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Abstract: A graph G = (V(G),E(G)) admits an H-covering if every edge in E belongs to a subgraph of G
isomorphic to H. A graph G admitting an H-covering is called (a,d)-H -antimagic if there is a bijection f :
V(G)UE(G) = {1,2,...,|V(G)] + |E(G)|} such that, for all subgraphs H' of G isomorphic to H, the H -weights,
wtp(H') = Yveviay S W)+ ccpmr f(e), constitute an arithmetic progression with the initial term a and the common

difference d. In this paper we provide some sufficient conditions for the Cartesian product of graphs to be H -antimagic.

We use partitions subsets of integers for describing desired H -antimagic labelings.

Key words: H -covering, super (a,d)- H -antimagic graph, partition of set, Cartesian product

1. Introduction
Let G = (V, E) be a finite simple graph without isolated vertices. An edge-covering of G is a family of subgraphs
H,y, Hs, ..., H; such that each edge of E belongs to at least one of the subgraphs H;, i = 1,2,...,t. Then it is
said that G admits an (Hy, Ha, ..., Hy)-(edge) covering. If every H; is isomorphic to a given graph H , then
G admits an H -covering.

For a (p,q)-graph G with p vertices and ¢ edges, a bijective function f: V(G)UE(G) — {1,2,...,p+q}
is a total labeling of G. Suppose that G admits an H -covering. Then for the subgraph H under the total
labeling f, we define the associated H -weight as

wtp(H)= > fl)+ Y. fle).

vEV(H) e€E(H)

The graph G is called (a,d)-H -antimagic if there exists a total labeling f such that, for all subgraphs H’
of G isomorphic to H, the H-weights constitute an arithmetic progression a,a + d,a + 2d,...,a + (t — 1)d,
where @ > 0 and d > 0 are two integers, and ¢ is the number of all subgraphs of G isomorphic to H. If
f(V)y=1{1,2,...,p}, G is said to be super (a,d)-H -antimagic. If G is a (super) (a,d)-H-antimagic graph
then the corresponding total labeling f is called the (super) (a,d)-H -antimagic labeling. For d = 0, the (super)
(a,d)- H-antimagic graph is called H -(super)magic.
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The H -(super)magic labelings were first studied by Gutiérrez and Lladé [12] as an extension of the edge-
magic and super edge-magic labelings introduced by Kotzig and Rosa [18] and Enomoto et al. [10], respectively.
In [12] are considered star-(super)magic and path-(super)magic labelings of some connected graphs and it is
proved that the path P, and the cycle C,, are Pj,-supermagic for some h. Maryati et al. [22] gave Pj-
(super)magic labelings of some trees such as shrubs, subdivision of shrubs, and banana tree graphs. Lladé
and Moragas [20] investigated C,,-(super)magic graphs and proved that wheels, windmills, books, and prisms
are Cp-magic for some h. Ngurah et al. [25] proved that chains, wheels, triangles, ladders, and grids are
cycle-supermagic. Other examples of H-supermagic graphs with different choices of H have been given by
Jeyanthi and Selvagopal in [17]. Inayah et al. [14] gave a connection between graceful trees and antimagic
H -decomposition of complete graphs. Maryati et al. [23] investigated the G-supermagicness of a disjoint union
of ¢ copies of a graph G and showed that disjoint union of any paths is cP,-supermagic for some ¢ and h.
Maryati et al. [24] and Salman et al. [26] proved that certain families of trees are path-supermagic.

Motivated by H -(super)magic labelings, Inayah et al. [15] introduced the (a,d)-H -antimagic labeling.
In [16] they investigated the super (a,d)- H -antimagic labelings for some shackles of a connected graph H. In [5]
it was proved that wheels are cycle-antimagic. In [3, 8] was investigated the existence of super (a, d)- H -antima-
gic labelings for disconnected graphs. There it is proved that if a graph G admits a (super) (a,d)- H -antimagic
labeling, where d = |E(H)| — |V(H)|, then the disjoint union of m copies of the graph G, denoted by mG,
admits a (super) (b, d)- H-antimagic labeling as well.

