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Abstract: The oscillation and nonoscillation theories for nonlinear systems have recently received a lot of attention. We
consider a two-dimensional time-scale system and find the oscillation criteria for solutions of the system by using some
improper integrals and inequalities. We also give a few examples in order to highlight our main results.
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1. Introduction

In this paper, motivated by [22], we deal with the system

{sr:A(t) = a(t) f(y(t)) (1)

Yy (t) = —b(t)g(x(t)) + c(t),

where a,b € Crq([to,0)T,RT), ¢ € Crq([to,0)T,R), and f and g are nondecreasing functions such that
uf(u) > 0, ug(u) > 0 for u # 0 and g is continuously differentiable. A time scale T, a nonempty closed
subset of real numbers, was introduced by Stefan Hilger in his PhD thesis in 1988 in order to harmonize discrete
and continuous analyses to combine them in one comprehensive theory and eliminate obscurity from both.
The time-scale theory was published in a series of two books by Bohner and Peterson in 2001 and 2003; see
[3, 4]. Throughout this paper, we assume that T is unbounded above and whenever we write ¢ > ¢; we mean

t € [t1,00)T := [t1,00) N T. Some oscillation and nonoscillation results for the nonlinear equation

(a())z™ (1) + b(t)g(27 (1)) = () (2)

and the system

{IA(t) =a(t)f(y(t)) (3)

—b(t)g (27 (1)) + c(t)

and for some variations of systems (1) and (3) are shown in [14, 15, 18, 22]. A solution (z,y) of system (1)

<
>
—~
~
~—
I

is called oscillatory if = and y have arbitrarily large zeros. System (1) is called oscillatory if all solutions are
oscillatory.
The set up of this paper is as follows: in Section 1, we give the preliminary lemmas and the time-scale

calculus used in our main results. In Section 2, we give our main results by using convergence/divergence of
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some certain improper integrals. In Section 3, we give an example in order to emphasize one of our main results.

Finally, we finish the last section by giving open problems and applications.

We give the following preliminaries in order to use them in our proofs. One can find details in [3, 16].

Proposition 1 (Comparison Theorem) [16, Theorem 4.2] Suppose h : R — R is nondecreasing and z :

T — R is such that h o z1 is rd-continuous. Let p > 0 be rd-continuous and o € R. Then

t

z21(t) <« —|—/ p(T)h(z1(T))AT, t >t
to

implies 21 (t) < 22(t), where zy solves the initial value problem

22(t) = p(H)h(z2(t)),  za(to) = 220 > a.

Proposition 2 (Quotient Rule) [3, Theorem 1.20 v] Assume hi,hy : T — R are differentiable at t € T*

and ha(t)ha(o(t)) # 0. Then Z—; is differentiable at t and

B\ o BAOha(t) — (DS (0)
<h> O = )

Proposition 3 (Chain Rule) /3, Theorem 1.90] Let hy : R — R be continuously differentiable and suppose
ho : T — R is delta differentiable. Then hy o hg : T — R is delta differentiable and the formula

(o a0 ={ [ 400 + it ()an 10

holds.

Proposition 4 (Integration by parts) /3, Theorem 1.77 vi] If a,b € T and hy,he € Cyq, then
b b
/ hi(t)hg (£) At = (hih)(b) — (hihs)(a) — / hi* (t)ha(o (1)) At

holds.

For the sake of simplicity in our proofs, let us set

S

Alt,s) = /t Ca(u)du, Bt s) = /t bu)Au,
Clt,s) = ts|c(u)|Au, D(tvs):/j (b(u)— g(cx(zg)JAu,

/S y7 (u)x® (u) fol [g’ (x(u) + h,u(u)xA(u)) dh]
¢ g(z(u))g(z7 (u))

I(t,s) = Au.

Since the following lemma was proved by Anderson [1] for the component functions = and y in the case

¢(t) = 0, we skip the proof because they are very similar.
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Lemma 1.1 Let (x,y) be a nonoscillatory solution of system (1). Then the component function x is also
nonoscillatory.

Lemma 1.2 Suppose that (z,y) is a nonoscillatory solution of system (1) and ty,to € T. If there exists a
constant K > 0 such that

H(t)> K, t>t, (4)
where H is defined as
() =~ 2 Do) + 101,10, )

then y(t) < —Kg(z(t2)), t=>to.
Proof Suppose that (x,y) is a nonoscillatory solution of system (1). Then by Lemma 1.1 we have that x
is also nonoscillatory. Without loss of generality, assume that z(t) > 0 for ¢t > t; > to, where t1,tg € T.

