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Abstract: Let A be an algebra. A linear mapping d : A — A is called a derivation if d(ab) = d(a)b+ ad(b) for each
a,b € A. Given two derivations d and d' on a C*-algebra A, we prove that there exists a derivation D on A such that

dd' +d'd = D? if and only if d and d’' are linearly dependent.
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1. Introduction

Let A be an algebra. A linear mapping d : A — A is called a derivation if it satisfies the Leibniz rule
d(ab) = d(a)b + ad(b) for each a,b € A. When A is a x-algebra, d is called a x-derivation if d(a*) = d(a)*
for each a € A.

As a typical example of a nonzero derivation in a noncommutative algebra, we can consider the inner
derivation 6, implemented by an element a € A, which is defined as d,(z) = za — az for all x € A. There are
known algebras A such that each derivation on A is inner, which is implemented by an element of the algebra
A or an algebra B containing 4. For example, each derivation on a von Neumann algebra M is inner and is
implemented by an element of M. Moreover, each derivation on a C*-algebra A acting on a Hilbert space H

is inner and implemented by an element of the weak closure M of A in B(H) (see [4, 10]).
Even for an inner derivation d, on an algebra A, it is very probable that §2 is not a derivation. In fact,

if d is a *-derivation on a C*-algebra A, then d? is a derivation if and only if d = 0. To see this, note that d?

is a derivation if and only if
d*(2)y + 2d(2)d(y) + xd*(y) = d*(zy) = d*(2)y + zd*(y).

The latter is equivalent to the fact that d(x)d(y) = 0 for each z,y € A. Thus d(z)d(x)* = d(x)d(x*) = 0 for
each z € A. Hence ||d(x)||? = ||d(z)d(z)*|| = 0. This shows that d(x) =0 for each = € A.

These considerations show that the set of derivations on an algebra A is not in general closed under
product. There are various studies seeking some conditions under which the product of two derivations will be
again a derivation. Posner [9] was the first to study the product of two derivations on a prime ring. He showed

that if the product of two derivations on a prime ring, with characteristic not equal to 2, is a derivation then
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one of them must be equal to zero. The same question has been investigated by several authors on various
algebras; see for example [1-3, 5-8] and references therein. In the realm of C*-algebras, Mathieu [5] showed
that if the product of two derivations d and d’ on a C*-algebra is a derivation then dd’ = 0. The same result

was proved by Pedersen [8] for unbounded densely defined derivations on a C*-algebra.

Let A be a C*-algebra. In the present paper, we show that given two derivations d,d" on A, there exists
a derivation D on A satisfying dd’ + d'd = D?, if and only if d and d’ are linearly dependent. We prove the
main result in two steps; we first deal with derivations on the matrix algebra M, (C), and in the final section

for derivations on an arbitrary C*-algebra, where the result is derived with similar techniques.

2. The equation for the case of matrix algebras

In this section we are mainly concerned with the structure of derivations on the matrix algebra M, (C). We

commence with the next elementary technical lemma.

Lemma 2.1 Let A = [a;;], B = [bij] € M, (C). Then aixbe; = bigag; for all 1 < i,k,¢,j < n if and only if
AXB = BXA for all X € M,(C).

Proof Let {E;;}igij<n be the standard system of matrix units for M, (C). If a;xby; = birae; for all

1<,k 4,5 <n then we can write
(EiiAEre)(EwBEj;) = ambej Eij = biragj Eij = (B BEr)(EwAEj;).

We thus have

n n n n

(D Ea)AEwB(Y_ Ejj) = () Eu)BEwA(Y | Ejj).

i=1 j=1 i=1 j=1

This shows that AEB = BEy,A for each 1 < k,¢ < n. We can therefore deduce that AXB = BXA for all
X € M,(C).
On the other hand, if AXB = BXA for all X € M, (C), then setting X = E;,Eyy, we get

aijbie By = (B AE1) (Exg BEy) = Eiiy(AEjk Exi B)Ey = (Eiy BE 1) (Exi AE ) = bijareEy.