The (super) (a,d)-H -antimagic labeling is related to a super d-antimagic labeling of type (1,1,0) of
a plane graph that is the generalization of a face-magic labeling introduced by Lih [19]. Further information on
super d-antimagic labelings can be found in [2, 7].

If H is isomorphic to K, then (super) (a,d)- Ka-antimagic total labelings are also called (super) (a,d)-
edge-antimagic total. These labelings are the generalization of the edge-magic and super edge-magic labelings
that were introduced by Kotzig and Rosa [18] and Enomoto et al. [10], respectively. However, it is worthwhile
mentioning that a type of graph called strongly indexable had already been defined in [1] by Acharya and
Hedge and it turns out that strongly indexable graphs are equivalent to super edge-magic graphs. For further
information on (super) edge-antimagic total labelings, one can see [4, 6, 9, 11, 13, 21].

As can be seen also from the previous survey most known results related to the study of H-magic and
H -antimagic labelings deal with some special classes of graphs. In this paper we describe some sufficient
conditions that guarantee the existence of the H -supermagic or super H -antimagic labelings for the Cartesian
product of two graphs. We prove that if there exists appropriate edge-covering in G10G> then the existence
of H-(anti)magic labeling of G10G2 depends only on some parity conditions for orders and sizes of graphs G4

and G5. We will use a technique of partitioning sets of integers in order to construct the desired labelings.

2. Preliminaries
The constructions of labelings will be made by using partition subsets of integers. Let n,k, and i be positive
integers. Consider the partition P}' of the set of integers {1,2,...,kn} into k-tuples such that the ith k-tuple
in the partition is defined in the following way:

For k even, k > 2, we define

Pri)={i,2n+1—i2n+idn+1—i ... (k—2n+ikn+1—i}. (1)
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For n, k odd, k > 3, we define

{22+ Sl 14+ 5 3n+1—i,3n+4,5n+1 —1,
Sn+i,m+1—4,....(k—2n+i,kn+1—1}
for ¢ odd,
{En+ + i 3n+1—4,3n+i,5n+1—1,
Sn+i,m+1—i....,(k—=2)n+ikn+1—i}

for 7 even.

It is easy to see that for both cases the sum of all numbers in the ith k-tuple is equal to

k
o (P = 3 P = LEIE 0
i=1
for i =1,2,...,n. Let us recall that from the divisibility it follows that if k£ is odd then n has to be odd too.
By the notation P} (i) @ ¢ we will mean that the constant ¢ is added to every number in P}'(i).

A Cartesian product of two graphs G; and G, denoted by G10Gs9, is the graph with vertex set
V(G1)BV(Gs), where two vertices (u,u') and (v,v") are adjacent if and only if v = v and v'v' € E(G3)
or v/ =v" and uv € E(Gq).

Let G; be a (p1,q1)-graph and G2 be a (p2,g2)-graph. Let the symbol v{ denote the vertex in G10G3
corresponding to the vertex v; € V(G1), i =1,2,...,p1, in the jth copy of G1, j =1,2,...,ps. Let the symbol
e/ denote the edge in G10Gy corresponding to the edge e € E(Gy) in the jth copy of Gi, j = 1,2,...,ps
and let the symbol e; denote the edge in G;0G2 corresponding to the edge e € E(G2) in the ith copy of Go,
t=1,2,...,p1. Thus the vertex set and the edge set of G10G5 are as follows:

V(G1OGy) ={v) :i=1,2,....p1, 5=1,2,...,pa}
E(GluGg) Z{ej ee E(Gl), j = 1,2,...,])2}

U{eiIGGE(Gg), i:1,2,...,p1}.

The graph G10G> is of order pi1ps and of size p1g2 + p2qs -

There are several known classes of cycle-supermagic graphs obtained by the Cartesian product of two
graphs. Lladé and Moragas [20] showed that the graph GOP, is Cy-supermagic if G is a Cy-free supermagic
graph of odd size. Ngurah et al. in [25] proved that ladder P,0P, and book K;,0OPF, are C4-supermagic

for any integer n. Moreover, they proved that the grid P,0P,, is Cj-supermagic for any integer m > 3 and
n=3,4,5.

