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Abstract: Let k> 3 and G = 6,
we show that the projective dimension of R/I(G) equals bightI(G) or bightI(G)+ 1. For some special cases, we explain

n, be a graph consisting of k paths that have common endpoints. In this paper,

.....

depth(R/I(G)) in terms of invariants of graphs. Moreover, we prove the regularity of R/I(G) equals cg or cg + 1,

where c¢ is the maximum number of 3-disjoint edges in G.
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1. Introduction

Given a simple graph G with the vertex set V(G) = {z1,...,2,} and the edge set E(G), we can associate
to G the square-free monomial ideal I(G) in polynomial ring R = k[z1,...,x,], which is generated by z;x;
such that {z;,z;} € E(G). Recently, one of the most important research topics is to establish a dictionary
between algebraic properties of I(G), most notably, the projective dimension and the Castelnuovo-Mumford
regularity of R/I(G), and combinatorial invariants of G. Let I be a monomial ideal in a polynomial ring

R = k[x1,...,2,]. Then we can associate to R/I a minimal graded free resolution of the form
0— @;R(—j)"7 — @;R(—j)"19 — -+ - ®;R(—j)" - R— R/T -0,

where [ <n and R(—j) is the R-module obtained by shifting the degrees of R by j. The number 5, ; is called
the ijth graded Betti number of R/I.
The regularity of R/I, denoted by reg(R/I), is defined by

reg(R/T) = max{j — il By (R/T) £ 0}.
The projective dimension of R/I, denoted by pd(R/I), is defined by
pd(R/I) := max{i|B; ;(R/I) # 0 for some j}.

In [11], Zheng explained the regularity and projective dimension of tree graphs. He proved that if G is a
tree, then reg(R/I(G)) = cg, where c¢¢ is the maximum number of pairwise 3-disjoint edges in G. In [2],

Ha and Van Tuyl extended it to chordal graphs. In [4], Kimura described the projective dimension of chordal
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graphs, which actually extended Zheng’ s work. Furthermore, Van Tuyl in [9] showed that if G is a sequentially
Cohen—Macaulay bipartite graph, then the relation reg(R/I(G)) = c¢ is satisfied.

Recall that if I is a squarefree monomial ideal, then the inequality
ht(I) < bight(I) < pd(R/I) < ara(I) < p(I)

holds in general, where p(I) is the minimum number of generators of the ideal I.

In [5], Khosh-Ahang and Moradi considered the class of C5-free vertex decomposable graphs that contains
forest graphs and sequentially Cohen-Macaulay bipartite graphs. For the class of graphs, they proved that
reg(R/I(G)) = cq and pd(R/I(G)) = bightI(G). In [6], Mohammadi and Kiani investigated the graphs
consisting of some cycles and lines that have a common vertex. It is shown that the projective dimension
equals the arithmetical rank for all such graphs. A graph G is called an n-cyclic graph with a common
edge if G is a graph consisting of n cycles Csp 41, ..., Cgrlirl, Csty42,- -, Cgth +2,C34,, ..., 035k3 connected
through a common edge, where k1 + k2 + k3 = n; see [12, Definition 2.4]. In [12], Zhu et al. proved that
pd(R/I(G)) = bightI(G) = ara(I(G)) for some special n-cyclic graphs with a common edge.

Motivated by the above-mentioned works, we look for the equalities pd(R/I(G)) = bightI(G) and
reg(R/I(G)) = cg in the case of the graphs G = 6,,

homological techniques.

_____ ng s Dy combining combinatorial methods with

Suppose that min{ni,...,ng} = n;. One can consider the graph 6,, . ., as k — l-cyclic graph with
common path L,, consisting of k — 1 cycles of lengths n; +n; — 2 for any 1 < i # ¢t < k, which generalizes
the concept n-cyclic graphs with a common edge. For this class of graphs we describe the projective dimension
and depth of R/I(G) and show that pd(R/I(G)) = bightI(G) unless n; = 0 (mod 3) for any 1 < i < k or
there exists exactly one n; such that n; = 1 (mod 3) and for any 1 < i # j < k we have n; = 2 (mod 3);
then it yields pd(G) = bightI(G) 4+ 1. Moreover, we deduce that reg(R/I(G) = c¢ for this class of graphs
unless n; =2 (mod 3) for any 1 < ¢ <k or there exists exactly one n; such that n; =1 (mod 3) and for any

1<i# j <k we have n;, =0 (mod 3); then it yields reg(G) = ca¢ + 1.

2. Projective dimension and depth

Let k£ be an integer number and ni,...,n; be a sequence of positive integers. Let 60, . ,, be the graph
constructed by k paths with ni,...,n, vertices such that only their endpoints are in common. Since the
graphs are assumed simple, then at most one of nj,...,n; can be equal to 2. If £k =1 or 2, then 6,, . .,
would be a path or a cycle and homological properties of these graphs are completely studied in [3]; hence in
this paper we suppose that k£ > 3.

We present the following theorem of Terai that plays a fundamental role in the study of the projective

dimension and regularity of the graph 0,,, ., .
Theorem 2.1 (see [8]) Let I be a square-free monomial ideal. Then pd(IY) = reg(R/I).
The following lemma is frequently needed in the sequel:

Lemma 2.2 ([5], Corollary 2.2) Suppose that G is a graph, © € V(G) and |Ng(x)| =t. Let G = G\ {x}
and G" = G\ Ng|z]. Then
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1. pd(I(G)Y) < maz{pd(I(G')"), pd(1(G")") +1};
2. reg(I1(G)") < max{reg(I(G")V) + 1,reg(I(G")V) +t}.
The big height of I(G), denoted by bightI(G), is the maximum size of a minimal vertex cover of G.

Lemma 2.3 For any graph G, the following relations are satisfied:
1. (See [2, Theorem 6.5].) ca < reg(R/I(G)).
2. (See [7, Corollary 3.33].) bightI(G) < pd(R/I(G)).

Let G be a finite simple graph with the vertex set V(G) and the edge set E(G). Let e and e’ be two distinct
edges of G. The distance between e and ¢’ in G, denoted by distg(e,e’), is defined by the minimum length
| among sequences ey = e, e1,...,e; = € with e;_1 Ne; # ¢, where e; € Eg. If there is no such sequence, we
define distg(e,e’) = co. We say that e and €’ are 3-disjoint in G if distg(e,e’) > 3. A subset E C E¢g is said
to be pairwise 3-disjoint if every pair of distinct edges e, e’ € E are 3-disjoint in G; see [2, Definitions 2.2 and
6.3].

The graph B with V(B) = {w,z1,...,24} and E(B) = {{w,z;} : i = 1,...,d} (d > 1) is called a
bouquet. Then the vertex w is called the root of B, the vertices z; flowers of B, and the edges {w, z;} stems
of B; see [11, Definition 1.7]. Let B = {B1, Ba, ..., B;} be a set of bouquets of G. We set

F(B):={z€ Vg :zisa flower of some bouquet in B},
R(B) :={w € Vg : wis a root of some bouquet in B},
S(B):={s € Eg:sisastem of some bouquet in B}.
The type of B is defined by (|F(B)|,|R(B)]); see [4].

