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Abstract: In this paper we consider some normalized Bessel, Struve, and Lommel functions of the first kind and, by
using the Euler—Rayleigh inequalities for the first positive zeros of a combination of special functions, we obtain tight
lower and upper bounds for the radii of starlikeness of these functions. By considering two different normalizations of
Bessel and Struve functions we give some inequalities for the radii of convexity of the same functions. On the other
hand, we show that the radii of univalence of some normalized Struve and Lommel functions are exactly the radii of
starlikeness of the same functions. In addition, by using some ideas of Ismail and Muldoon we present some new lower
and upper bounds for the zeros of derivatives of some normalized Struve and Lommel functions. The Laguerre-Pdlya

class of real entire functions plays an important role in our study.

Key words: Lommel, Struve, and Bessel functions, univalent, starlike, and convex functions, radius of univalence,
starlikeness, and convexity, zeros of Lommel, Struve, and Bessel functions, Mittag—Leffler expansions, Laguerre-Pdlya

class of entire functions

1. Introduction

It is known that special functions, like Bessel, Struve, and Lommel functions of the first kind, have some beautiful
geometric properties. Recently, the geometric properties of the above special functions were investigated,
motivated by some earlier results. In the 1960s Brown, Kreyszig and Todd, and Wilf (see [13-15, 18, 22])
considered the univalence and starlikeness of Bessel functions of the first kind, while in recent years the radii
of univalence, starlikeness, and convexity for the normalized forms of Bessel, Struve, and Lommel functions of
the first kind were obtained; see the papers [1-3, 7-12, 19, 20] and the references therein. In these papers it
was shown that the radii of univalence, starlikeness, and convexity are actually solutions of some transcendental
equations. On the other hand, it was shown that the obtained radii satisfy some interesting inequalities. In
addition, it was proved that the radii of univalence of some normalized Bessel and Struve functions correspond to
the radii of starlikeness of the same functions. In the above works the authors intensively used some properties
of the positive zeros of Bessel, Struve, and Lommel functions of the first kind under some conditions. They also
utilized the Laguerre—Pdlya class LP of real entire functions. Motivated by the above developments in this

topic, in this paper our aim is to give some new results for the radii of univalence, starlikeness, and convexity of
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the normalized Bessel, Struve, and Lommel functions of the first kind. This paper is a direct continuation of the
paper [1] and it is organized as follows: Section 1 contains some basic concepts, while in Section 2 we focus on

a linear combination of the Struve function and its derivative and the derivative of the Lommel function. Here
we give some lower and upper bounds for the smallest positive zeros of these functions. To prove our results we

use some ideas from [17]. We also consider two normalized forms of Struve and Lommel functions, respectively.
For these functions, we show that the radii of univalence and starlikeness coincide. At the end of this section we
obtain some new lower and upper bounds concerning the radii of convexity of four different normalized forms
of Bessel and Struve functions of the first kind. The bounds deduced for the radii of convexity are in fact
particular cases of some Euler-Rayleigh inequalities and it is possible to show that the lower bounds increase
and the upper bounds decrease to the corresponding radii of convexity, and thus the inequalities presented
in this paper can be improved by using higher order Euler-Rayleigh inequalities. We restricted ourselves to
the third Euler—Rayleigh inequalities since these are already complicated. For more details on Euler-Rayleigh
inequalities for zeros of Bessel functions we refer to [17] and to [21, p. 501].

Now we would like to present some basic concepts regarding geometric function theory. Let D, = {z €
C : |z| < r} be the open disk, where r > 0. Also, let f : D, — C be the function defined by

flz) = z—i—Zanz". (1.1)

n>2

The function f, defined by (1.1), is called starlike in the disk D, if f is univalent in D,., and f(D,) is

a starlike domain in C with respect to the origin. Analytically, the function f is starlike in D, if and only if

Re (fo;i‘;)> > 0 for all z € D,.

The real number

r*(f) = sup {r > O‘Re (ZJ{;S)) >0 forall z € ]D)T}

is called the radius of starlikeness of the function f.

