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Abstract: We classify semisymmetric contact metric manifolds M?" 1 (¢,€,m,9), n > 2 with &-parallel tensor h, where

2h denotes the Lie derivative of the structure tensor ¢ in the direction of the characteristic vector field &.
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1. Introduction

Cartan initiated the study of Riemannian symmetric spaces and he introduced the notion of locally symmetric
space, that is, a Riemannian manifold for which the Riemannian curvature tensor R is parallel [10]. Levy [12]
showed that in these spaces the sectional curvature of every plane remains invariant under parallel transport of
the plane along any curve. Semisymmetric spaces, as a direct generalization of the locally symmetric spaces, are
the Riemannian manifolds that satisfy the condition R(X,Y).R = 0, where X,Y € X(M) and R(X,Y) acts
as a derivation on R. Haesen and Verstraelen proved that in these spaces the sectional curvature of every plane
is invariant under parallel transport around any infinitesimal coordinate parallelogram [11]. The classification
of semisymmetric manifolds was described by Szabé [15, 16].

Obviously locally symmetric spaces are semisymmetric, but in any dimension greater than two there are
examples of semisymmetric spaces that are not locally symmetric [7]. Takahashi [17] studied semisymmetric
Sasakian manifolds and he proved such manifolds have constant sectional curvature 1. In dimensions greater than
three, semisymmetric contact metric manifolds with £ € (k, p)-nullity distribution were studied by Papantoniou
[13]. In 1992, Perrone classified 3-dimensional semisymmetric contact metric manifolds with R(€,.)¢ = —kp?
[14]. Perrone also proved that every 3-dimensional semisymmetric contact metric manifold having &-parallel
tensor h is either flat or of constant curvature [14]. On the other hand, Blair and Sharma [5] proved that
every locally symmetric contact metric three-manifold has constant curvature 0 or 1. In 2006, Boeckx and Cho
showed that every locally symmetric contact metric manifold is locally isometric to S?"T1(1) or E"* x S™(4)
[6]. The results that had been proven in 3 dimensions in [5, 13, 14] were extended by Calvaruso and Perrone
[9]. They proved every semisymmetric contact metric three-manifold having constant Ricci curvature along the
characteristic flow is locally symmetric.

In this paper we study semisymmetric contact metric manifolds of dim > 5 and we prove the following
theorems:
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Theorem 1 Let (M?"+1 g),n > 2 be an irreducible semisymmetric contact metric manifold. If the tensor h

is & -parallel, then M is locally isometric to S*"*1(1).

Theorem 2 FEvery 5-dimensional semisymmetric contact metric manifold having & -parallel tensor h is locally

isometric to either E> x S2(4) or S5(1).

2. Preliminaries

A contact manifold is an odd-dimensional C'*™ manifold M?"*! equipped with a global 1-form 71 such that
n A (dn)™ # 0 everywhere. Since dn is of rank 2n, there exists a unique vector field £ on M?"*! satisfying
n(€) =1 and dn(¢,X) =0 for any X € X(M) is called the Reeb vector field or characteristic vector field of 7.

A Riemannian metric g is said to be an associated metric if there exists a (1, 1)-tensor field ¢ such that
d(X,Y) =g(X,9Y),  n(X)=g(X.§), ¢ =-T+na¢ 1)

The structure (p,&,n,g) is called a contact metric structure and a manifold M?"*! with a contact metric
structure is said to be a contact metric manifold. We define a (1, 1)-tensor field h by h = (1/2)L¢p, where L
denotes Lie differentiation. It is shown that h is a symmetric operator and anticommutes with ¢ [3]. Hence,
if A is an eigenvalue of h with eigenvector X then —A is also an eigenvalue of i with eigenvector ¢X .