Definition 2.4 ([4], Definition 2.1) A set B = {B1,Bs,...,B;} of bouquets of G is said to be strongly

disjoint in G if the following conditions are satisfied:
1. V(Bp)NV(B)) = ¢ forall k#1.

2. For any 1 < k < j, there exists a stem sy in By such that {s1,s2,...,s;} are pairwise 3-disjoint in G.

Definition 2.5 ([4], Definition 5.1) A set B = {Bq,Bs,...,B;} of bouquets of G is said to be semistrongly

disjoint in G if the following conditions are satisfied:
1. V(Bp)NV(B)) =¢ forall k #1.
2. Any two vertices belonging to R(B) are not adjacent in G.

In the sequel by G1 U G2 we mean G intersects G only at one of its endpoints and by 6,,,, . n, \ Ln,

we mean the graph obtained from 0, .., by removing all vertices and edges of L,; except its endpoints.

k
Throughout this paper, we assume that x and y are the common vertices.
Now we are ready to compute the projective dimension of the graph 6,, .., . In any case, to obtain an

upper bound for pd(8,,, . n,), we use Theorem 2.1 and Lemma 2.2.
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Theorem 2.6 Let G be the graph 0, .. n, consisting of lines L3y 11,... 7L3rk1+1. Then

k1

ki k1
pd(G) = bightI(G) = 227‘1' = Zl)d(L3m+1)~
i=1 i=1
Proof Wehave G' =G\ {2} = L3, U...ULs,, and G” =G\ N[z] = L3¢, —1)42U... ULz, —1)42. Using
[6, Theorem 2.6], we obtain that

2V |+ 11—k 203ri 4. 43, — (ki — 1)+ 11—k

3 3

k1
ZQZTz —kl —|—1
=1

pd(G")

By [6, Theorem 2.5], we get

pd(G") :2(|VG,,|;1)+k1 _ 2(3(r1—1)+...+3(rk13—1)+k1+1—1)+k1

k1
=2 Z ry — ]ﬂl .
i=1

Hence, we have pd(G) < maz{2 Zf;l ri —ki+2, 22?;1 ri}. Since k1 > 3, then 2 — k; < 0 and we conclude
that pd(G) <23 r,.

On the other hand, by [1, Theorem 3.3] and Lemma 2.3, we have that di, = bightI(G) < pd(G). It suf-
fices to construct a semistrongly disjoint set B = {B1, Ba,. .., B;} of bouquets of G with |F(B)| =2 Zf;l ;.
Suppose that By = N[z], By = N[y] and Bg = {Bs, By, ..., B;} are the semistrongly disjoint set of bouquets
of type (2,1) on the disjoint lines Lay, +1-4,- .., L3r, +1-4, which can be expressed as 3r; +1—4=3(r; — 1)
for any 1 < i < k;. Hence there exist r; — 1 bouquets with two flowers and one root in Ls,,+1-4 for any
1 <i < k;. Putting B = B; U By UBg, we obtain |F(B)| = 22?;1 r;; then 22?;1 r; < bightI(G) and
complete the proof. O

Theorem 2.7 Let G be the graph 0, .. ., consisting of lines Lz 42, .. .,L3tk2+2, Then

k2

ko ko
pd(G) = bight1(G) =2 t;+1 =Y pd(Ls,12) — ko + 1.
=1 1=1

Proof We have G' = G\ {z} = Lg, 41 U... ULz, 41 and G” = G\ N[z] = L3y, U... U Ly, . Using [6,

Corollary 2.8], we derive

2| -2 208t 4 ... 43t +1) =2
3 B 3

k2
=2 t;.
i=1

pd(G")
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By [6, Theorem 2.6], we get

pd(G,,) :2|VG”|;_1 —k2 — 2(3t1 + +3tk2 ;) (kQ —_ 1)) _|_ 1 _k2

ko
=2Zti — ko + 1.
=1

Hence, it follows that pd(G) < maxz{2 Zfil t; + 1,22?;1 t; + 1} = 22;21 t; + 1. It suffices to construct
a semistrongly disjoint set B = {Bj, Ba,...,B;} of bouquets of G with |F(B)| = 22221 t; +1. Sup-
pose that By = N[z| and By = {By, Bs,...,B;} are the semistrongly disjoint set of bouquets of the lines
Lat 42—, Laty 423, > Lan,, 423, where 3t; +2 —2 = 3t;, 3t; +2 -3 = 3(t; — 1) + 2 for any 2 < i < ky.
Hence there exist ¢; bouquets with two flowers and one root in Ls;, 422, t; —1 bouquets with two flowers and

one root, and one bouquet with one flower and one root in Lg¢,42_3 for any 2 <4 < ky. Putting B = B; UB3,

we obtain |F(B)| =2 Zfil t; + 1; then 2 Efil t; + 1 < bightI(G) and we conclude the desired equality. O

Theorem 2.8 Let G be the graph 9n1~,~~~ank1+k3 consisting of lines Lay 41, .. v Lary, 41, Lasy, - -+, Las,,  such
that ki,ks > 0. Then
k1 ks
pd(G) = bightI(G) =2 ri+2) si— ks = Zpd Lsp,41) + Zpd (Lss,)
i=1 i=1

Proof We have G’ = G\ {2} = L3, U... U Ly, U Lg(s,—1)+2 U ... U L3, —1)+2 and G = G\ N[z] =
L3(T1,1)+2 L...u L3(7‘k171)+2 ] L3(51,1)+1 L...ud L3(5k371)+1 . By [67 Theorem 27], we obtain that
2\Var| — 2+ ks — ky

d(G") =
pd(G') 3
23+, 3r — ki 3(s1 = 1)+ 3(spy — 1)+ (k3 —1)+2) =2+ k3 — &y
B 3
kl kg
:2Zri+2§:si—k1—k3.
i=1 i=1
Using [6, Theorem 2.5] we get
2lVar| =2+ k
pd(G”)Z | G | + k1
3
2B3(r1 — 1)+ ... +3(rg, — 1)+ k1 +3(s1—1)+...+3(sp, — 1)+ 1) —2+ K
B 3

k1 ks
:227‘14*22577161 72]433.
i=1 i=1
Hence, we have pd(G) < max{2 lel z"‘ZZz 18— ki —ks+1, 221 1 Tit+2 Zfil s;i—ks}, since k1 > 0, then

1 —%; <0 and hence pd(G) < 2 Zf;l i + 2 Zi:l s; — k3. Using similar arguments of the proof of Theorem
2.6, we derive 2 ZZ (T2 Zfil s; — ks < bightI(G), which yields the asserted equality. O
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Theorem 2.9 Let G be the graph 0, .
ko, ks > 0. Then

