that its complement is a bicyclic graph with

exactly two cycles.
(a) If n > 19 and n = 1(mod 2), then Amin(Bi([%52],[252])°)
Bi([*521, [%52)) -
(b) If n > 22 and n = 0(mod 2), then )\min(BQ([%_Q], L%_QJ)C)
By (2521, [ %52 ))-
Proof Let X be the first eigenvector of B¢ with unit length. Define V, = {v : X, > 0,v € V(B°)} and
Vo={v:X, <0,0veV(B°}. By Lemma 4.2, both V; and V_ contain at least two elements. Suppose that

IN

Amin(B€), where equality holds iff B =

IN

Amin (B€), where equality holds iff B =

B; and B_ are subgraphs of B induced by V, and V_, respectively. Let &' be the set of edges between B,

and B_ in B. As B is connected, & is nonempty. Thus, we have

Yo oXuXe= Y XuXo+ D XuXo+ Y XX, (4.1)

wve E(B) wveEBL wveEB_ wves’

There are two possibilities for the edges of the cycles of B. Either all the edges of the cycles of B are in one of
By or B_, or in both.

(a) Take n > 19, n = 1(mod 2), and & = & . Without loss of generality, suppose that B does not include
any edge of the cycles of B; otherwise we take —X as a first eigenvector. Let B be a graph obtained from
B such that the subgraphs By and B_ of B are induced by the subgraphs B, and B_ of B, respectively.
Moreover, the subgraph B, is a tree and the subgraph B_ is bicyclic with exactly two cycles. By the deletion
and addition of some edges in the tree B, , we have a star K, with center u' that has a maximum modulus

value among all the values of By given by X and p+ 1 = |V| > 6. Similarly, in B_, we have Sll,q with v’

that is adjacent to all other vertices in 8117 q such that v has maximum modulus value among all the values of
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B_ and ¢+ 1=|V,|>6. Thus, by Lemma 2.1 and Lemma 4.1, we have

dooXuX, < ) XWX, <Y XX, (4.2)

U'U€B+ ’U,UEB+ u'UeK:l,p

and

Y OXX, < ) XX, <) XuX,. (4.3)

wveB_ uv€B_ weSt ,

Let v and v” be the vertices of B, and B_ with minimum modulus among all the vertices of B, and B_,

respectively. Then

Z XuX, < X0 X0 (4.4)
uve€y
Using 4.2, 4.3, and 4.4 in 4.1, we have
XXy < ) XuXot Y XXy + X X (4.5)
uveB wv€Ky p u@gsiq

Since p > g > 6, the vertices u" and v" can be taken from the pendent vertices of X; , and qu, respectively.
Thus, 4.5 becomes

doXuX, < > XX, (4.6)

uveB uv€B1(p,q)

Now by (2.4) and (4.6), we have
Amin(B%) = XTA(B)X = XT(J -1- A(B)X
=XTJ-1X - XTA(B)X
> XTI -DX - XTABi(p,9)X

= XTA(Bl (p, q)C)X > )\min(Bl (p7 q)c)v

where p > q¢ > 6 and p+ g+ 2 =n > 19. This implies that

)\min(Bl (pa Q)c> S )\min(Bc)~ (47)

By Lemma 3.2, Amin(Bl(f%], L"T_QJ )) < Amin(B1(p, q)€), where equality holds if p = [”;21, q= L"T_zj,
p>q>6,and p+q+ 2 =n > 14. Consequently, for n > 19, )\min(Bl([%_z], L"?_QJ)C) < Amin(B¢), with

equality if and only if B = Bi1([252], [ %52]).

Now, to complete the proof, we prove that the set & consists of exactly one edge and the set Vi
does not contain any vertex with zero value given by X. Before this, we prove that X3 < X; < X5 and
X5 < Xg=X7< Xg < Xy

’

Suppose Bi(p, ¢) has labeled vertices as in Definition 2.2; thus vy = W, vs=v,v3=1u,and vy =0".