The following formulas hold on contact metric manifolds [2, 3]:

Vxé=—pX — phX, ho = —ph, (2)

 (Rex€ — 6Repx€) = WX + X, 3)

(Veh)X = X — h*pX — pRx¢E, (4)

(Vxo)Y + (Voxe)pY =29(X, V) —n(Y)(X + hX 4 n(X)E), (5)
Ric(€,€) = 2n — trh®. (6)

Theorem 3 [}/ Let M*"*! be a contact metric manifold and suppose that Rx y& = 0 for all vector fields
X and Y. Then M*'*1 is locally the Riemannian product of a flat (n + 1)-dimensional manifold and an

n-dimensional manifold of positive constant curvature 4.

Theorem 4 [6] A locally symmetric contact metric manifold is locally isometric to S*"*1(1) or E"F1 x S"(4).

Szabé proved the local structure of a semisymmetric space [15].

Theorem 5 For every semisymmetric space, there exists an open dense subset U of M such that around every

point of U the manifold is locally isometric to a Riemannian product of type

RF x My x ... x M,, (7)
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where k > 0, r > 0, and each M; is either a symmetric space, a two-dimensional manifold, a real cone, a

Kahlerian cone, or a Riemannian space foliated by Fuclidean leaves of codimension two.

He arrived at this result by the study of the nullity distribution for the curvature.

Definition 1 The nullity vector space of the curvature tensor at a point p of a Riemannian manifold (M, g)
s given by
Ey={XeT,M|RX,Y)Z=0 forall Y,ZeT,M}.

The index of nullity and conullity at p are the numbers v(p) = dimEy, and u(p) = dimM —v(p), respectively.

In the local decomposition theorem, a different irreducible factor corresponds to different possible values for
v(p) and u(p).

Theorem 6 [15] Let (M, g) be an n-dimensional locally irreducible semisymmetric space and p a point of a

dense open subset U of M. Then M s locally isometric to one of the following spaces:
(1) a symmetric space when v(p) =0 and u(p) > 2,
(2) a real cone when v(p) =1 and u(p) =n—1> 2,
(3) a Kahlerian cone when v(p) =2 and u(p) =n—2> 2,
(4) a Riemannian manifold foliated by Euclidean leaves of codimension two or a two-dimensional manifold

(in the case n =2 ) when v(p) =n —2 and u(p) = 2.

Lemma 1 /8] Let (M, g) be a Riemannian manifold, locally isometric to a Riemannian product My X ... X M,..

Then, at any point p = (p1,...,pr) of M, we have

v(p) =v(p1) + ... + v(pr).

3. Irreducible semisymmetric contact metric manifolds of dim > 5

Definition 2 A Riemannian manifold (M, g) is said to be conformally flat if for any point p € M there exist
a neighborhood U of p and a smooth function f defined on U such that (U,e?*! g) is flat (i.e. the curvature of
e?f g vanishes on U ). The function f need not be defined on all of M .

Let (M™, g), m > 2, be a Riemannian manifold, p € M and {ey,...,e;,} be an orthonormal basis of the
tangent space T,M . Let R;;ie and Ric;, be the components of R and Ric with respect to {e1,...,e,}. For a
conformally flat Riemannian manifold of dimension m > 4 we have

Rijie = 5 (gieRicji + gjrRicie — giwRicje — gjeRiciy)

T

_m(gizgﬂc - gikgjf)a

(®)
where 7 denotes the scalar curvature of M . For 3-dimensional conformally flat spaces we have the condition

ViRicj, — VjRicy, = (gjkvi'r - gikva)- 9)

1
2(m—1)

Calvaruso proved that the nullity index that appears in conformally flat semisymmetric manifolds can only

attain some special values.
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Theorem 7 [8] Let (M,g) be a Riemannian manifold satisfying (8), of dimension m > 3 (that is, either

dimM = 3 or M is conformally flat). Then, at each point p of M, the index of nullity is either v(p) =
0,1 or m.