The function f, defined by (1.1), is convex in the disk I, if f is univalent in I,., and f(D,) is a convex

domain in C. Analytically, the function f is convex in D, if and only if

Zf”(2)>
Re |1+ > 0 for all z € D,..
( f'(z)
The radius of convexity of the function f is defined by the real number
1
r°(f) = sup {r > 0|Re (1 + Z]{/(S)> >0 forall z € ]D,.} .

Finally, we recall that the radius of univalence of the analytic function f in the form of (1.1) is the largest

radius r such that f maps D, univalently into f(D,).

2. Bounds for the zeros of some special functions

In this paper we consider three classical special functions, the Bessel function of the first kind .J,,, the Struve
function of the first kind H,, and the Lommel function of the first kind s, ,. It is known that the Bessel
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function has the infinite series representation [4, p.8]

2= Y i ()

n>0

where z,v € C such that v # —1,—2,.... Also, the Struve and Lommel functions can be represented as the
infinite series

N T e 16 B L

S Tn+3)T(n+v+3)
and
_ (2) ! (=" AN
S = (,u—y—|—1)(u—|—l/—|—1)n§z:o (=8 (s (5) glntr-3¢N,

where z,u,v € C. In addition, we know that the Bessel function is a solution of the homogeneous Bessel
differential equation

2w (2) + 2w’ (2) + (22 — v*)w(z) = 0,

while the Struve and Lommel functions are solutions of the inhomogeneous Bessel differential equations

2w (2) + 2w’ (2) + (22 = V)w(z) = —22——

and

2w (2) 4+ 2w’ (2) + (22 — V)w(z) = M,

respectively. We refer to Watson’s treatise [21] for comprehensive information about these functions. On the
other hand, the Laguerre—Pdlya class LP of real entire functions plays an important role in our proofs. Recall
that a real entire function ¥ belongs to the Laguerre-Pdlya class LP if it can be represented in the form

x -
U(x) = caMe 0w b H <1 + ) e o,
Zn,
n>1
with ¢,b,7, € R,a > 0,m € Ny, and > 1/z,2 < oco.
We note that the class LP consists of entire functions, which are uniform limits on the compact sets of

the complex plane of polynomials with only real zeros. For more details on the class LP we refer to [16, p.

703] and to the references therein.

2.1. Zeros of linear combination of Struve function and its derivative

In this subsection by considering the Struve function H, and its derivative H/, we define the function H, as

follows:
H,(z) = aH,(2) + zH, (2).

The function H, can be written as

H,(2) = Z (-D)"C2n4+v+a+1) (Z)2n+,,+1-

S T+ 0w +n+3) \2
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Let a+ v # —1. Here we focus on the following normalized form:

ho(2) = (@ +v+ 17T (‘Z’) r (u + 3) T (VE) =Y Ch"@ntvratl) .

2 = 220(v+a+1)(3),(v+ 2),
Our first main result is related to the function H,.

Theorem 1 Let a+v > —1,|y| < % and let (1 be the smallest positive zero of the function H,. Then we
have the lower bounds
9 32v+3)(at+v+1)
v,1 >
’ a+v+3

)

> 32v+3)(a+v+1)y/5(2v+5)
<V71 \/a )

32v +3)(a+v+1)Y/35(2v +5)(2v +7)

2
Cl/,l > %
and the upper bounds
2 < 152v +3)2v +5)(a+ v+ 1)(a+ v +3)
v,1 )

R1

5 212v+3)2v + ) (a4 v + 1)k

v,1 Ko ’

where k1 = —202v + 7a? — daw? 4+ 2av + 42a — 2v° — 502 4+ 720 + 135 and ke = —4a®v? — 9603y + 14502 —
12a21° — 3240212 — 42902y + 130502 — 12ar* — 360ar® — 1689ar? + 1170 4+ 6291 — 40° — 132v* — 111503 +
62102 + 123390 + 14931.