Integrating the second equation of system (1) from ¢; to ¢ and Proposition 4 give us

t 8)As = y(t) — y(t t 1 : 7(s)As tic(s) s
fpone= 2 - e+, (Gen) w02 [ ey ©
By applying Propositions 2 and 3 for equation (6), we have
! _oyt) oy boe(s) s
R oy Raery M R U @
Rewriting equation (7) gives us
oy _y(t)
glaty ~ PO gy I 20 )
Now by using (4) and (5), we get
—g(yx((tz)) > K+ I(ta,t), t>1ta>1. 9)

Note that y(t) < 0 and z2(t) < 0 for t >ty since y(t)z>(t) = a(s)y(s)f(y(s)) > 0. Otherwise, we would have

% > 0, which is a contradiction. Let

—v(t
o(t) K+ 1I(ty,t), t>ts. (10)
T
Then we have

>0, t>ts. (11)

( —u(t) )A T (0eR ) Jy [9 (2) + hu(t)a (1)) dh]
9(a(t)) a((t)g(x (1))

Since z(t) > 0 and v(t) < 0 for t > to, it follows that —2H > —v®)

T 2 Ty e y(t) < w(t) < 0 for ¢ > to.

Therefore, we have by (11) that

( —u(t) )A 0z Jy [9f (#(0) + hu(t)z® (1) dh]
9(x(t) )~ g(x(t)g(z7 (1))

>0, t>ts
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since v(t) < 0 and x2(t) < 0 for ¢t > to. By setting

o 1
w(t) Fw(s)a?(s) [y [9 (z(s) + hu(s)z?(s)) dh]
=K — As (12)
g(z(t)) t g(x(s)g(x7(s))
d using (10 h —olty) g = _wlta) oy tti — o) () pey o u()
and using (10), we have iy Gle(ay Then setting z1 = grg, 22 = gy hu) = gy in

Proposition 1, we have v(t) < —w(t) and therefore y(t) < —w(t) for ¢t > to. We also have by Propositions 2
and 3 that

(wu) )A wh(t) _ w Oz fy o' @) + hu@aBW)dn (13)
g(z(t)) g

(1) g(x(t))g(z7(t)) ’

Therefore, we have

This proves the assertion. O

2. Oscillation results
In this section, we give the oscillation criteria of system (1) by using our convergence/divergence of A(tg, o),
B(to, OO) y and C(to, OO) .

Theorem 2.1 Suppose that A(ty, 00) = 00, B(tg, 00) < 00, C(tg, 0) < 0o. Suppose also that

fu)f(v) < fluv) < —f(u)f(~v) and (14)
N mAs < 0. (15)
to Jf(9(2(s)))
Then system (1) is oscillatory if
/too a(t)f (B(t, 0) — k - C(t, 50)) At = o0 (16)

for k#0.

Proof Suppose that system (1) has a nonoscillatory solution (z,y) such that x > 0 eventually. Then there
exist t; >ty and a constant k; such that g(z(t)) > ki for ¢ > ¢; by the monotonicity of g. Then by equation
(8), we have

— — D(t1,t) = I(t,t), t>t1. (17)

315



OZTURK /Turk J Math

Note that I(t1,t) < oo. Otherwise, we have a contradiction to z(t) > 0 for ¢ > ¢; by Lemma 1.1 since
A(tp,0) = co. Equality (17) can be rewritten as

= 4+ D(t,00) + I(t, 00), (18)

where v = g(ym((ttll))) — D(t1,00) — I(t1,00), ¢ > t;. It can be shown that v > 0. Otherwise, we can choose a

.’L‘

large ty such that B(t,00) < —v, I(t2,00) < -, and ’ft ’ < o for t > ty. Then H(t) > £ >0

for t > t5. Then by setting K = = in Lemma 1.1, we have y( ) < —Kg(a:(tg)) for t > t5. Integrating the

first equation of system (1) from ts to oo and the monotonicity of f yield us

2(0) < (t2) + f(-Kg(a(t) [ a(s)bs, 2t

to

Thus as ¢t — oo, we have a contradiction to = > 0 eventually. Therefore, v > 0. Then, by equation (18), we

y(t U b(s As—/oo|c(s)|As], £t

By the first equation of system (1), the monotonicity of f and equation (14), we have

have

o200 2 ) ateo)f ([ as— 1 [Cleeias), ez (19

1

Then, by (19) and (15), we have

/ (/ b(u Au—k‘/ |Au>_ t:%As<m,

where k = 1711 However, this is contradiction to (16) as t — oco. This completes the proof. (For z < 0 eventu-

ally, k can be considered a negative number and the proof can be shown similarly.) O

Theorem 2.2 Suppose that A(tg,00) = 00, B(tg, 00) = 00, and C(tg,00) < co. Then system (1) is oscillatory.