Let A = [a;;] € M, (C). We denote the diagonal matrix whose diagonal entries are a; by AP.

Proposition 2.2 Let A = [a;;],B = [bj;] € M,(C). Then there exists a C = [c;;] € M,(C) such that
0405 + 004 = 00> if and only if «A = BB +rI for some a,B,r € C with |a|+ || #0.
Proof We can assume that a;; = b11 = ¢11 = 0. This is due to the fact that d4_q,,7 =4, dB—p,,7 = 6B,
and dc—c, 1 = dc -
Let {F;;}i<ij<n be the standard system of matrix units for M, (C). Then 040 + dgda = 52 if and
only if
64(65(Eke)) +05(04(Eke)) = 6c(c(Exe))

for each 1 < k,¢ < n or equivalently

Ekg(AB + BA) — 2AFE, B —2BE,, A+ (AB + BA)E]C[ = EkgCQ —20E,,C + CzEkg,
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for each 1 < k,¢ < n. This is equivalent to the fact that
Eii(Exe(AB + BA) — 2AEB — 2BEyA + (AB + BA)Eyw)E;j = Eiij(EreC? — 2CEC + C*Ey)Ej;,
for each 1 < 4,j,k,f <n. Now for i # k and j # £ we have, as in lemma 2.1
(airbej + bikae;)Eij = (cikcej) Esj. (2.1)

Similarly, for ¢ # k and j = £ we have

n n
(= 2aikber — 2bipa + Z (@imbmk + bim@mi)) Eie = ( — 2¢ircoe + Z CimCmk) Eie. (2.2)
m=1 m=1
Moreover, for i = k and j # £ we have
n n
(D (@mbm; + bem@m;) — 2ankbe; — 2bkrar;) Exg = (Y ComCmj — 2¢kkce;) Enj- (2.3)
m=1

m=1

Finally for ¢ = k and j = ¢ we have

(D (@mbme + bemame) — 2axkbee — 2brkase + > (Akmbm + bemamk)) Exe
m=1

m (2.4)
= ( Z ComCmie — 2CkKCee + Z ChmCmk) Ere.
m=1 m=1

If k # ¢ then putting ¢ = ¢ and j = k in the equation (2.1) we have c?k = 2a,bgr,. Thus for ¢ # k and
J # ¢ we have (a;pbe; + bikagj)z = c?kcﬁj = da;biparjbej . This implies that
aikbgj = bikagj, for i 75 k,j 7& £. (2.5)

Now, if bg; # 0 for some 1 < ¢,5 <n with £ # j, then the equation

iy, for i # k,

Qi l
07
J

implies the existence of some « and § with |a| + |5] # 0 such that
a(A— AP) = B(B - BP). (2.6)

If by; =0 for all 1 < ¢,j < n with £ # j, then B = B and so the equation (2.6) holds for « = 0 and any
nonzero [ € C.
Putting ¢ =k in (2.4) we get

n
g Akmbmk + bkmmi) — 20kkbgr = E CkmCmk — ChkkCkk-
m=1

m=1

23



EKRAMI and MIRZAVAZIRI/Turk J Math

Thus it follows from (2.4) that
2a00ber — 2ak1ber — 2brage + 2ak1brr = CoeCre — 2Ck1Coe + CriCrE,
or simply
2(age — ar)(bee — bk) = (cor — cr)®

For ¢ =1 we have

iy, = 2akkbr, for each 1 <k <n,

and then
akkbee + brrace = crrcoe. (2.7)

Thus for all 1 <%,/ < n we have (akkbu + bkkau)z = Cikcb = daprbrragbee. This implies that
agkbee = brrage, for all 1 < k. £ <n. (2.8)

A similar argument as about the equation (2.5) implies the existence of some o' and 8’ with |&/| 4+ |8| # 0
such that
a’AD _ 6/BD
Returning to the fact that a;mbmr = bimamr = %cimcmk for m # i, k, we have
n

Z (aimbmk + bimamk) = Z CimCmk, for i 7& k. (29)
m=1

m=1

mi,k mik
Thus letting ¢ =4 in (2.2) we have
@ik (bi; — bik) + bik(ai; — agr) = cin(cii — cpr), for i # k, (2.10)
and then

(aik (bis — brk) + bir(aii — arr))® = colcii — ckr)?