3. Constructions of (HOG)-supermagic labelings

In this section we examine the existence of (HOGs2)-supermagic labelings of the Cartesian product G10G>,

where GG; and G satisfy certain conditions.

Theorem 1 Let Gy be a graph admitting an H -covering given by t subgraphs isomorphic to H. If Go is
a graph of even order and even size and the graph G10Gs contains exactly t subgraphs isomorphic to HOG,
then the graph G10G2 is (HOG32) -supermagic.
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Proof Let Gy be a (p1,q1)-graph. Let Gy be a (p2,g2)-graph where p; = 0 (mod 2) and g2 =0 (mod 2).
Assume that G admits an H -covering containing ¢ subgraphs Hi, Hs,...,H;. Let f be any total labeling
of G1, f:V(G1) UE(G1) — {1,2,...,p1 + q1}, such that the vertices of G; are labeled with the values
1,2,...,p1.

Let the graph G10G> contain exactly ¢ subgraphs, say HiOGs, HoOGo, ..., HiOGs. Note that they
are isomorphic to the subgraph HOGs.

Define the labeling g of G10G> in the following way:

g!) = (= Dp1 + f(v:) i i=1,2,....p1,
P2
=1,2,...,—
j ) ) ) 27
g(wl) = jp1 +1— f(v;) i i=1,2,....p1,
. P2 P2
—+1,=+2,...
J= ) + ) 9 + ) s P2,
g(e]):(pQ_l)p1+(J_1)QI+f(€) if eeE(G1)7]:17277p527
g9(e?) = (p2 + Dp1 +jg1 + 1 — f(e) if e B(Gy),
. P2 P2
=—=4+1,—=4+2,...
J ) + ) ) + ’ s P2,
{g(e:) : e € E(Ga)} = Pg) (i) & (p1p2 + p2q1) if i=1,2,...,p1.

Since f(V(G1)) ={1,2,...,p1} and f( (G1)={p1+1,p1+2,...,p1 +q1}, the labeling g assigns the

the values p; +1,p1 +2,...,2p; to the vertices v7,v3, ..., v>

values 1,2,...,p; to the vertices v}, v%, - o1 s

) pla
, and the values (p2 — 1)p1 + 1, (p2 — 1)p1 +2,...,p1p2 to the vertices vi?, vh?, ... ;b2

Under the labeling g, the edges in the first copy of G successively attain values pips + 1,p1p2 +
2,...,p1p2 + q1, the edges in the second copy of G successively assume values pips + ¢1 + 1,p1ipe + @1 +
2,...,p1p2 +2¢1, ..., and the edges in the path copy of G; successively assume values pips + (p2 — 1)¢1 +
Lpipe + (p2 — D)1 +2,...,p1p2 + p2q1. Values pips + paqi + 1,p1p2 + p2qi + 2,...,p1p2 + p2q1 + p1g2 are
assigned to the edges in the copies of G3. Thus g is a total labeling of G10G5, where the smallest possible
labels are assigned to the vertices.

For the (HOG2)-weight of the subgraph H;0G5, [ =1,2,...,t, we have

Hl\:\GQ Z Z Q(Uf)"'z Z g(ej)+ Z Z

Jj=1li:v;€V(H;) Jj=lecE(H;) iiv; EV(H;) eeE(G2)

=(Z S (G- s+ (Z > Gmet 1 fw)

j=1 i:v.;eV(Hz) ]—p2+ll ’U,LEV(HI)

iy

“‘S

> (2= Vpr+ (G —Dan + f(e)))

j=1 ecE(H))
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(Z Z p2+1p1+jq1+1f())>+ Z Z

p2 +1e€E(H;) v, EV(H;) e€E(G2)

:W;mm|v(ﬂ>|+(p§p1+2+m)lE( DD

i viEV(Hl) @EE(GQ)

We express the next term as follows:

> Yo ogle)= > (o(PL(i)® (pip2 + p21)))

i:v; €V (H;) e€E(G2) v, €V (H;)

= Z (o(Py (i) + (p1p2 + P2q1)g2)

v, €V (Hp)

= 3 (@(PR@)) + (12 + poar)a2V (H)|-
i:v; €V (Hy)

According to (3) we get

S (o(Pniy) = LRI gy

) 2
i:v; EV(Hy)

Thus

1+
Yoo D gle) = (p1p2 + o + 2plq2>q2|V(H)|.

i:v; EV(H;) e€EE(G2)

In the previous part we used the argument that all H; are isomorphic to H and thus |V (H;)| = |V(H)|,
|E(H)| = |E(H)|, for I =1,2,...,t.