Proof Proof is by a contradiction. Hence assume that there exists a nonoscillatory solution (z,y) of system
(1) such that « > 0 eventually. The case x < 0 eventually can be shown similarly. By the monotonicity of g,
there exist t; > to and k1 > 0 such that g(z(t)) > k; for ¢ > t;. Then, since C(tg,00) < 0o, we have that
there exists 0 < kg < oo such that

boe(s) 1 [t
/tl g(x(s))A8’ < ), lc(s)|As < ko, t>1. (20)

The first equation of system (1), Lemma 1.1 and the monotonicity of g give us that there exist K > 0 and
to > t1 so large that

22 (1) < a(t) f(~Kg(a(t2))), = to. (21)
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Integrating (21) from ¢y to t yields

z(t) < z(tz) + kg/ a(s)As, where k3= f(—Kg(z(t2))) <0, > ts.

to

As t — oo, we have a contradiction to x(t) > 0 for ¢ > t5. This proves the assertion. O

3. Examples

In this section, we give an example in one of the best-known time scales for Theorem 2.2. We not only focus

on showing the result of Theorem 2.2 but w ealso solve our dynamical system explicitly.

1 4,3, ,2 1
Bxample 1 Let T = 52, aft) = COMIST. oy s ) = 3 g(e) = %, oll) =

(_1)3t(_%t(ilﬁzit_ﬁfiiﬁ?ﬁ;195t—59) , and t = bn, where n € N. We show that A(to,00) = 00, B(tg, 00) = o0,

and C(tg,00) < o0o. Indeed,

_[Tenien g Grieeen
asm= [ T Y

Thus, as T — oo, we have

o

Z5n—|—4 10n+7)
— (5bn+1)3(5n +6)

by the limit comparison test. Therefore, A(5,00) = 0.

Similarly,
B(5 T)_/T Pttt +1 B P+ttt 441
T )y B+ D) (t+4)(t+6)(t+9) _te[m +(t+1)(t+4)(t+6)(t+9)
sz
t5

> E .

= t4+1)(t+4)(t+6)(t+9

- (t+1)(E+4)(t+6)(t+9)

Taking the limit as T — oo gives us

5

B(5,00) > 625 - Z Gn+ 1)(5n+4)(5n+6)(5n+9)

by the limit divergence test. Therefore, B(5,00) = oo by the comparison test. Finally, we show C(tg,00) < 00.

o= Y 3t° 4 27" + 125¢° + 237t + 195¢ + 59
T t+ DA+ 4)(E+6)(E+9
ey (t+ Dt +4) ([t +6)(t +9)
3,27 125 195 59
< 2 ptatestEtE

te[5,T) 5+
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Hence, as T — oo, we have

=3 27 125 195 59
OG0} <D iatogtom + o5 T om
n=1
(_1)t+1 (71)315
t+1 T (t+1)(t+4)

by the geometric series. One can also show that ( > is an oscillatory solution of system

CCA(t) _ (t+4)§2(2t+7) %(t)
5(t+1) 3 (t+6)

544443442 —1)3*(—3t° —27¢* —125¢° —237¢% —195t—59
yA(t) = —5(ff{)t(tit4;(rf+§f(4{i9) xg(t) + e 5(t+1)%(t+4)(t+6)(t+9) )7
h(o(t)) — h(t
where we define h™(t) = W for o(t) =t+5 and p(t) =5; see [3].

4. Open problems and applications

This paper deals with a very general nonlinear system and investigates the oscillation criteria. One can also
consider

22 () = a(t)™ [y(1)|* sgny(t)

(22)
YA (1) = —b(t) [27 (1) sgnac (1),

where «, 8 > 0 and a,b € Cpq ([tg, o0)T,RT) and find the oscillation criteria. Note that system (22) is a special
case of system (3). By intuition, we can relax the monotonicity conditions on f and g. Since we waive the strict
assumptions on f and g, the results might be very interesting. System (22) is referred to as an Emden—Fowler
dynamic system and it has several applications such as in astrophysics, gas dynamics, and fluid mechanics (see
[19]), relativistic mechanics, nuclear physics, and chemically reacting systems (see [2, 7, 13, 20]). For example,
the fundamental problem in studying the stellar structure for gaseous dynamics in astrophysics was to look into
the equilibrium formation of the mass of spherical clouds of gas for the continuous case, proposed by Kelvin

and Lane; see [12, 21]. They considered the equation

1d [,,du
e (t dt)+u 0 (23)

for n = 1.5 and n = 2.5. This equation is referred to as the Lane-Emden equation; see [5, 6]. Note that it is a
very special case of equation (2) for T = R. At that time, astrophysicists were interested in equation (23) for

initial conditions «(0) = 1 and «/(0) = 0. Special cases of (23) have explicit solutions when n = 0, 1,5, namely

int 1
up(t) = % and wuz(t) = ———= for n=1and 5 respectively.