4airbik (bii — brr) (@i — ark), for i # k.

This implies that
aik(bii — bkk) = blk(a“ — akk), fOI‘ 7 7é k (211)
Using (2.11) and (2.8) we have

bjjaik(bis — brk) = birbjj(as — ark) = birajj(bis — brk)-

Now let BP ¢ CI. Then b;; # by, for some i and k. This shows that b;ja;r = a;;b;r. Hence we have

a=ca' and = B'. By a similar argument we can say that if A” ¢ CI then a = o/ and 3 = 8'. We therefore
have
if AP ¢ CI or BP ¢ CI then oA = BB for some « and S with |a| + 3] # 0.

On the other hand, if AP = sI and BP = tI for some s,t € C then

o/ AP 4+ (A — AP) = s(a/ — )l + aA,
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and
B'BP + (B — BP) =t(8 — B)I + BB.

Therefore, s(a’ —a)l +aA =8 — 8)I + BB.

Summarizing these we can say that 6405 +0pd4 = dc> implies «A = BB +rI for some «, 8,7 € C with
laf + [B8] # 0.
Conversely, suppose that aA = B + rI for some «,8,r € C with |o| + |8 # 0. If « # 0 put

C =+/2Ba~'B, and if 8# 0 put C = \/2a3-TA. Then it is easy to see that 0405 + 6pdas = dc>. O

Remark 2.3 The condition aA = BB +rl for some o, ,r € C with |a|+ |8 # 0 in M,(C) is equivalent to
the fact that 64 and ép are linearly dependent.

A natural question is the following: Is it true in general that dd’+d’'d = D? on an algebra A is equivalent

to d and d’ being linearly dependent? In this case we of course have D = v/2\d = v2)'d' for some A\, N € C.

The following example shows that the answer is not affirmative in general.

Example 2.4 Let A be the subalgebra of My(C) generated by E11, E12, Essq, and Eyy. If d = dg,, and
d' = 0g,, , then for each X = xE11 + yF12 + 2E34 + wEyy € A we have

(dd/ + d/d)(X) = (5E12(—U)E34) + 6E34 (.Z‘Elg) =0.
Thus dd' +d'd = 82 . However, d and d’ are linearly independent.

Lemma 2.5 Let A be the subalgebra of My(C) generated by E11, Era, Fs4, and E4q. Then each derivation

on A is of the form d = 0gE,,—aF1, —yEsa+6Ew for some o, 3,v,0 € C.

Proof Let d: A— A be a derivation. For each projection P,
d(P) = d(P?) = d(P)P + Pd(P). (2.12)

If d(Eh1) = aF11 + BE12 + vE34 + 0E 44 for some «,f,v,0 € C, we have from (2.12) that a =y =6 =0, so
that d(E11) = BFE12 for some 8 € C. Similarly, we get d(E44) = vE34 for some v € C. Therefore,

d(Er2) = d(Eqv1 E12) = d(Ev1)Ev2 + E11d(Er2) = E11d(E12),
so that d(E12) = AE11 + aF1o for some A« € C. Then
0 =d(E12E1) = d(E12)E11 + E12d(Er1) = d(E12) B = AEn.