Ty tks consisting of lines Lss, , . .. ,Lgsk3 s L3t 42, .., Lgtk2 +2 such that

k72 k?3 k?2 k73
pd(G) = bightI(G) =2 t;+2Y si—ks+ 1= pd(Lst,12) + »_pd(Lss,) — k2 — ks + 1.
=1 =1 =1 =1

Proof We have G' = G\ {J}} = L3(5171)+2 u...u L3(8k3,1)+2 ULst, 4 UL ..U L3tk2+1 and G =G \ N[m] =
Ly(s,—1y4+1 U ULy, 141 U Lsy, U...U Ly, . By [6, Theorem 2.5] we get that

2Va | — 2+ k
pd(G/): | G| + K3
3
C2(3(sy = 1)+ ...+ 3(sk, — 1) Fhk3+ 3t 4+ ..+ 3, +1) — 2+ k3
B 3
k3 ko
=2 s +2) ti— ks
=1 i=1
Using [6, Theorem 2.6], we obtain that
2V | +1 -k
pd(G//): | G‘+ 2
3
C2(3(sy 1) 4.+ 3(sp, — 1) F 143t + .+ Bty — ko) + 1 — ko
B 3

k3 kg
ZQZSZ—i_QZtZ —2k3 —k2+1.
i=1 i=1

Therefore,
k3 ko ks ko ks ko
pd(G) <maz{2) si+2Y ti—ks+1,2) si+2> ti—ks+1}=2> s;+2Y ti—ks+1.
i=1 i=1 i=1 i=1 i=1 i=1
A similar argument as Theorem 2.7 shows that 2 Zfil 8;i+2 Zfil t; — ks + 1 < bightI(G), as required. O

Theorem 2.10 Let G be the graph 9n1w’nk1+k2+k3
Lss, ;... Lasy, such that ki,ko, k3 > 0. Then

consisting of lines Ly, 41, .., Ly 415 Laty 42, - -+, Laty, +2,

k1 k2 k3 k1 ko
pd(G) = bightI(G) =2 ri+2Y ti+2Y si—ks=» pd(Lsr, 1)+ Y pd(Las, +2)
=1 =1 =1 =1 i=1

k3
+ Zpd(LSqu) — kQ — kg.
i=1
Proof We have

G =G \ {(E} = L3r1 ...y L37“1c1 (] L3t1+1 ...y L3tk2+1 L L3(31_1)+2 L...ud L3(3k3_1)+2
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and

G// = G \ N[x] = L3(T1—1)+2 U...u L3(7"k1—1)+2 U L3t1 ...y L3tk2 (] L3(31—1)+1 ... u L3(sk3_1)+1.

By [6, Theorem 2.7], we obtain that

_2|VGr| — 24+ ks —k
N 3

23y 3y, — k1 + 30 4. 4+ 3tg, + 14351 + ...+ 3sp, — 2k3) — 2
N 3

k k k] kz k3
37—
+ 3 :Qi_glri+2izglti+2i_518i—k1—kg.

pd(G")

Moreover, by [6, Theorem 2.7] we get

_2|VG//| — 24+ k1 — ko
B 3

C2(3ry ..+ 3rg, — 2k + 3t 4.+ 3, —ko + 351 + ...+ 353, —3k3 +1) -2
B 3

k k k] kg kg
1 — h2

pd(G")

Therefore, we have

k1 ko k: k1 ko ks
i=1 =1 =1 i=1 i=1 i=1

Since k; > 0, then 1 — k1 < 0 and we conclude pd(G) < 22?;1 T+ 22221 ti + 2Zfi1 s; — ks. A similar
argument of the proof of Theorem 2.7 shows that 2 Zf;l r; + 2 Zfﬁl t;+2 Zle s; — ks < bightI(G), which
yields the asserted equality. O

Theorem 2.11 Let G be the graph O, .. n,, consisting of lines Lss,, ..., Lss, . Then

pd(G) =23 s~ ks + 1= pd(Lsy,) — ks + 1 = bight [(G) + 1.

Proof We have that G’ = G'\ {z} = L3(s,—1)42U... U Lz, —1)42 and G” = G\ N[z] = L35, 141 U... U
L3(s,, —1)+1- By [6, Theorem 2.5], we obtain that

_2|VG/| — 2+ ks

B 3

23(s1 = 1)+ ... +3(sks — 1)+ ks +1)—2+ ks
B 3

pd(G")

k3
=2 Z Si; — kg.
=1
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Using [6, Corollary 2.8], we derive

3 - 3

k3
=2 Z S; — 2]63
i=1

pd(G") =

Hence

k3 k3 ks
pd(QG) Smax{QZsi—k;},—l—l,ZZsi —ks} :2251' — k3 + 1.
i=1 i=1 i=1

On the other hand, we can see that 3; |y (g)|(G) # 0 if and only if i = 2 ZZ 1 8i—ks+1; thus 2 Zl 18i—ks+1 <
pd(G). Tt follows that pd(G) =2 Zz 15i — ks + 1, as desired.

Now we show that bightI(G) = 222 1 5: — ks. Suppose that B = {B1, Bs, ..., B;} is a semistrongly
disjoint set of bouquets of GG. Consider the following cases:
Case (1) : z,y ¢ R(B)U F(B). We may find the maximum cardinality of F(B) in the disjoint lines
L3s,—o,.. .,L3Sk3,2. Since 3s; — 2 = 3(s; — 1) + 1, then one can choose s; — 1 bouquets with two flowers

and one root in Lgs, o for any 1 < i < k3. Hence we obtain that |F(B)| = 22:z 15 — 2ks.

Case (2): z,y € F(B). Suppose that 2 and y lie in the bouquets with two flowers and one root.

i) If the bouquets containing x and y are in the same line, as L3s, , then we have 3s; — 6 = 3(s; — 2) and
3s; —2=3(s; — 1)+ 1 for any 2 < i < k3. Hence, there exist s; — 2 bouquets with two flowers and one

root in L3, ¢ and s; —1 bouquets with two flowers and one root in Ls,,_o for 2 < i < k3. It follows that
IF(B)| =2(s1 —2) + 231 (si — 1) +4 =230 s, — 2ks + 2.

ii) If the bouquets containing = and y are in different lines, as Lss, and Lss,, then we have 3s; — 4 =
3(s1 —2)4+2, 3s9 —4=3(s2 —2)+2 and 3s; —2=3(s; — 1) + 1 for any 3 < i < k3. Hence, there exist
s; — 2 bouquets with two flowers and one root and one bouquet with one flower and one root in Lsg, 4, for

i = 1,2 and also there exist s; — 1 bouquets with two flowers and one root in L3z, _o for any 3 <14 < k3.

Therefore, we obtain that |F(B)| =2(s1 —2) +2(s1 —2)+2+2 223(31 -1)+4= 2El 18— 2ks +2.