/ 1

1+ 55
Note that w; is an oscillatory solution while w5 is a nonoscillatory one. Much information about the solutions
of equation (23) was provided by Ritter (see [17]), in a series of eighteen papers published during 1878-1889.

The mathematical foundation for the study of such an equation was made by Fowler in a series of four papers
during 1914-1931; see [8-11].

318



[9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

22]

OZTURK /Turk J Math

References
Anderson DR. Oscillation and nonoscillation criteria for two-dimensional time-scale systems of first-order nonlinear
dynamic equations. Electron J Diff Equat 2009; 2009: 1-13.

Arthur AM, Robinson PD. Complementary variational principle for V? = f(®) with applications to the Thomas-
Fermaind Liouville equations. Proc Camb Philos Soc 1969; 65: 535-542.

Bohner M, Peterson A. Dynamic Equations on Time Scales: An Introduction with Applications. Birkh&auser,
Boston, MA, USA: 2001.

Bohner M, Peterson A. Advances in Dynamic Equations on Time Scales. Boston, MA, USA: Birkh&user, 2003.

Chandrasekhar S. Introduction to the Study of Steller Structure. University of Chicago Press, Chicago, IL, USA:
1939, Chap. 4. (Reprint: Dover, New York, USA: 1957).

Chandrasekhar S. Principles of Stellar Dynamics. Chicago, IL, USA: University of Chicago Press, 1942, Chap. V.

Davis HT. Introduction to Nonlinear Differential Integral Equations. Washington D.C., USA: U.S. Atomic Energy
Commission, 1960. (Reprint: New York, USA: Dover, 1962).

Fowler RH. The form near infinity of real, continuous solutions of a certain differential equation of the second order.
Q J Math 1914; 45: 289-350.

Fowler RH. The solution of Emden’s and similar differential equations. Mon Not R Astron Soc 1930; 91: 63-91.

Fowler RH. Some results on the form near infinity of real continuous solutions of a certain type of second order
differential equations. P Lond Math Soc 1914; 13: 341-371.

Fowler RH. Further studies of Emden’s and similar differential equations. Q J Math 1931; 2: 259-288.

Homerlane 1J. On the theoretical temperature of the Sun under the hypothesis of a gaseous mass maintaining its

volume by its internal heat and depending on the laws of gases known to terrestrial experiment. Am J Sci Arts
1869; 4: 57-74.

Nehari Z. On a nonlinear differential equation rising in nuclear physics. P Roy Irish Acad A 1963; 62: 117-135.

Oztiirk O, Akin E. On nonoscillatory solutions of two dimensional nonlinear delay dynamical systems. Opuscula
Math 2016; 36: 651-669.

Oztiirk O, Akin E. Nonoscillation criteria for two-dimensional time-scale systems. Nonauton Dyn Syst 2016; 3:
1-13.

Ozgiin SA, Zafer A, Kaymakgalan B. Gronwall and Bihari type inequalities on time scales. Adv Differ Equ-Ny
(Veszprém, 1995) 1997; 481-490.

Ritter A. Untersuchungen iiber die héhe der atmosphére und die konstitution gasférmiger Weltkorper 18 articles.
Ann Phys-Berlin 1878-1883; 5-20.

Saker SH. Oscillation of second-order forced nonlinear dynamic equations on time scales. Electron J Qual Theo
2005; 23: 1-17.

Sansone G. Equazioni Diferenziali Nel Campo Reale, vol. 2; 3rd ed., Bologna, Italy: Zanichelli, 1963.

Shevyelo, VN. Problems methods and fundamental results in the theory of oscillation of solutions of nonlinear
nonautonomous ordinary differential equations. 2nd All-Union Conf. on Theoretical and Applied Mechanics Pro-
ceedings Moscow: 1965, pp. 142-157.

Thompson W.(Lord Kelvin.) On the convective equilibrium of temperature in the atmosphere. Manchester Philos
Soc Proc, 2 (1860-62), pp. 170-176; reprint, Math and Phys, Papersby Lord Kelvin, 3 (1890), pp. 255-260.

Zhang X, Zhu S. Oscillation for a nonlinear dynamic system with a forced term on time scales. Abstr Appl Anal
2014; 2014: 1-6.

319


http://dx.doi.org/10.1017/S030500410004456X
http://dx.doi.org/10.1017/S030500410004456X
http://dx.doi.org/10.1007/978-1-4612-0201-1
http://dx.doi.org/10.1007/978-1-4612-0201-1
http://dx.doi.org/10.1007/978-0-8176-8230-9
http://dx.doi.org/10.1093/mnras/91.1.63
http://dx.doi.org/10.1038/077175b0
http://dx.doi.org/10.1038/077175b0
http://dx.doi.org/10.1155/2014/369328
http://dx.doi.org/10.1155/2014/369328

	Introduction
	Oscillation results
	Examples
	Open problems and applications