Proof Tt is known (see [5]) that the zeros of the function

- (-)"2n+v+a+l)
()= 2 e D@ T D

n>0
all are real when o +v > —1 and |v| < % As a result of this we can say that the function h, belongs to the
Laguerre—Pdlya class LP of real entire functions, which are uniform limits of real polynomials whose all zeros
are real. Thus, the function z +— h,(z) has only real zeros and having growth order % it can be written as the
product

z
h(2) =] (1 - 2> ;
n>1 v,n

where ¢, ,, > 0 for each n € N. By considering the Euler-Rayleigh sum 4, = ZnZl G 2k and the infinite sum

representation of the Struve function H,, we have

hl(z 1 1 ,
hEz§ =) ma =2 | Ly | L e <G (2.1)

v,n k>0 \n>1 V7 k>0
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h,, (2) /

=) 02" Yn2", 2.2
e " -
where
(- @2n+v+a+3)(n+1)

_ (-L@ntvta+l)
22n+2(y + o+ 1)(%)n+1(l/ + %)"+1

0, .
22”(” + o+ 1)(%)”(1/ + %)n

and v, =

By comparing the coefficients of (2.1) and (2.2) we have the following:

5 (a+v+3) 5 K1
T3 d)(atr+1) T 4520 +3)2(2u +5)(a+ v+ 1)
53 = e
57 945(20 4 3)3 (402 + 241 + 35) (a + v + 1)
where
k1 = —20%v 4+ 7a? — dav® + 2av + 42a — 2% — 5% 4+ 720 + 135
and

Ko = —4a®1? — 960%Y + 14502 — 12021 — 3240%1? — 4290°y + 130502 — 12av* — 36001/

— 1689ar? + 1170 + 6291 — 41° — 1320* — 11150° + 6212 + 123390 + 14931.

Now, by using the Euler—Rayleigh inequalities 5;6_% < Cil < 55_’;_1 for a+v> -1,y < % and k € {1,2,3},

we get the following lower bounds:

9 32v+3)(a+v+1)
u1>
’ a+v+3

)

5 32v+3)(a+v+1)y/5(2v +5)
v,1 > )
) /Rl

2 32v+3)(a+v+1)¢/352v +5)(2v +7)
v,1 \3/@

and the upper bounds
2 152v +3)2v +5)(a+ v+ 1)(a+v +3)

v,1 K1 ’

5 212v+3)2v + ) (a+ v + 1)Ky

v,1 Ko

In particular, when o = 0, Theorem 1 reduces to the following:
Theorem 2 Let [v| < 3 and let h;, 1 be the smallest positive root of Hj,. Then we have the lower bounds

320 +3)(v + 1)

n, )% >
(V,l) l/+3

)
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32v+3)(v+1)\/5(2v + 5)

/ 2
v, >
(h1) V=218 — 502 + 20 + 135

32v +3)(v +1)/35(2v +5)(2v + 7)
V—4r® — 13204 — 111503 + 6212 + 12339v + 14931

(/)2

and the upper bounds

152v +3)(2v +5)(v + 1)(v + 3)
—2u3 — 502 + 720 4 135 ’

(1)

21(2v + 3)(2v + 7)(v + 1)(—2v3 — 5v? + T2v + 135)

! 2
()™ < —4v5 — 13204 — 111503 + 62102 + 12339y + 14931

Here it is worth mentioning that Theorem 2 reobtains and improves some results of [6] regarding the first
positive zeros of the derivative of the Struve function. We mention that our approach is a little bit different

than the approach in [6].

2.2. Bounds for the zeros of derivative of Lommel functions

We consider the function

L,(z) =zs

/ ( _ (71)n(2n+‘u+ %) 2”+H+%
=33 z) = Z n + pt3y ? ’
22 n>0 drp(p 1) (& )H(T)n

where 5;,; 1 (2) stands for the derivative of Lommel function. Let p € (—=1,1),u # 0 and u # —%. Now we

222

define the following normalized form of the function £, . Let

() = R E D) mes

2p+1)
Clearly, the function I, can be written as
"2n 4 p+ %)
=1+ 2 2",
,; 22” )(“”)n(%g)n

Theorem 3 Let p € (—1,1),u # 0, # f% and let 7,1 be the smallest positive zero of the function L, . Then

we have the lower bounds

(L+2)(p+3)(2n+1)
2u+5

(7'/%1)2 >

)

(n+2)(p+3) 2+ 1)/ (p +4)(p +5)
V—4pt = 2453 41942 + 2950 + 392

(Tu,1)2 >

(L+2)(p+3) 2+ 1)/ (n+4)(u+5)(n+6)(n+7)
$/BuT 4 448 — 554p5 — 4731t — 767245 + 235512 + 85834y + 72384