Summarizing all the corresponding expressions we get

(14 p1p2)p2 + (2p1p2 + 2p2q1 + p1g2 + 1)g2

wty(HiOG) = 5 [V (H)|
q1p
+ (ot 22+ 222 (o),
for 1 =1,2,...,¢t. It means that all (H;0G;)-weights are the same. This concludes the proof. O

When G5 is a graph of odd size, and of even order, then by using a similar method as in the previous
theorem we are able to prove the existence of the (HOGs)-supermagic labeling of the graph G10Gs. In this
case the graph G has to be of odd order.

Theorem 2 Let Gy be a graph of odd order admitting an H -covering given by t subgraphs isomorphic to H .
If G4 is a graph of even order and odd size and the graph G10G5 contains exactly t subgraphs isomorphic to
HOG, then the graph G10Gs is (HOGs) -supermagic.

Proof In order to obtain the result it is sufficient to use the same total labeling defined in the proof of Theorem
1 and partition (2). O
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4. Constructions of super (HOG)-antimagic labelings

In this section we study the existence of the super (HOG32)-antimagic labelings of G10G2, where we suppose
that graph G; admits a super H-antimagic labeling and G10G2 admits an (HOGs)-covering. For the
construction of the desired labelings we use the partitions (1) and (2). Let us recall that according to (3)
the odd size of G5 necessitates the odd order of G .

Theorem 3 Let Gy be a super (a,d)-H -antimagic graph containing t subgraphs isomorphic to H. If Gq s
a graph of even size and the graph G10Gy contains exactly t subgraphs isomorphic to HOGy then the graph
G10Gy is super (b, |V(G2)|d) -(HOGs) -antimagic, where the parameter b depends on the parameter a and on
orders and sizes of graphs G1, Go, and H .

Proof Let f:V(Gy)UE(G1) — {1,2,...,p1 + @1} be a super (a,d)- H-antimagic labeling of a (p1,q1)-
graph G and let Hq, Ho, ..., H; be the family of all subgraphs of G; isomorphic to H. Clearly, the set of all

H -weights is as follows:

{wtp(H) :1=1,2,... .t} ={a,a+d,...,a+ (t— 1)d} (4)

and the smallest possible labels 1,2,...,p; appear on the vertices of G .

Suppose that Ga is a (p2,¢2)-graph with ¢ = 0 (mod 2) and the graph G;0G2 contains exactly ¢
subgraphs, say H1OGs, HoOGs, . .., H{OGs, all isomorphic to a subgraph HOG,.

Define the labeling g of G10Gs in the following way:

g(vz):(j_l)pl—i_f(vl) if Z:1a2,ap17
j: 1»27“-»]92»
9(8]) = (p2 - l)pl + (.] - 1)q1 =+ f(e) if ee E(Gl)hj = 1727 <oy P2,
{g(ei) : e € E(G2)} = PP (i) © (p1p2 + p2q1) if i=1,2,...,m
We can see that the labeling g assigns the values 1,2,..., p; to the vertices vi, vi, ..., p1 , the values p1+1, p1+
2,...,2p; to the vertices v}, v3,...,v2 , ..., and the values (po—1)p1+1, (p2—1)p1+2,...,p1p2 to the vertices
o2 b2 L ,vb2. The edges in the first copy of G successively assume values p1p2+1,p1p2+2,...,p1p2+a1, the
edges in the second copy of (G; successively attain values p1ps+q1+1,pip2+q1+2,...,p1p2+2q1, ..., and the

edges in the poth copy of G successively assume values p1pa+(p2— 1)1+ 1, p1pe+(p2—1)g1 +2 ..., p1p2+p2qi -
Values p1po+p2qi+1, p1pa+p2qi+2, ..., p1p2+p2q1+p1q2 are assigned to the edges in the copies of G3. Thus the
labeling g is a bijection from the vertex set and the edge set of G10Gs onto the set {1,2,..., p1pa+paqi +p1¢2}
and the vertices of G{OG5 are labeled with the smallest possible numbers.