If the nullity index is constant and equal to m (respectively, to 0), then the space is flat (respectively, locally
symmetric). Now let v(p) =1 and {eg,e1,...,em—1} be an orthonormal basis of T,M . If ey € Ey,, the Ricci

tensor at p is described by [8]:

Ric;; =0 in all the other cases.
We note that every semisymmetric real cone is a conformally flat Riemannian manifold and never locally
symmetric [8].
Conformally flat contact metric manifolds were studied by many authors. Bang proved the next important
theorem.

Theorem 8 [1] In dimension > 5 there are no conformally flat contact metric structures with R(.,£)§ =0.

Now we are ready to prove Theorem 1.

Proof of Theorem 1 According to Szabd’s classification theorem, M?2"*! is locally isometric to either a
symmetric space, a real cone, a Kéhlerian cone, or a space foliated by Euclidean leaves of codimension two. We
study these possibilities one by one.

Symmetric spaces In these cases (M?"T1 g) is locally symmetric and from Theorem 4 it is locally
isometric to either S?"*1(1) or E™*! x §"(4). However, since M is irreducible, the case E"™! x S™(4) is not
acceptable.

Kdhlerian cones Since Kéhlerian cones are even-dimensional [7] and (M?"*1 g) is odd-dimensional, this
possibility cannot occur.

Real cones 1In this case M is conformally flat [7, 8] and at each point p of M, v(p) = 1. Let
{&, e1, pe1, ..., en, pe,} be an orthonormal basis of smooth eigenvectors of h and he; = A\;e;, i = 1,...,n, where
A; is a nonvanishing smooth function, which we suppose to be positive. Then the equation hy = —ph yields
hpe; = —X\ipe; and the spectrum of h is given by the set {0, A1, —A1, A2, —Aa, ..., Ap, —An}. If £ € Ey, then
R(X,Y)¢ =0 for all X and Y, and Theorem 3 implies M? is locally reducible, contrary to the assumption.
Now without losing generality, let e; € Ep,. Then from (4) and V¢h =0 we have 0 = R(e,£)€ = (1 — A\i)ey.
Since for i = 1,...,m, A\; > 0 then A\; = 1 and the spectrum of h reduces to {0,+1,—1, s, —Xa,...; A\, = Apn}.
Putting e; = e, =€ and e; = ey, i =2,...,n in (8), we have

Ric(&,€)  Ric(e;, e;) T

1-)22 = — . 11
! 2n—1 + 2n —1 2n(2n — 1) (11)

From (10) and (11), it follows that
Ric(€,€) = (20— 1)(1 - 2. (12)

By virtue of (10) and (12) at each point p of M, we have

T=2n2n—1)(1 =) for all i =2,...,n. (13)
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Then Az = ... = A,. On the other hand, (6) and (12) imply

2n— 1A= X)) =2n—trh> =20 -2 X =2n—2(1+ A+ ..+ A2) =2n—2—2(n — 1)A].
§=0

Hence, for all i =2,..,n, A\; =1 and R(e;, )¢ = (1 — A?)e; = 0, which is impossible by Theorem 8.
Foliated spaces 1In this case M is an irreducible semisymmetric space with nullity index 2n — 1.

Then either £ € Ey, or without losing generality we suppose e, ..., ey, €1, ..., 0en_1 € Ep,. In two cases,

R(X,Y)¢ =0 for all X and Y. Thus, from Theorem 3, M° ~ E"t1 x §"(4), contrary to the assumption. O

4. Reducible 5-dimensional semisymmetric contact metric manifolds

Let M® be a semisymmetric contact metric manifold and Veh =0. Let {eo =&, e1,e2 = ey, e3,eq4 = pes} be
a local orthonormal basis of smooth eigenvectors of h and he; = Aey, heg = pes where A and p are smooth
functions, which we suppose to be positive. Then from (2) we get hes = —Xes and hey = —pey.