(Tu,1)2 >
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and the upper bounds

(n+2)(p+3)(p+4)(p+5)(2p+1)(20 +5)
— At = 2443 + 1942 + 295 + 392 ’

(Tu,l)z <

(+2) (1 +3) (e +6)(p+ 7)(2p + 1) (—4p* — 24p3 + 192 + 2951 + 392)
8uT + 44uS — 5545 — 4731 pt — 767213 + 2355142 + 858344 + 72384

(Txt,l)Q <
Proof The normalized Lommel function

_ 2p(p A1)
lu(z) = mz /;/L(\/E)

has only real zeros for p € (—1,1),1 # 0 and p # —3% (see [12]). Consequently, the function [, belongs to the

Laguerre-Pélya class LP of real entire functions. Thus, {,(z) can be written as the product

z
H(l_ 2 )
n>1 T,u,,n
—2

where 7, , > 0 for each n € N. Now by using the Euler-Rayleigh sum n, = > -, T/“Lk and the infinite sum

representation of the Lommel function s,_ 1,1 we get
L/ (2) 1 1 k k 2
1.(2) 222_72 :_ZZ(TQ )k+1z :_anﬂz 2l < T (2.3)
H n>1 pn n>1k>0 * KN k>0

l#/(z) _ n n
(%) = anz /Zanz , (2.4)

n>0 n>0

where
(=)™ (n+1)2n+p+ 3)

(=1)"(2n+p+ 1)
~ 9242 1\(A+2 113 and oy, =
(/1' + 2)( 2 )nJrl( 2 )n+1

B 22”(/‘ + %)(;%-2)”(;%3)”

Pn

By equating the coefficients of (2.3) and (2.4) we obtain

B 2+ 5 o —Ap* — 2403 + 192 + 2950 + 392
M BT 12+ 17u+ 6" T (u+22(u+3)2(u+4)(u + 5)(2u + 1)
and
817 4+ 448 — 5545 — 4731 p* — 76724 + 2355142 + 85834 + 72384
n3 =

(423 (p+3)2(n+4)(p+5)(n+6)(n+7)(2n+1)°

Now by considering Euler-Rayleigh inequalities nk_% < Til < nZil for p e (=1,1),p # O, # —% and

k € {1,2,3} we obtain the lower bounds

(1 +2)(p+3)(2u+1)
2u+5

(7%1)2 >

)

(h+2)(p+3)2p+ 1)/ (p+4)(p +5)
V= Apt = 243 41942 + 2950 + 392

(Tu,1)2 >
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(B+2)(p+3)2u+ 1)/ (n+4)(p+5)(n+6)(u+7)

2
Tp1)? >
(i) /8T 4 4448 — 55445 — 4731t — 767245 + 235512 + 85834y + 72384

and the upper bounds

(h+2)(p+3)(p+4)(p+5)(2p+1)(2p +5)
—Ap* — 243 + 1942 + 295, + 392 ’

(Tu,l)Q <

(4 2)(p+3) (4 6) (4 7)(2p + 1) (—4p* — 24p> + 19> + 2954 + 392)
SuT + 44pb — 55445 — AT31p — 76723 + 2355142 + 85834y + 72384

(Tu71)2 <

2.3. Radii of univalence (and starlikeness) of Struve functions

Here our aim is to show that the radii of univalence of the Struve function wu, correspond to the radii of

starlikeness.

Theorem 4 Let v € [—%, %} The radius of univalence r*(u,) of the normalized Struve function

2 uy(2) = (x/ﬁ”r (u + 3) H,,(Z)> o

corresponds to its radius of starlikeness and it is the smallest positive root hy,, of H;,.