For the (HOG2)-weight of the subgraph H;0G,, [ =1,2,...,t, we have

SR YD VP ED DD DIV EED SID S

Jj=1li:v;€V(H;) j=lecE(H;) i:v; EV(H;) e€E(G2)

=Y > (G—=Vp+f(w)

J=li:v;€V(H;)

+Z Yo (=D +G—Da+fEe)+ >, >

Jj=1e€E(H)) i:v; €V (H;) eeE(G2)
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) (T St

v, €V (Hy)

+ <(p2 — pip2 + W) |E(H)|

+ D2 Z fle) + Z Z g(ei)

c€E(H)) i€V (Hy) e€ B(Ga)

ZWW(HM + <(P2 ~Lpips + @r;)qlpz) |E(H)]

D YD SINSEA (b DIV ED DIV

v €V (H)) e€ E(Ga) v, EV(H)) e€E(H))

:an&m + ((pz — )p1p2 + (])2_21)(]11)2) [E(H)|

+ Y > gle) + pawty(Hy).

7 ’UiEV(HI) E’EE(GQ)

Analogously as in the proof of Theorem 1 we get

1+
Yoo D gle) = (p1p2 + o + 2plq2>q2|V(H)|.

i:v; EV(H;) e€EE(G2)

As every subgraph H; is isomorphic to H, we have |V(H;)| = |V(H)| and |E(H;)| = |E(H)|, for
1=1,2,...,t.
Thus

wt,(H,OGs) _(p2 —21)2?1192 WV (H)| + ((p2 — )pips + (p2 —21)Q1p2>|E(H)|

+ D1g2

1
+ (plpz + P2+ — >q2|V(H)| + pawt (Hy),

for i =1,2,...,t.

If we denote

1+ 1
A Kplpg + paqi + 51‘”>q2 4 2= Dpupe Q)Wﬂ WV (H))|

+ <(P2 — )pip2 + (792_21)(1”72) |E(H)|,

then
wty(H;0G2) =A + powt s (Hp).

According to (4) we get that the set of all the (HOG2)-weights under the labeling g is
{wty(HOGy) : 1=1,2,... .t}

={A+pea, A+ pra+pad,..., A+ pra+ (t —1)pad}.

This means that the graph G10G5 is super (A + paa, pad)-(HOGS)-antimagic. O
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If we use the total labeling g considered in the proof of Theorem 3 and the partition (2) then we are able

to prove the following theorem.

Theorem 4 Let G1 be a super (a,d)-H -antimagic graph of odd order containing t subgraphs isomorphic to
H. If Gy is a graph of odd size and the graph G10Gs contains exactly t subgraphs isomorphic to HOGo then
the graph G10G> is super (b,|V(G2)|d)-(HOG>) -antimagic, where the parameter b depends on the parameter

a and on orders and sizes of graphs G1, G2, and H .

The following theorem shows the existence of a super (HOGs)-antimagic labeling with difference d for
G10G; if graph G5 has odd order and G;0G5 admits an (HOG3)-covering.

Theorem 5 Let Gy be a super (a,d)-H -antimagic graph containing t subgraphs isomorphic to H. If Gq s
a graph of odd order and even size and the graph G10Gs contains exvactly t subgraphs isomorphic to HOG,
then the graph G10Gq is super (b, d)-(HOGs) -antimagic, where the parameter b depends on the parameter a

and on orders and sizes of graphs G1, Go, and H .

Proof Let f be a super (a,d)-H-antimagic labeling of the (p1,q1)-graph Gy and let Hy, Hs, ..., H; be
the family of all subgraphs of G isomorphic to H. Assume that Gs is a (ps, g2)-graph with p; =1 (mod 2),
g2 = 0 (mod 2), and also that the graph G10G2 contains exactly ¢ subgraphs isomorphic to the subgraph
HOG,.