Using (4), (1), and V¢h =0 we have

Rye€ = X — n(X)€ — h2X. (14)

Lemma 2 The Levi-Civita connection of M satisfies the following relations:

Ve & =—(14 Nea, Ve, & = (1= Neq,
V@g,é- = _(1 + /L)€4, ve4£ = (1 - /1/)63)
Veer = aeg + bes + cey, Vieea = —ae; — ces + bey,
Veesz = —bey + cea + dey, Veey = —cey — beg — des,

Ve, €1 = azes + azez + ageq,
V6261 = ()\ - 1)5 + b262 + b3€3 + b4€47
Vee2 = (1 4+ A€ — agser + czes + caeq,

Vesea = (1 + p)€ — faer — uges — pyes, (15)
Vese1 = faea + fzes + faeq, Ve, €3 = —ager — czea + hyey,

Ve,e1 = koea + kzes + kaey, Ve, €4 = —ager — c4e3 — hyes,

Ve,e2 = —kger +mges +myeq,  Ve,eq = —bger — dgea + nses,

Vesea = — fae1 + uzes + uqeq, Ve,e3 = —bzep — dzea — nzey,

Ves€3 = —fse1 — uzea + paey, Vesez = (1 — 1)§ — kzeqr — maea + queq,

Vey€2 = —boer + dzes + dyey, Ve,e4 = —kger — myes — ques,

where all coefficients are smooth functions on M and

as+c3—bz+ds =0,
a37C4+b4+d3:07 (16)
Jit+uz —ks+my =0,
f3—ug+ kg +m3=0.
Proof Straightforward computations and using (2) yield (15). Putting X =Y =¢;, i = 1,3 in (5) and
applying (15), we get (16). O
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By direct computations we have

R(e1,€)§ = Ve, Vel = VeVe, £ = Vi, g€
= (1 =22 =2a)\)e; +EN)ea — (A + p)es + b\ — p)ey,

R(e3,§)§ =V, Vel = VeV, & — Vi, 6§

= —c(A +per + b\ — plez + (1 — p® — 2dp)es + &(p)ea.

On the other hand, (14) gives

R(ei, §)§ = { (1— uz)e; i _ 3,4.

Then the functions a, b, c,d, A, and p must satisfy in the system

EA) =€) =0, ax=0, du=0, c(A+p)=0, bA—p)=0.

Proposition 1 Let (M?®,g) be a reducible semisymmetric contact metric manifold with Veh =0 and at each

point p of M® the index of nullity is v(p) > 0. Then the eigenvalues of the tensor field h cannot be +1 with

multiplicity 1 and 0 with multiplicity 3.

Proof Suppose for contradiction that the spectrum of h is given by the set {0,41, —1} with +1 as simple
eigenvalues and 0 with multiplicity 3. Since v(p) > 0, there is X € Ey,. If X = ¢, then R(e;,£)¢ = 0 and

(19) implies sp(h) = {0,+1,—1} where 0 is a simple eigenvalue, which is a contradiction.

Without losing generality suppose X =e;. Then A =1, u =0, and system (20) implies a =b=c=0.

From R(ey,e;)€ =0 for i =2,3,4, using (15), we have

as = by =0, 2d3 —c4 +by =0, 2d4+c3—b3=0,

a4 = 2f2, Cyp = 2&3, ZU?, = —f4, ZU4 = f37
as = —2]€2, C3 = —2@4, 2m3 = —k4, 2m4 = kg.
By virtue of (16), (21), (22), and (23), it follows that
as = dg, b4 = 0, Ay = d4, b3 =0.

Then (24) and (16) give

uz = -—my, fa=ks, ug=m3, f3=—ky.

Applying the above equations in R(e1,&)e; =0, i = 1,2 implies

£(d3) = day, &(dy) = —das,

5(03) = 2d3 + dC4, 5(04) = 2d4 — ng.