Proof If we consider the Maclaurin series expansion of the function

1
v+1

2 up(2) = (ﬁm (u + 3) H,,(z)>

we obtain
u(z) =z — ! 23+ ! 25— (2.5)
7 3w+ 1)(2v+3) 90(v + 1)2(2v + 3)2(2v + 5) ’
Therefore, the function u, has real coefficients. Also, we know that if the function z — z + a22% + ... has

real coefficients, then its radius of starlikeness is less than or equal to its radius of univalence; see [22]. Now we
should show that the radii of univalence are less than or equal to the corresponding radii of starlikeness. From
the definition of u,(z) we can write that

u,(2)  v+1H,(2) v+1

2u (2 zH! (2 22
l/( ) 1 HI/( ) o 2 Z 5 _22. (26)

n>1 " vn

Thus, for v € [—%, %], we obtain that

2

zu;,(2) 2 z 2 |2|? | 2|, (|2])
R ’ =1-—— ) Re| 5—— | >1- =’
()= e () 2 S e

That is,

e (zu;(z)> L ), (2.7)

where r = |z|. The quantity on the right-hand side of the inequality (2.7) remains positive until the first
positive zero of u!,. These show that indeed the radius of univalence corresponds to the radius of starlikeness

of the function u, . O
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2.4. Radii of univalence (and starlikeness) of Lommel functions

In this subsection our aim is to show that the radii of univalence of the Lommel function f,, correspond to the

radii of starlikeness.

Theorem 5 Let u € (f%, 1), 0 # 0. The radius of univalence r*(f,) of the normalized Lommel function

2 ful2) = Fuop 3 () = (il + D3,y 4 (20) 77

corresponds to its radius of starlikeness and it is the smallest positive root of s:h

11
302
Proof If we consider the Maclaurin series expansion of the function
L 1
2o ful2) = ey 4 () = (it Ds,y 4 () 7
we obtain
2 3 203 + 16p% + 39 — 16 5

fu(z) =z

(+2)(n+3)(2u+1) 2(p+2)(p+3)(p+4) (1 +5)(2p + 1)
Therefore, the radius of starlikeness of the function f, is less than or equal to its radius of univalence; see [22].

On the other hand, from the definition of f,, we can write that

2f.(2) =8

/
1 p—35,% z
—1- . (2.8)
fuz) 1+ 5 s, 11(2) 1+4 ZZQ, — 22
Thus, for p € (—1,1), 4 # 0 we obtain that

D\ 2 2 ) EOEIAT)
Re(ff(z>>11+’s,§Re(l2 ) T o

wn

That is,

2HE)\ )
e ( e ) SNACR (2.9)

where r = |z|. The quantity on the right-hand side of the inequality (2.9) remains positive until the first
positive zero of f[/t is reached. These show that indeed the radius of univalence corresponds to the radius of

starlikeness of the function f,. O

2.5. Radii of convexity of Bessel functions

In this subsection we consider two different normalized forms of the Bessel functions of the first kind. Here
we show that the radii of convexity of these functions are the smallest positive roots of some transcendental

equations. Moreover, we will present some inequalities for the radii of convexity of the same functions.
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Theorem 6 Let v > —1. Then the radius of convexity r°(g,) of the function
z g (2) = 2T (v + 1)z 77 J,(2)
is the smallest positive root of the equation (zg.(z)) =0 and satisfies the following inequalities:

2v/v +1
3

v+1)¥+2)

<r9v) <6\ e TRy

o/ W+ 12 (v +2) <r¥(g)) \/2(561/+137)(1/+1)(1/+3)

56v + 137 20812 + 11720 + 1693’

s/32(u +1)3(v+2)(v + 3) < r(g,) < 2\/ 2(v + 1) (v + 2)(v + 4)(20802 + 1172w + 1693)
20812 4 11721 4 1693 g 310404 + 3676813 + 16142402 + 3121971 + 223803

Proof By using the Alexander duality theorem for starlike and convex functions we can say that the function
g, is convex if and only if z — zg/(z) is starlike. However, the smallest positive zero of z — (z¢/,(2)) is
actually the radius of starlikeness of z — zg,,(z), according to [7, 8]. Therefore, the radius of convexity (g, )

is the smallest positive root of the equation (zg/,(2))" = 0. See also [10] for more details. Now, by considering

the Bessel differential equation
2T (2) + 2T (2) + (22 = vH)J,(2) =0 (2.10)

and the infinite series representations of the Bessel function and its derivative