Case (3): =z € R(B) and y € F(B). Assume that x lies in a bouquet with k3 flowers and one root and
y lies in a bouquet with two flowers and one root of Lsg, ; then we have 3s; —5 = 3(s; — 2) + 1 and
3s; —3 = 3(s; — 1) for 2 < i < k3. Hence, there exist s; — 2 bouquets with two flowers and one root

in Lss,—5 and s; — 1 bouquets with two flowers and one root in Lss,_3 for 2 < ¢ < k3. Thus we get
|F(B)| =2(s1 —2) + 2423 (si — 1) + ks = 2325 5; — k.

Case (4): y ¢ F(B)UR(B), but z € F(B) U R(B). Then there exist k3 lines of length 3s; — 1 that have a

common vertex x. By [6, Theorem 2.5, we get
2Ve| — 24k
bightI(G) = M =2 Z si — ks.
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Case (5): z,y € R(B). Assume that x and y lie in the bouquets with k3 flowers and a root. Since
3s; —4 = 3(s; — 2) + 2, then there exist s; — 2 bouquets with two flowers and one root and one bouquet with
one flower and one root in Lzs, 4 for 1 <i < k3. Hence, |F(B)| = 2ks + k3 + 2 Zfil(sz —-2)=2 Zfil s;i —ks.

One can easily check that in any of the above cases by our choice of other bouquets we have at most the
given amount of flowers. Since we want to find the maximum number of flowers of a semistrongly disjoint set

of bouquets of G, then by choosing any vertex z we try to consider the bouquets with the maximum number

of flowers containing z. Note that the described cases above are satisfied if we interchange x and y. It follows

that the maximum value for F(B) is equal to 2 Zfil s; — ks, as desired. O

Theorem 2.12 Let G be the graph 0, .
If k1 =1, then we have

kg k, CONSisting of lines Lgp 41, ..., Lar, +1, Lat, 42, - -, Lat,, +2-

k}g k2
pd(G) =2r1 + 23 i +1=bight](G) + 1 =pd(Lsy, 11) + »_ pd(Las, 2) — k2 + 1,

i=1 =1

and for k1 > 2, the following relation is satisfied:

k1 ko k1 k2
pd(G) = bightI(G) = 227“1' + tai = Zpd(L3m+1) + Zpd(L3ti+2) — ka.
=1 =1 =1 =1

Proof We have
G/ =G \ {37} = L3r1 ...y L3T’k1 ] L3t1+1 U...u L3tk2+l

and
GN =G \ N[Z‘] = L3(7.1_1)+2 ...y L3(7.k1_1)+2 (] L3t1 ...y L3tk2 .

By [6, Theorem 2.6], we get that

2\Var 1-%
2 A3y, — kA3 B, F 1) 1Ky
B 3
kl k2
=2> ri+2) ti—k+1.
i=1 i=1
Moreover, by [6, Theorem 2.7], we have
20Var| —2+ k1 — k
pd(G/l): | G | + 1 2
3
_2(3T1+...+37“k1—2k51+3t1+...—|—3tk2—k2+1)—2+k‘1—k‘2
N 3

k1 ko
:2ZTZ+2th —kl —kz.
i=1 i=1
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Therefore, pd(G) < maz{2 M ri + 25 ¢, — ki + 2,25 % 4235 6}, If ky = 1, then pd(G) <

2r, + 22;21 t; + 1, and for ky > 2, since 2 — k; < 0, then it yields pd(G) < 22?;1 rp + 221?2

i=1 ti . In

the case k1 = 1, we can see that 3; |y (g)(G) # 0 if and only if i = 2r; + 22221 t; +1 . It follows that
2ry +2 Zfil ti +1 < pd(G); then pd(G) = 2r; + 2 Zfil t; +1.

Now suppose that k1 > 2. In order to prove bightI(G) = pd(G), we use similar arguments of the proof
of Theorem 2.6; then we derive 2 Ef;l T+ 2 Zfil t; < bightI(G), which yields the asserted equality.

To complete the proof, it remains to prove bightI(G) = pd(G) —1 = 2ry + 2 Zfil t; for ky = 1. Assume
that B = {Bj,..., B;} is the semistrongly disjoint set of bouquets of G. The same argument as in the proof
of Theorem 2.11 shows that the maximum value for |F(B)]| is equal to 2r1 + 2 221 t;, as desired. O

Corollary 2.13 Let G be the graph Oy, .. n, . Then we have bightI(G) = pd(G) unless n; = 0 (mod 3) for
any 1 < i < k or there exists exactly one n; such that n; =1 (mod 3) and for any 1 < i # j < k we have
n; = 2 (mod 3); then it yields pd(G) = bightI(G) + 1.

Theorem 2.14 Let G be the graph 0., .. .n
exists exactly one n; such that nj =1 (mod 3) and for any 1 <i# j <k, n; =2 (mod 3), we have

. - Unless in two cases n; =0 (mod 3) for any 1 <1i <k or there

depth(R/I(G)) = min{|F| : F C V(G) is a maximal independent set in G}.

Moreover, R/I(G) is Cohen—Macaulay if and only if G is unmized.

Proof Using Corollary 2.13 and the Auslander-Buchsbaum formula, we have depth(R/I(G)) = |[V(G)| —
bightI(G). By definition of big height of I(G), there exists a minimal vertex cover S of G such that we have
|S| = bightI(G). Since the complement of S, V(G)\ S, is a maximal independent set of G having minimum

cardinality, then we get
depth(R/I(G)) = min{|F|: F C V(G) is a mazimal independent set in G},
as desired. By [10, Corollary 5.3.11], we have
dim(R/I1(G)) = max{|F|: F CV(G) is an independent set in G};

hence R/I(G) is Cohen-Macaulay if and only if all maximal independent sets of G have the same cardinality

or equivalently all minimal vertex covers of G have the same cardinality. This completes the proof. O

3. Regularity

The aim of this section is to study the regularity of the graph 6,, . ,, and investigate the equality in Lemma
2.3 (1) for this class of graphs. To obtain an appropriate upper bound for reg(6y, ... n,), we use Theorem 2.1

and Lemma 2.2.

Theorem 3.1 Let G be the graph 0”17--«7nk1 consisting of lines L3y, 41, ... s Lary +1- Then
k1
reg(G) = cqg = Zri.
i=1
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(@) (&)

Proof Assume that the edges of L3, 11 are labeled by 61 ,62 sy €3, , Where e = {x] , H_1}, =z,
and x3r +1 = y. We consider the edges eg ,eg),.. eg? _q of Lgp 41, for any 1 <4 < ky. It is seen that
{621),65 ). eglr)l Lrvees eékl),eékl), ey 3Tk 71} is pairwise 3-disjoint in G. Hence, it follows that Z L <
Ca .