Thus A =0 and so d(E12) = aFiy for some « € C. Similarly, we get d(E34) = 0Es34 for some 6 € C.
For each X € A we have

d(X) = d(xEn + yE12 + zFs34 + ?JJE44) = ZL’d(Ell) + yd(Elg) + Zd(E34) + U)d(E44)
(ﬁ.’b + ay)E12 + (92 + 'yw)E34 = 5ﬁE12*(1E11*’7E34+9E44 (X)

Therefore, d = 6gE,, —aF1, —yEs+6E., fOr some «, 3,7v,0 € C. O
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Remark 2.6 Let A be the subalgebra of My(C) generated by E11, E12, E34, and E4q and let d,d', and D be
derivations on A. By Lemma 2.5, we can assume that d = 03p,,— a1, —vEsi+0F1, 4 = 08/ Ery—a’ By1—' Esa+6 Eaa »
and D = 5SE12—7"E11—15E34+UE44 fOT’ some aaﬂa’}/a 070/3 6,77,7 0/,7'7 S,t,u € C. Then dd' + d'd = D? Zf and O?’lly
if rs=af +a'B, tu=~0"+~'0, r> =200’ , and u® = 200" .

3. Derivations on C*-algebras
In this section, let H be a Hilbert space with the orthonormal basis {&;};c1. For a bounded operator T' € B(H),
let t;; = (T¢;,¢) for i,j € I. We thus have T¢; = "
called the matrix representation of the operator T' € B(H).

For i,j € I, let E;; € B(H) be the operator defined by E;;&; = & and E;;§ = 0 for k # j. Then
Ei;E;;, = E;, and E;jEy, =0 for j # (. Using the fact that E;;(z) = (z, ;)& for all x € H, we get

T= Z Z tapEap (3.1)

pel g€l

serti& and we can write T' = [t;;]; jer. The latter is

for every T € B(H). Moreover, putting r;; = (RE;,&:), sij = (S&;,&) we have

RS=>"3" " romsmpEop (3.2)

p€l g€l mel

for every R, S € B(H). It follows from (3.1) and (3.2) that

EijTEkg = tjkEig, EinSEkg = erpspkEig (T7 R,S € B(H))
pel

Using these facts, we are ready to prove the next theorem.

Theorem 3.1 Let A be a C* -algebra and let d,d’ be two derivations on A. Then there exists a derivation D
on A such that dd' +d'd = D? if and only if d and d’ are linearly dependent.

Proof Let A act faithfully on the Hilbert space H with the orthonormal basis {;};c1. By the Kadison—Sakai
theorem [4, 10], d = 0g,d’ = ds, and D = o for some R, S, and T in B(H).
Then dd' + d’'d = D? if and only if (dd' + d'd)(Eye) = D?(Ey) for each k,£ € I, or equivalently

Epe(RS + SR) — 2RES — 2SEreR + (RS + SR)Eyy = EpT? — 2T EpT + T? Ee,
for each k,¢ € I. This is equivalent to the fact that
E;i(Ere(RS + SR) — 2RES — 2SEj R+ (RS + SR)Ey)Ejj = Eii(EpT? — 2T EeT + T? Exe) Ej 5,
for each 4,7, k,£ € 1. Now for i # k and j # £ we have
TikSej + SikTe; = Liktes.

Similarly, for ¢ # k and j = £ we have

—27i1S00 — 285700 + Z(T'Lpspk + SipTpr) = —2tiktee + Z tiptpk-
pel pel
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Furthermore, for ¢ = k and j # ¢ we have

Z(ripspj + Sfprpj) - 2rkksfj - 25kk7"£j = Zt[ptpj - thkt€j~
p€El pel

Finally for i = k and j = £ we have

E (TepSpe + SepTpe) — 2Tk See — 2SkkTee + E (ThpSpk + SkpTpk)

pEl p€el
= Z teptpe — 2tprter + Z tiplpk-
pel pel
Now a similar verification as in Proposition 2.2 implies the result. O

Remark 3.2 Note that the subalgebra A of My(C) generated by Ev1, Ei2, E34, and Ey4 is finite-dimensional
(being a subalgebra of My(C)), and therefore it is complete with respect to the norm inherited from My(C).
Hence A is a Banach algebra. However, A is not a *-subalgebra of My(C), since X = Ej2 € A, but

X* = B9 ¢ A. Therefore, A is not a C*-algebra and Example 2.4 does not contradict the statement of
Theorem 3.1.
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