To(z) = (et (2.11)
= 22ntvpll(n + v+ 1)’
—1)”(2’11 + V)z2n+u—1
J,(2) = ( 2.12
o(2) ngo 22ntvplT(n+v+1) (2.12)
respectively, we obtain
"(2n + 1)2z%"
Ay(z) = (2g.(2) =1+ Z 22%, ., (2.13)

Since the function g, belongs to the Laguerre-Pdlya class of entire functions and L£P is closed under differen-
tiation, we can say that the function A, belongs also to the Laguerre-Pdlya class. Therefore, the zeros of the
function A, are all real. Suppose that (5, ,s are the zeros of the function A,. Then the function A, has the

infinite product representation as follows:

2
A=) =] <1 - ’Z) . (2.14)
n>1 v,n
By taking the logarithmic derivative of (2.14) we get
AL(2) 2k 1
AV(Z) = -2 Zpk-‘rlz |Z| < /81/ 1 (215)
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where pp =3 -, B, 2k On the other hand, by considering the infinite sum representation of A, (z) we obtain

Aly(’z) o n+1 n
A ) = ZEnZQ + /ZnnZQ , (2.16)

n>0 n>0

where

-1 n+12 2 2
5n:( )" 2020 43)7 4k =
222l (v + 1)pta

(—=1)"(2n + 1)?
22npl(v 4+ 1),

By comparing the coefficients of (2.15) and (2.16) we obtain

9 _ 56v+137 20802 + 11720 + 1693
A+ )T 160 r 12 +2) T 20+ 03w+ 2)(v+3)

P =

and
31040* + 3676807 + 16142402 + 3121970 + 223803
pa= 216(v + 1) (v + 2)2(v + 3) (v + 4)

Now by considering the Euler-Rayleigh inequalities pp =% < B, < S for v > —1 and k € {1,2,3}, we

Pl+1
obtain the following inequalities:

2v/v +1
3

v+ 1)¥+2)

< rg, 6 )
rlgv) < 56v + 137

Jw+1)2(v+2) () \/2(561/+ 137) (v + 1) (v + 3)
56v + 137 v 20812 4+ 11720 + 1693

§/32(V +1)3(v 4+ 2)(v + 3) r(g) < 2\/ 2w+ 1) (v +2)(v + 4)(208v2 + 1172v + 1693)
2082 4+ 1172v + 1693 I 3104v* + 3676813 + 16142412 + 312197v + 223803

Theorem 7 Let v > —1. Then the radius of convexity r°(h,) of the function
Zs hy(2) = 2T (v +1)2' 2, (V%)
is the smallest positive root of the equation (zh!,(2))' = 0 and satisfies the following inequalities:

16(v+1)(v+2)

1 ¢(h, )
v+1<ri(h,) < o+ 93

2w+ 1)(v + 3)(Tv +23)
92 4 60v + 115 ’

r°(h,) <

\/16(1/ +1)2(v+2) -
v+ 23

8(v+1)(v +2)(v + 4) (902 + 60v + 115)
47v4 + 62103 + 313612 + 7221v + 6195

</32(V +1)3(v +2)(v + 3) _

Chu
902 + 60v + 115 () <
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Proof By using the same procedure as in the previous proof we can say that the radius of convexity r¢(h,)
is the smallest positive root of the equation (zh/,(2))" = 0. See also [10] for more details. Now, by setting /z
instead of z in (2.10),(2.11), and (2.12), respectively, we obtain

0,(2) = (zh(2)) =1+ Z (_22122%111)):”

(2.17)

In addition, we know that h, belongs to the Laguerre-Pdlya class of entire functions £P. Since LP is closed
under differentiation, we can say that the function 6, belongs also to the Laguerre-Pdlya class. That is, the
zeros of the function 6, are all real. Suppose that <, ,s are the zeros of the function 6,. Then the function 6,

has the infinite product representation as follows:

6,(=) =[] (1 - = ) (2.18)

== orr12¥, 2l <y, (2.19)
E>0

where ox =), 517, k. Also, by using the derivative of infinite sum representation of 6,(z) we get