To complete the proof, it suffices to detect an appropriate upper bound for reg(G’') and reg(G").
We have G' = G\ {z} = L3y, U...U L, and G” = G\ Ng[z] = L3, —1)12 U ... U Lz(r, —1)12. By
Lemma 2.2, reg(G') < max{reg(G' \ {y}),reg(G’ \ Ng:[y]) + 1}, where G’ \ {y} is the disjoint union of
L3y —1)42: - La(ry,, —1)+2 and G'"\ N¢[y] is the disjoint union of L3y, —1y41,. .. s L3(r, ~1)+1- Then we obtain
reg(G' \ {y}) = El i and reg(G'\ Ner[y]) = Egl r; — k1. Hence, it follows that reg(G’) < ZZ 17

Again, using Lemma 2.2, reg(G”) < maz{reg(G"\{y}),reg(G"\ No~[y])+1}, where G"\{y} is the dis-
joint union of L3(T1,1)+1, -y La(ry, —1)41 and G"\ Ngry] is the disjoint union of Lz, 1y, ... s L3y, —1)- Thus,
we get reg(G"\{y}) = >_;1, ri—ki and reg(G"\Ng~[y]) = Zf;l r;i—k1 . Therefore, reg(G") < Zf;l ri—k1+1.

Since k1 > 3, then it immediately yields that reg(G) < Zgl r;, as required. O

Theorem 3.2 Let G be the graph 6
kQ,kg > 0. Then

1Mk kg CONSTSTING of lines Las,, ... ,Lgsk3 s Lty 42, .-, Lat,, +2 such that

ko ks
reg(G) =cg = Zti +Zsi — k3 +1.
i=1 i=1
Proof Suppose that the edges of L3, are labeled by egi),.. egg)_l, where ej = {xJ , g+1} 1: =

(1 ) (kerl) (k3+1)

and =3, = y and the edges of L3, ;2 are labeled by e; »€3¢,41 » Where e(ksﬂ) {x§k3+l ’ glf:rl)}
2" = ¢ and 2{* 1)) = y. Observe that
(2,0, el 9, gl el ) et
eg’”’“), . eg:fﬂ)’ o egngrkz)’ eéthrkz)’ egzi;rkz)}

is a pairwise 3-disjoint in G'. Then we get Z 1t + ZZ 18i — ks +1 < cg. To complete the proof, we need
to achieve an upper bound for reg(G’) and reg(G”). Using Lemma 2.2, one has
reg(G') < max{reg(G"\ {y}),reg(G"\ Ne[y]) + 1},
where G' = G\ {z} = L35, —1)42 ... U L3(sy,—1)+2 U Lat, 41 U ... U Lse, 41, G’ \ {y} is the disjoint union of
La(sy—1)+15- -+ > La(sy, -1)+15 Lty - s Lar,,, and G'\Ng[y] is the disjoint union of L(s, 1), -, L3(sy, _1)s La(t,—1)+2,

. L3(tk2,1)+2. Hence, we obtain that

ks ko ks ko
reg(G'\{y}) =) (si—D+ D ti=) si+y ti—ks
i=1 i=1 i=1 i=1
and
k3 ko ks ko
reg(G' \ Ne[y]) = Z(sz -1)+ Zti = Z Si + Zti — ks.
i=1 i=1 i—1 i—1

330



SEYYEDI and RAHMATI/Turk J Math

It follows that
k3

reg(G') <Y (si—1) +Zt +1_Zsz+2t — ks +1.

i=1

Again, using Lemma 2.2, we have reg(G”) < maz{reg(G"\{y}), reg(G"\Ng~[y])+1}, where G” = G\ N¢[z] =
Lj(s, —1)+1U. - .ULg(sy, —1)+1UL3¢, L. . .UL3y, G"\{y} is the disjoint union of Lg(s, _1),..., L3(sp, 1)s La(ts—1)+25
-+ Lty —1)+2 and G"\ Ngn[y] is the disjoint union of L, —2)12,-- ., L3(sp,—a)+2s Laty—1)415 - - Lg(tk2_1)+1.
Then we obtain reg(G” \ {y}) = Zz 1S+ Zk2 t; — ks and reg(G” \ Ng~[y]) = Zz 18+ Z — ks —ko.
Hence reg(G") < Y% 5,4+ 322, t;—ks. One derives the equality reg(G) = cq = Y02, si+3.12 1t —ks+1. O

Theorem 3.3 Let G be the graph 9”17~~-7nk1+k2 consisting of lines Lgy, 41, ... s Lary 1o Laty 42, -+ Loy, 42 such
that ki,ky > 0. Then

k1 k}2

reg(G) = cg = Zr,- + Zti'

i=1 i=1
Proof Suppose that the edges of L3, 11 are labeled by egi),.. eér) , where e] = {xj , g+1} :c =
and a?gr) 41 = ¥y and the edges of L3, o are labeled by e(klﬂ), cees eél;lif), where eyﬁﬂ) = {x§kl+l ; §lj_11+z)}
2 = o and xg;lg) =y. Since the set

M M D 2 @ (2) (2) (k1) (k ). (k1)
{ex €57, €3y _1,€2 1€ st €3y 4y €315 -1 €2 5C5 63r21—47
k ki+1) (ki+1 k141 itk ki+k ki+k
ehr) e el e e ) ) ey

is pairwise 3-disjoint, then it follows that Zf;l 7+ Zfil t; <cg. We have G’ = G\ {z} = L3, U...U Lay,, U
Lt 41U, ..U L3y, 41 and G" =G\ Ng[z] = La(r,—1)42U... U L3y, —1)+2U Lst, U...ULs,, . In order to use
Lemma 2.2 for reg(G’) and reg(G"), we have to compute reg(G’' \ {y}), reg(G' \ Ng'[y]) + 1, reg(G" \ {y})
and reg(G" \ Ngr[y]) + 1, where G"\ {y} is the disjoint union of Ly, —1)12,---s La(ry, —1)+2, Latys- - Lty »
G'\ N[y is the disjoint union of L3(r, —1)41,- -+ La(ry, 1)+1s La(e—1)425 - -+ Ly, —1) 42, G” \ {y} is the dis-
joint union of Ly —1)41s-- -, La(ry, 1)+1> Lt —1)+2, - - -, La(ey,, —1)+2, and G" \ Ngn[y] is the disjoint union
of La(ry—1)s-->La(ry, 1)> Lagts—1)+1,- - -» La(ty,, —1)+1.  Hence, we obtain that reg(G' \ {y}) = Zfllrl +
Zfil t; and reg(G' \ Ngrly]) = Z 1t + Zl 17 — k1. Thus reg(G’') < ZZ 1T+ Z].” i- Moreover,
reg(G" \ {y}) = Zz 1T+ ZZ 1ti — k1 and reg(G” \ Ngrly]) = ZZ 1T+ ZZ 1ti — k1 — ka. Therefore,
reg(G") < M vy + 302t —ky. Since 1—ky <0, then reg(G) = cg = Yo%, ri + 3% t;, which proves the
required equality. O

Theorem 3.4 Let G be the graph Gnlquks consisting of lines Lss,,. .., L3Sk3 . Then
k3

reg(G) = cg = Zsi — ks + 1.