The vertices v and wvsg are unique in B, with maximum and minimum modulus, and vy and vs are unique
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in B_ with minimum and maximum modulus, respectively. By Lemma 4.2, as X is the first eigenvector of
the minimizing graph Bi(p,q), X1, X2, X3 are nonnegative and X4, X5, Xg, X7, Xg are negative values of
X. Now, by (3.3), Mi(Xo2 — X31) = —(p—2)X1 — X3 < 0 and A\ (X7 — X3) = — X1 + X3 + X4 < 0. Thus,
Xo— X1 >0 and X; — X3 > 0, which implies X3 < X; < X5. Similarly, A\ (X4 — Xg) = - X4 — X3+ X5 <0,
M(Xs — X7) =2X7— Xg <0, \i(Xg—X7) =0, and (X — X5) = Xy +2X7+ (¢ —5)Xs < 0. Thus
X5 < Xg=X7 < Xg < Xy

By the above discussion and (4.2-4.4), we have By = By = K1, and B_ = B_ = Siq. Consequently,
&1 contains exactly one edge - v3vs. Now, if the value of vy is zero, i.e. Xo =0, then X; = X3 =0
because 0 < X3 < X; < Xo. By (3.3) X5 = 0, which is a contradiction. If the value of v; is zero, i.e. X; =0,
then X5 =0 as 0 < X3 < X;. Solving the first two equations of (3.3), we have X5 = 0 and hence X5 = 0,
which is again a contradiction. If the value of v3 is zero, i.e. X3 = 0, then delete the edges vsvs and wvqvs,
and join vy with vy and one of the pendent vertices of Siq. Thus, we get a graph By(p + 1, — 1) with the
same X such that Apin(B1(p + 1,9 — 1)¢) < Amin(B€), which is again a contradiction if p > ¢ by Lemma 3.2.
Consequently, V; does not contain any vertex with zero value given by X, which completes the proof.
(b) Take n > 22, n = 0(mod 2), and £& = & . Suppose both B, and B_ of B contain the edges of the cycles
of B. Let B be a graph obtained from B such that both B, and B_ induced by the subgraphs B, and B_ of

B are unicyclic. By the deletion and addition of some edges in B, , we have Sllyp with «*, which is adjacent to
all other vertices in Sll’p. Moreover, u* has a maximum modulus value among all the values of By given by X
and p+ 1= |V,| > 11. Similarly, in B_, we have Sllyq with v*, which is adjacent to all other vertices in Sllyq.
Moreover, v* has maximum modulus value among all the values of B_ assigned by X and ¢+ 1 = |V, | > 11.

Thus, by Lemma 2.1, we have

dOXuX, < ) XX, < ) XX, (4.8)

uvEBL wveBy ww€St ,

and

XX, < ) XXy <) XuX,. (4.9)

uveB_ uveB_ w€eST ,

Let u™* and v** be the vertices of B, and B_ with minimum modulus among all the vertices of B, and B_,

respectively. Then

D XuXy € Xyee Xoo. (4.10)
UvEEL
Using 4.8, 4.9, and 4.10 in 4.1, we have
XX < DY XWXyt Y XXy + Xy Xyeo (4.11)
wveEB quSll’p quSll,q

Since p > g > 6, the vertices u** and v** can be taken from the pendent vertices of Sll’p and Sll’q, respectively.

Thus, 4.11 becomes

doXuX, < > XX, (4.12)

uveB uwvEB2(p,q)
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Now by (2.4) and (4.12), we have, Apin(B2(p,¢)¢) < Amin(B€), where p > ¢ >4 and p+q¢+2 =n > 22.
Furthermore, by Lemma 3.4, /\min(Bg(f”T*ZL L%*zj)“) < Amin(B2(p, q)¢), where equality holds if p = f”?*ﬂ,
q=1%2],p>q>4,and p+q+2=n > 10. Consequently, for n > 22, Apin(B2([252], [ %52])°) < Amin(B°),
with equality if and only if B = Ba([252], [%52]). Moreover, by the use of (3.7), Definition 2.4, Lemma 2.1,
and similar discussion as in (a), we have By = B, = ‘Sll,p’ B_ =B_= Sllyq, &y consists of exactly one edge

Kk o kok

w**v** and the set V does not contain any vertex with zero value given by X. This completes the proof. O
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