0,(2) _ n n
0,02 Zmnz /anz , (2.20)

n>0 n>0

where
_ (=) (n+2)?
n — 22(n+1)n!(y + 1)n+1

(~1)"(n+1)’

ds,=F"—"—""—".
and s 22rnl(v + 1),

By comparing the coefficients of (2.19) and (2.20) we have

1 _ Tv 423 P4 60v 4115
Tl T 60120+ 2P T B2+ D)3+ 2)(v + 3)

01

and
AT 4 6210° 4 313607 + 7221 4 6195
04T TTo56(v + 14w + 2)2(v + 3) (v + 4)

By applying the Euler-Rayleigh inequalities o~ % < Y1 < inl for v > —1 and k € {1,2,3} we have
16(v+1)(v+2)

1 ¢(h, ,
v+1<ri(h,) < T+ 93

2w+ 1)(v + 3)(Tv +23)
902 + 60v + 115 ’

\/16(1/ +1)2(v+2) -

Chl/
0+ 23 () <

8(v+1)(v+2)(v +4) (9 4 60v + 115)
4704 + 62113 + 313612 + 7221y + 6195

€/32(u + 13 +2) (v +3) _

°(h,
902 + 600 + 115 () <
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2.6. Radii of convexity of Struve functions

In this subsection we consider two different normalized Struve functions of the first kind. Here we show that
the radii of convexity of these functions are the smallest positive roots of some transcendental equations. We
also give some lower and upper bounds for the radii of convexity of these functions.

Theorem 8 Let [v| < 5. Then the radius of convezity r(u,) of the function
— 3
2 u,(z) = m2"2 VT (v + 3 H,(2)

is the smallest positive root of the equation (zu’,(2)) = 0 and satisfies the following inequalities:

2u+3<r0( ) \/36u2+1441/+135
3 v 34y +105

</3(21/ +3)°(2w+5) _ reuy) < 5(2v 4 3)(2v + 7)(34v + 105)
34v + 105 g 3(26802 4 1824w + 3213)

)

\6/5(2u +3)3(2v+5)(2v +17) <r(uy) < 3\/7(2V +3)(2v + 5)(2v 4 9)(268v2 + 1824v + 3213)
26812 + 1824y + 3213 v*

where v* = 1603361 + 225646413 + 1185590412 + 27626796v + 24017715.

Proof Similarly as in the proof of Theorem 6 we observe that the radius of convexity 7°(u,) is the smallest

positive root of the equation (zu,(z))" = 0. See also [12] for more details. Now, by considering the Struve

differential equation

20y / 2_ 2 _ 43!
z“H,(2) + zH, (2) + (2* — v )H,(2) NCAOEES (2.21)

and the infinite series representations of the Struve function and its derivative

B (-1)” 2\ 2n+v+1
Hy(z)_gf(n—l—%)F(u—kn—i—%) (5) 7 (2.22)
PN (-D)"(2n+v+1) 2\ 2ntv
H,(2) _nZZOQF (n+3)T(v+n+32) (5) 7 (2.23)
respectively, we get
() = (s () = 1+ 3 g b (224

n>1

Since the function u, belongs to the Laguerre-Pdlya class of entire functions £P and this class is closed under
differentiation we obtain that the function €2, belongs also to the Laguerre—Pdlya class. Therefore, the zeros of
the function €2, are all real. Suppose that 1, ,s are the zeros of the function 2,,. Then the function 2, has

infinite product representation as follows:
22
0z =] (1 — 192) : (2.25)
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By taking the logarithmic derivative of (2.25) we have

Q,(2)
Q,(2)

= =2 xp 2 2] <07, (2.26)
k>0

where x, = 3,5, 7, 2k On the other hand, by considering infinite sum representation of €2,(z) we get

Q,(2) _ 2n41 2n
2 (2) —ZTnZ + /chz , (2.27)

n>0 n>0

where
(=D (2n+3)(n+ 1)

(=D)"(2n+1)
n = and ¢, =
227+ (3) 1 (V4 $)nt

B 22”(%%(”"‘ %)n

Now, by comparing the coefficients of (2.26) and (2.27), we obtain

E 34w 4105 26807 4 1824w + 3213
M 3 T 3w+ 322w +5) " T 5w+ 332w +5)(2v +7)
and
1y — 1603360 1 22564640" 4 1185590402 1 27626796v + 24017715
4 = .