=1
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Proof Suppose that the edges of Lss, are labeled by egi), .. eés) _1, where e = {x] , H_1}, =z and

xg?i = y. Observe that

1 1 2 2 k k (k
(0,0, )22l )

is pairwise 3-disjoint in G'; hence Zfil si —ks+1<cg. Since G’ = G\ {2} = Ly(s,—1)42U ... U L3(sp, —1)+2

and G"” = G\ Nglz] = Lg(s,—1)41 U ... U L3 (s, —1)+1, then again using Lemma 2.2,

reg(G') < max{reg(G"\ {y}),reg(G"\ Ne[y]) + 1},
where G”\ {y} is the disjoint union of L5, —1)41,-- ., La(s,, )+1 and G"\ Ner[y] is the disjoint union of
L3(sy—1)s- -+ Las,, ). It follows that reg(G'\ {y}) = Zfil s;i — ks and reg(G' \ Ng/ly]) = 2531 s; — ks.

Hence reg(G’) < Zfil s; — ks + 1. Since G" \ {y} is the disjoint union of Lgs,—1),..., Lg(s and

k3—1)
G" \ Ner[y] is the disjoint union of Lj(s, )42, -, La(sy, »)+2. then we obtain reg(G” \ {y}) = Zfil s; — ks
and reg(G"” \ Ng~[y]) = ngl s; — k3. Applying Lemma 2.2, we have reg(G") < ZZ 18 —ks+1. On the
other hand, the set

1) 1 k k ks3)
{eé),eé),.. egb)l 3,...,e§ 3),6((3 3) egéi _3}

is pairwise 3-disjoint in G” and hence Zfil s;i — ks < cgr. We claim that reg(G”) = cqr = Zfil s; —ks. To
prove the fact, consider the strongly disjoint set B = {By,..., B;} of bouquets in G”. Any of the following

cases may happen:

Case (1): y ¢ R(B)U F(B). In this situation, the set

(1) (1) (1) (ks) (ks) (k3)
{e5 7, eq vee e €3(sy 1y Lelke) k) 3(;371)}

is pairwise 3-disjoint.
Case (2): y € F(B). Observe that the set

(1 a 1 2) (2 (2 elka) (K (ks)
e, ,6;(7),...761(35)1 2,6% ,€ ),..., 3(12 1 es e ((33),..., 3(; _1)}

is pairwise 3-disjoint in G”.
Case (3): y € R(B). In this case, the set

NENe! 1 k k. k
{eé ),eé ),.. eé(ll 1)7...,eé 3),eé 3),...,eé(§i371)}

is pairwise 3-disjoint in G”.

It is easily checked that the considered sets have the maximum cardinality of a pairwise 3-disjoint set
in G".

Altogether and by [11, Theorem 2.18], cgr = reg(G”) = Zfil s; — ks, as claimed. Hence one derives
reg(G) < Zfil s; — ks + 1 and so the result holds. O
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Theorem 3.5 Let G be the graph 0"17---7"k1+k2+k3
Lgsl,...,LgskS such that ki,ko, ks > 0. Then

consisting of lines Lgy,+1,..., Lary, 41, Lat, 42, - - -, L3t +2,

reg(G) = cg = Zn—i—Zt —|—Zsl—/€3
(4)

Proof Suppose that the edges of G are labeled by egi) = {xy),xﬁl} such that x;”’ = x for any ¢ and

:vélr)lﬂ xgzlt:;) = gt o 1 <1< ki, 1<m <k and 1 <n < ks. It is easily seen that the set

3sn,
(1) (1) (kl) (kl) (k1) (k1+1) (k1+1) (kl""l)
{ey ,65 ""7637’1—1"' 1€y y€y y €315 € , €5 B T L
(k1+k2) (ki+k2) (ki+k2) (kitka+1) (ki+k2+1) (k1tka+1) (k1+k2+k3)
es e e €3e 1€ e R Y S O ,
(k1+k2+k3) (k1+k2+k3)}
65 yeeey Ssk _4

is pairwise 3-disjoint in G. It follows that Zl 17+ Zfil t; + Zfil si — ks <cg. We have G’ = G\ {a} =
Lsy,U...ULsy, ULsg, 41U, ..ULsy,, 1ULgs, —1U...ULss, 1 and G = G\Ng[a] = Lay, -1U...ULsy, —1ULs, U
<ULgy,, ULzs, —2U...ULgs, —o. Using Lemma 2.2, reg(G’) < max{reg(G'\{y}),reg(G"\ Ng-[y]) +1}, where
G'\{y} is the disjoint union of L3¢, _1)12,- ., L3(ry, —1)+25 L3ty -5 Latyy , La(sy—1)+15 - -5 La(s, —1)+1 and G\
Ng[y] is the disjoint union of Lg(p, —1)41, - s Lagri, o+1 L3 —1)+2, -5 Laey, —1)+25 La(si—1)5 - - - » La(sg, —1) -
This yields that reg(G’\ {y}) = Zz 1T+ Z Lt + ngl s; — ks and reg(G'\ Ng[y]) = ZZ 1Tt 2121 t; +
fil $;—k1—ks3. Since 1—k; <0, then one obtains reg(G’') < ZZ 1T —l—Zfil t; —&—Zfil s; — ks . On the other
hand, G"\ {y} is the disjoint union of L3¢, —1)41,---, Lary, —1)+1s Lagty—1)+25 - -+ Ly, —1)+25 La(si—1)s - - -
L3 (s, 1) and G"\ Ngy] is the disjoint union of L, 1), ... s La(r, 1) Lagtr—1)+15 -« > L3ty —1)+1 La(s; —2)+2
. L3(Sk3_1)+2. One derives that reg(G”\{y}) = Z]-fi rﬁ—ZIE t'+2fil s;i—ki1 —ks and reg(G"”\ Ng»[y]) =
A+ 0 sk — ky — k3. Since 1 — kg < 0 we conclude that reg(G”) < ¥ v+ 302 i+
Zi% 1 Si — k1 — k3. Assumption ky > 1 forces reg(G) = ZZ 1T+ Z Lt + 2121 s; — ks O

Theorem 3.6 Let G be the graph Hnl,__.7nk2 consisting of lines Lsy, 42, .. o Lty +2- Then

k2

reg(G) = Zti +1l=cc+1.
i=1

(@

Proof Suppose that the edges of G are labeled by e; @

= {;vj ) J+1} such that =7’ =z and xgt o=y It
suffices to find an appropriate upper bound for reg(G’) and reg(G”), where G’ = Lg;,+1 U ... U L3y, +1 and
G" = L3, U...ULgy, . Since G'\{y} is the disjoint union of L, ..., L3, and G"\ Ng[y] is the disjoint union

of L3(t, 1)42:-- -+ La(t,, —1)+2, then one concludes that reg(G"\ {y}) = Zfil t; and reg(G'\ Ng/[y]) = Zfil t;.
Again, using Lemma 2.2, we get reg(G’) < Zfil t; + 1.
Furthermore, G”\ {y} is the disjoint union of Lz(t, —1)42;-- -, L3(t,, —1)+2 and G”\ Ngr[y] is the disjoint

union of L3¢, —1)41,- - .,Lg(tkz_l)_;'_l. Thus, reg(G"” \ {y}) = Zfil t; and reg(G” \ Ng~y]) = Zfil ti — ko.
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Since 1—ky <0, then reg(G”) < Zk2 t;. Both facts and Lemma 2.2 imply reg(G) < Zfil t;+1. On the other

hand, we can see that (@) # 0; therefore Efil t;+1 < reg(G@) and hence reg(G) = Efil ti+1,

2502, tit1,|Val
as desired. It remains to prove cg = Zfil t;. In order to show this fact, consider the strongly disjoint set

B ={Bj,...,B;} of bouquets in G. Any of the following situations may happen:

Case (1) : z,y ¢ F(B)U R(B). Then there exist ¢; bouquets with two flowers and one root in any line. The

set {eél),eg), . egg 1,e§k2), ék”,...,egziiA} is pairwise 3-disjoint in G.