Define the labeling g of G10G as follows:

g(wl) = (j = Vp1 + f(v3) if i=1,2,...,p1,
. p2—1
=1,2,...
J y 4y ) 2 y D2
g(vl) = jp1 +1— f(v;) i i=1,2,....p1,
. pa—1 p2—1
= 1 2,... -1
J 2 + 1, 2 + 2, y D2 ’
9(e’) = (p2 = Dp1 + (j — Va1 + f(e) if e€ E(Gh),
p2—1
J= 1727 ) 2 s M2
9(¢’) = (P2 + Vp1 + jar + 1 — f(e) if € B(Gh),
. pa—1 p2 — 1
= 1 2,... —1
J 2 + 9 2 + ) y D2 )
{g(ei) : e € E(G2)} = P} (i) © (p1p2 + p2q1) it i=1,2,...,p1.
The labeling g assigns the values 1,2,...,p; to the vertices vi,vi,... ,vél, the values py + 1,p1 +
2,...,2p1 to the vertices v?,v2,.. .,vgl, ..., and the values %pl + 1, %pl +2,..., mT_lpl to the ver-
pp—1 p2—1
tices vy 2 ,...,vp,> . Then the values %pl + 1, p251p1 + 2,...,”2T+1p1 are assigned to the vertices
potl patl
vy 2 ..., Up2 , ..., and the values p1(p2 — 2) + 1,p1(p2 — 2) + 2,...,p1(p2 — 1) are assigned to the ver-

tices vfzfl, . ,vé’f’l. Finally, the values pi1(ps — 1) + 1,p1(p2 — 1) + 2,...,p1p2 are assigned to the vertices
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ol b2 ,vb2. The edges in the first copy of i1 successively attain values pipo+1,p1p2+2,...,p1p2+q1, the

edges in the second copy of (G1 successively assume values p1pa+q1+1,p1p2+q1+2,...,p1p2+2q¢1, ..., and the

p2—1 p2— p2—3

5— th copy of G successively attain values pps + %5 Sqi+1, pipa+ Q1 +2. .., pipe+ B2

edges in the

—1
2 q1-

The edges in the %th copy of GG1 successively assume values pips + p22_1q1 +1,...,p1p2 + p22+1q1, ..., the

edges in the (ps —1)th copy of Gy successively attain values pipe+q1(p2 —2)+1,p1p2+q1(p2—2)+2, ..., p1p2+
q1(p2 —1), and the edges in the psth copy of G successively assume values p1ps +q1(p2 — 1)+ 1, p1p2 +q1(p2 —
1)4+2,...,p1p2 + p2qi. Values p1ps +pagi + 1, p1p2 +poq1 + 2, ..., p1p2 + p2q1 + p1ge are assigned to the edges
in the copies of Gs.

Clearly, the values of g are 1,2,...,p1p2 + p2q1 + p1g2 and the vertex labels are the smallest possible
labels. By a similar procedure as in the proof of Theorem 3 it is not difficult to check that (HOG5)-weights
form an arithmetic progression with difference d. O

Using the total labeling defined in the proof of Theorem 5 and the partition (2) we are able to prove the

next theorem.

Theorem 6 Let G; be a super (a,d)-H -antimagic graph of odd order containing t subgraphs isomorphic to
H. If G2 is a graph of odd order and odd size and the graph G10Gs contains exactly t subgraphs isomorphic
to HOGo then the graph G10Gs is super (b,d)-(HOGs)-antimagic, where the parameter b depends on the

parameter a and on orders and sizes of graphs Gy, Go, and H .

5. Conclusion

In this paper we provided several sufficient conditions for Cartesian product G;0G5 to be H -supermagic or to
be super (a,d)- H-antimagic for several values of d. These conditions are based on parities of orders and sizes
of graphs G; and G2. We used partitions subsets of integers to obtain required labelings. However, it is not
possible to use the described method for all combinations of parities and all feasible values of the parameter d.

This is a topic for further investigation.
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