315(2v + 3)4(2v + 5)2(2v + 7)(2v +9)

By using the Euler-Rayleigh inequalities yj~* < 02, < xfj-l for [v] < 5 and k € {1,2,3} we obtain

2v+3 < r¥(u) \/361/2+1441/+135
UV )
3 34v + 105

</3(2u +3)2(2v + 5) < () < 5(2v + 3)(2v + 7)(34v + 105)
34v + 105 v 3(26812 + 1824v + 3213) '

\5/5(2u +3)302v +5)(2v +17) < () < 3\/7(2u +3)(2v + 5)(2v + 9)(268v2 + 1824v + 3213)
26802 + 18241 + 3213 v

v* ’

where v* = 1603360* + 22564641° + 1185590412 + 27626796 + 24017715. O
Theorem 9 Let |v| < §. Then the radius of convezity v°(w,) of the function

2w, (2) = VA2'z 2 T (u + 2) H,(v/z)

is the smallest positive root of the equation (2w’ (2)) =0 and satisfies the following inequalities:

32w +3) 30(2v + 3)(2v + 5)
e T AT
45(2v + 3)%2(2v + 5) r<(w,) 21(2v + 3)(2v + 7)(26v + 119)
2(26v + 119) v 2(40412 + 3396V + 8665)
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30(2v + 3)(2v + 5)(2v + 9) (40412 + 33961 + 8665)

px*

< rf(wy) <

)

4/ 945(2v + 3)3(2v + 5)(2v + 7)
4(404v2 4 3396V + 8665)

where v** = 36368v% + 58884813 + 369577612 + 107933321 + 11828151
Proof By using the same idea as in the proof of Theorem 6 we have that the radius of convexity r¢(w, ) is the
smallest positive root of the equation (zw!,(z))" = 0. See also [12] for more details. Now, if we put /2 instead

of z in (2.21),(2.22), and (2.23), respectively, after some calculations we obtain

AU
n+ 1)(%)71(” =+ %)n

Yo (2) = (2w (2)) =1+ 72 (2.28)

On the other hand, we know that the function w, belongs to the Laguerre-Pdlya class of entire functions £LP
and the Laguerre—Pdlya class of entire functions is closed under differentiation. Therefore, we get that the
function 1, belongs also to the Laguerre—Pdlya class. Hence, the zeros of the function v, are all real. Suppose
that €, ,s are the zeros of the function 1, . Then the function %, has the infinite product representation as

follows:

vz =[] (1 - ) (2.29)

€
n>1 v,n

If we take the derivative of (2.29) logarithmically, then we get

vy (z) _ k
o) Iggpkﬂz 2 < evn, (2.30)

where ¢ =3, 5, 6, % Also, by taking the derivative of (2.28), we have

Yo (2) n o
o) = tn /Z 2, (2.31)

n>0 n>0

where
(- (n+2)2(n+1)

. (-1 (n+1)?
" 2220+ 3) (Dt (0 F Do

22n(2n + 1)(%)n(” + %)n '

and r, =

Now, by comparing the coefficients of (2.30) and (2.31) we get

4 (260 +119)  4(404v2 4 3396V + 8665)
320 +3) 72T 4520 +3)2(2v +5) 72 T 94520 + 3)3(2v + 5)(2v + 7)

Y1 =

and
_2(363680" + 58884817 + 369577617 + 10793332 + 11828151)
= 14175(20 + 3)3(2v + 5)2(2v + 7)(2v + 9)

When we use the Euler—Rayleigh inequalities gok’% <€ < wfil for |v| < % and k € {1,2,3} we obtain the

following inequalities:

3(2v + 3)

<ro(wy) < 30(2v + 3)(2v + 5)
4 14

26v + 119 ’
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21(2v + 3)(2v + 7)(26v + 119)
2(404v2 + 3396v + 8665)

\/45(2V—|—3)2(21/+5) () <

2(260 + 119)

4194520 + 3)3(2v + 5)(2v + 7) <r(wy) < 30(2v + 3)(2v + 5)(2v + 9) (40412 + 3396V + 8665)
4(404v2 + 3396w + 8665) v pr ’
where v** = 3636801 + 5888481 + 369577612 + 107933321 + 11828151. O
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