Case (2): z,y € F(B).

i. If the bouquets containing x and y are in the same line, as Lg¢, 42, then there exist ¢; — 2 bouquets with
two flowers and one root and one bouquet with one flower and one root in Lg¢, 42 and for 2 <14 < kg there

exist t; bouquets with two flowers and one root in Ls;, 2. Observe that the set

1 1 (2 (2 2 k k k
{ed efl) el gk e e e e e )

is pairwise 3-disjoint in G.

ii. If the bouquets containing x and y are in different lines, as Ls;, 42 and Lss, 42, then one has ¢; bouquets
with two flowers and one root in Ls;, 1o for 1 < ¢ < ky. It is seen that the set {egl) eil), . egz 2 egQ), eé ),

6:(32, cees eékZ), eékZ) eg;i } is pairwise 3-disjoint in G.

Case (3) : z € R(B) and y ¢ F(B)U R(B). Suppose that x is the root of a bouquet with ko flowers.

Moreover, we have t; — 1 bouquets with two flowers and one root and one bouquet with one flower and one root
in Lay,10-3 for 1 <i<ky. The set {eél),e(l) egz,.. eékQ), (k2) eg;i } is pairwise 3-disjoint in G.

Case (4) : z € F(B) and y ¢ F(B) U R(B). Suppose that the bouquets containing x are in Ls;, 12; then

there exist t; bouquets with two flowers and one root in Lg¢, 42 for 1 <4 < kg. Observe that

1 1) 1 2 2 k k2) k
{ed” el el o e e el )

is pairwise 3-disjoint in G.

Case (5): z € R(B) and y € F(B). Suppose that x is the root of a bouquet with ks flowers and the bouquet
containing y with two flowers and one root lies in Lg¢, +2. Moreover, we have ¢; — 1 other bouquets with two
flowers and one root in Lgt, 425 and ¢; — 1 bouquets with two flowers and one root and one bouquet with one
flower and one root in Ls;,42-3 for 2 < i < ky. It is seen that {eé ,eél), .. egz,.. eék2), eékQ) egtci } is
pairwise 3-disjoint in G.

Case (6) : z € R(B) and y € R(B). Suppose that « and y lie in bouquets with ko flowers. Moreover, there

exist t; — 1 bouquets with two flowers and one root in Lg, 424 for 1 <i < ky. Observe that

1 1 1 2 2 k k k
{eg)ve( egti 276;(3,‘14_176:(),),@53)7” eéti 3""76§i 2),eé 2)""7 i(%tj)?)

is pairwise 3-disjoint in G.
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It is easily seen that the considered sets have the maximum cardinality of a pairwise 3-disjoint set in
G. Note that the above described cases are satisfied if we interchange = and y. Furthermore, one can check

that the number of flowers of bouquets containing x or y as discussed above has no effect on the value of c¢g.

Altogether, one has cg = Zfil t; and so the result holds. O

Theorem 3.7 Let G be the graph 9n17___7nk1+,€3 consisting of lines Lap 41, .. s Lary +15 L3sy, - - -5 Las,, such
that kl,kg >0. If k1 =1 then
k3
reg(G):cG—&—l:rl—i—Zsi—kg—i-l,
i=1

and for k1 > 2, the following relation is satisfied:

k1 ks
reg(G) = cg = Zn— + ZSZ — ks.
i=1 i=1
(4) (i)

Proof Assume that the edges of Ls,, 1 are labeled by e = {xj ) ]H} such that ;" =z and 23 ., =y
for 1 <4 < ky and the edges of Lss, are labeled by e;klﬂ) = {x;klﬂ),x]lﬁfﬂ } such that a:(klﬂ) =z and

wé’;f”) y for 1 <i<ks. Let G =G\ {2} and G” = G\ Ngz]. Using Lemma 2.2,
cg < reg(G) < maz{reg(G"),reg(G") + 1},

where G’ = L3’r1 L. . .|_|L3Tk1 |_|L3(51,1)+2|_|. . '|—|L3(sk371)+2 and G” = L3(r171)+2|—|- . '|_|L3(Tk1 ,1)+2|_|L3(51,1)+1|_|

U L3(51_1)+1 . Since GI \ {y} is the dlSJOlnt union of .[/3(7.1_1)_’_27 ey Lg(rk1_1)+27 L3(51_1)+1, ey L3(8k3_1)+1
and G'\ Ne[y] is the disjoint union of Lz, —1)11,-- -5 La(r, ~1)+15 La(s,—1)s - - - s L3(sy,, —1) » then we get reg(G"\
{y}) = Zf;l r; + Zfil s; — k3 and reg(G' \ Ng[y]) = ZZ 1T+ Zz 18 — ki1 —ks. According to 1 —k; <0

and using Lemma 2.2, one concludes that

reg(G Zm—i—Zsz—kg

Applying the same argument, G"\{y} is the disjoint union of Ly, —1)41,- -+ La(ry, —1)+15 L3(s,—1)s - -+ La(sp, —1)
and G" \ Ng~[y] is the disjoint union of Lz, —1y,..., L3(ry, ~1)s L3(sy—2)+25 - - - » Li3(sy,, —2)+2 - Hence, we obtain
that reg(G” \ {y}) = M 7 + 327 si — k1 — ks and reg(G” \ New[y]) = S0, ri+ 320 s — ki — k3. Then
reg(G") < Zz 17+ Zi:l s; — k1 — k3 + 1. Altogether, we conclude that

k1 ks k1 k3
reg(G) < max{Zm + Zsi — kg,Zm + Zsl —ky — ks + 2}.
i=1 i=1 i=1 i=1

If ky =1 then reg(G) <m —i—Zfil s;i —ks+1, while for k1 > 2 it follows that reg(G) < ZZ 1 m—i—Zfil s;—ks

We can see that 3 # 0. In the case k1 = 1, one derives that r; +Zi:1 si—k3z+1 < reg(G)

2r1 -1-22:1 N Sb—klg,‘VGl(G)

and hence reg(G) =r; + Zi‘zl s; — ks + 1, as required.
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Now we want to clarify cq = r + Zfil s; — ks = reg(G) — 1. Cousider the strongly disjoint set
B = {Bj,..., B} of bouquets in G. Any of the following situations may happen:

Case (1) : z,y ¢ F(B)U R(B). Then there exist 7 — 1 bouquets with two flowers and one root and one
bouquet with one flower and one root in Ls,, 41 and s; — 1 bouquets with two flowers and one root in Lg,, for
1 <7 <ksz. The set

(1) (2) (2 (2) (ks+1) (ks+1) (k3+1)
{62 7e5 AT = T 7 N S YT ) , €4 €36 3

is pairwise 3-disjoint in G.

Case (2): z,y € F(B).

i) If bouquets containing x and y lie in the same line, as Ls,,+1, we can use the same argument as in the

previous case.

ii) If bouquets containing x and y lie in the same line, as Lgss, , then there exist r; — 1 bouquets with two
flowers and one root and one bouquet with one flower and one root in Ls,,11_2 and s; bouquets with two
flowers and one root in L3, and s; — 1 bouquets with two flowers and one root in Lss, o for 2 <i < ks.

Hence, the set

(1) (1) (2 2 (2) 3 B3 (3) (k3+1) (ka+1) (ka+1)
{e5 765 7"'7637‘1 D€ 2€5 ey €30 15€3 €5 s s€30 gye e ey € ,es R

is pairwise 3-disjoint in G.

iii) If bouquets containing  and y lie in the different lines, as Ls,, +1 and Lss, , then there exist r; bouquets
with two flowers and one root in Ls,,11-1 and s; — 1 bouquets with two flowers and one root and one
bouquet with one flower and one root in L3s, and s; —1 bouquets with two flowers and one root in Lgg, o
for 2 < i < k3. Then the set

(1) (2 @) (2) (3) B3) (3) (k3+1) (k3+1) (ka+1)
{e 64 A 5 N SN ) YNAITT cJ SEc) SPN ° y P ,eq S

is pairwise 3-disjoint in G.

iv) If bouquets containing x and y lie in different lines, as L35, and Lss,, then there exist 71 — 1 bouquets
with two flowers and one root and one bouquet with one flower and one root in Lg,, 412 and s; — 1
bouquets with two flowers and one root and one bouquet with one flower and one root in L3s, 1, s2 — 1
bouquets with two flowers and one root and one bouquet with one flower and one root in Lgs,—1 and s; —1

bouquets with two flowers and one root in Lss,_o for 3 <4 < k3. Then the set
1 1 1 2 2 2 3 3 4) (4 4
eV, e e el e e e e el el e e e

(ks+1)  (ks+1) (k3+1)
€5 ,es P

is pairwise 3-disjoint in G.

Case (3) : v € R(B) and y ¢ R(B) U R(B). Suppose that z is the root of a bouquet with ks + 1 flowers.

Then there exist r1 — 1 bouquets with two flowers and one root in Lg,, +1—3 and s; — 1 bouquets with two
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flowers and one root in Ls,,—3 for 1 <4 < k3. Then the set

1 1 2 2 3 3 ks+1) (ks+1 (ks+1
{e() 6:(37’)1 2’65)7 ()7 6:(33)1 27eg)7eé)""7g8)2 37"'765)3 )’eés )7"'7 38:)1 7)3}
is pairwise 3-disjoint in G.
Case (4): x € F(B) and y ¢ F(B)U R(B).
i) Assume that z lies in bouquets with two flowers and one root in Lg,, +1. Hence, there exist r; bouquets

with two flowers and one root in Ls,, and s; —1 bouquets with two flowers and one root in Lss,_o for
1 < i < k3. Then the set

(1 (1) (2) (2 (2) ks+1) (ks+1) k3+1)
{e} 64),.. 1 €3, 95 €3 ,66),..., €39, 3> - ..,egs ),663 ey gsi Y
is pairwise 3-disjoint in G.
ii) Assume that x lies in bouquets with two flowers and one root in Ls, . Hence, there exist r; — 1 bouquets
with two flowers and one root and one bouquet with one flower and one root in Lg,, y1-2, $1 —1 bouquets
with two flowers and one root and one bouquet with one flower and one root in Lss, 1, and s; —1 bouquets

with two flowers and one root in Lss, o for 2 < ¢ < k3. Then the set

(1) (1) (1) 2) (2 (2) (k3+1) (ks+1) (k3+1)
{es 65 yr 36301 -4)€30 1562 565 7535, g5 €2 ) €5 e €35y, a}

is pairwise 3-disjoint in G.

Case (5): z € R(B) and y € F(B). Assume that x is the root of a bouquet with k3 + 1 flowers.

i) If the bouquet containing y lies in Ls,, +1, then there exist 7, — 1 bouquets with two flowers and one root
and one bouquet with one flower and one root in L3, +1-2 and s; — 1 bouquets with two flowers and one
root in Las,_3 for 1 < ¢ < ks. Then the set

1 1 1 2 2 k3+1 ks+1 ka+1
(0,2, ) 9, l? D, el

is pairwise 3-disjoint in G.

ii) If the bouquet containing y lies in Lsg, , then there exist 1 — 1 bouquets with two flowers and one root in
L3y, +1-3, s1 — 1 bouquets with two flowers and one root in L3, _s2, and s; — 1 bouquets with two flowers
and one root in Lag, 3 for 2 <4 < k3. Then the set

D INE! 1 2) (2 2 3) (3 3 ka+1)  (ks+1 k3+1
{eg e e gei el el e el el g T T ey

is pairwise 3-disjoint in G.

Case (6) : z,y € R(B). Assume that x and y are the roots of the bouquets with k3 + 1 flowers. Hence, there
exist 71 —1 bouquets with two flowers and one root in Ls,, +1_4 and s; —2 bouquets with two flowers and one

root and one bouquet with one flower and one root in Lz, _4 for 1 <¢ < k3. Then the set
(1) (1) (1) (2 ( ) (2) (ks+1) (K +1) (k3+1)
{es ©1€3r-3163,1,63 H € ©1€35,-31+++,€3 T eg eSsi Y

is pairwise 3-disjoint in G.
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Thus, we can use the same argument as in the demonstration of the previous theorem and derive
k .
cg =711+ ;> 5 — ks, as required.

Suppose that k1 > 2. We intend to show Zf;l 7 + Zfil s; — ks < cq. The set

(1 (1) (1) (k1) (k1) (k1) (k1+1) (k1+1) (k1+41) (k1+ks) (ki+ks) (k1+4k3)
{e5”/, e5 s €3y 1ae €y €5 s, €30 1€ ,es R P (P a3 ,es ,...,63519374}
is pairwise 3-disjoint in G and hence > % 7 + > 7%, s; — k3 < cq, as desired. O

)

Corollary 3.8 Let G be the graph 6, . .. Then we have reg(G) = cg unless n; = 2 (mod 3) for any
1 <i <k or there exists exactly one n; such that n; =1 (mod 3) and for any 1 <i# j <k we have n; =0

(mod 3); then it yields reg(G) = cq + 1.
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