(26)

(27)
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By the second Bianchi identity
(VeR)(e1,€2)§ + (Ve, R)(€2,6)€ + (Ve, R)(E, €1)§ = 0, (28)

(22), and (24), we get
§(ds) = —(1+ d)as. (29)

Comparing (26) and (29) and using the above equations, we have

a3 =c4 =d3 =ky = 0. (30)
Hence, by (26), 0 = £(d3) = day. In view of (23), (24), and (27), it follows that

0=¢(cq) = 2dy — des = 2a4 + 2day = 2ay.
Then from (22), (23), and (24), we obtain
dy=c3 = fo = 0. (31)
Equation R(ey,ez)e; =0 for i = 1,2 together with (22), (23), and (25) yields
e1(ms) — 2myhy + 2m3 + 2m3 =0,

e1(m3) — 2myhy + 2+ 2m3 +2m3 = 0.

Subtracting the two last equations gives 2 = 0, which is a contradiction. This completes the proof. O

Proposition 2 Let (M?®,g) be a reducible semisymmetric contact metric manifold with V¢h = 0 and at each
point p of M? the index of nullity is v(p) > 0. Then the eigenvalues of the tensor field h are £1 with
multiplicity 2 and 0 with multiplicity 1.

Proof Since v(p) > 0, there is X € Ey,. If X = ¢ then R(e;,£)€ =0 and from (19) one can easily get the
result. Now, without losing generality, let £ # X = e;. Then A = 1. Suppose for contradiction p # 1. Then
the system (20) provides a=b=c=d =0, {(1) =0. From R(ey,e;)§ =0 for i =2,3,4 and (15), we have

ag = b2 = 0, 2d3 — (1 — [L)(C4 — b4) = 0, (32)
2dy + (1 + p)(es —b3) = 0, (33)
_ 2/ _
a4y = 1+ /J’ 2’[},3 + 2Nh4 + (]— N’)f4 - O, (34)
2a
61(;},) = 2uy — (1 + N)f?n Cq = 1 +3/1’7 (35)
—2k
as = 1— ;, 2m4 - 2[Lh4 - (1 + M)kg = O, (36)
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er(p) =2ms+ (1 — pwky, c3= 1_3(1;. (37)
Using (16) in (32) and (33), we get
as = i“dg, (38)
ay = 1;Zd4, (39)
respectively. Applying (35) and (38) in (32) and (37) and (39) in (33) gives
by = by = 0. (40)

By R(e1,§)er = 0 we have &£(a;) = 0, i = 3 = 4. Differentiating (38) and (39) with respect to &, using
&(p) =0, shows that £(d;) =0, i =3 =4. On the other hand, (28) implies

€(dy) = — (1 — p?)e;, i =3,4. (41)

Then we get

From R(e;,&)e; =0 for i = 3,4 we obtain
§(fi) = A+ wki,  &(ki) = (n—1)fi. (42)
Subtracting (35) and (37) and using (16) yields

1+ p
=1

I3 ky. (43)

Taking the derivative of (43) with respect to & and using () = 0, (42), and (16), it follows that
fa=ks, uz=-—ma. (44)

Applying (44) in (34) and summing the resulting equation by (36), one can get fy = k3 = 0. Then (42) provides
f3 =k4 =0 and from (16) mz = uy.

Equation R(eq,e;)ea =0, i = 3,4 together with the above equations implies

el(mg) — 2m4h4 - 2(1 — /1,) = 0, (45)
el(mg) — 2m4h4 + 2(1 + N) =0. (46)
Subtracting the two last equations gives 2 = 0, which is a contradiction. O

Proposition 3 The eigenvector of the tensor field h with eigenvalue +1 cannot be a member of the nullity
vector space.
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Proof Assume for contradiction e; € Ep,. Since A = p =1, (20) implies a =d = ¢ = 0. From R(eq,¢;)§ =0

for 1 =2,3,4 and (16) we have

Using the above equations in R(ej,&)e; =0, i = 1,2, yields
bes =0, bhy=0, er(b)—&(as)+2bs+bfs =0,
2bhg +&(c3) =0, e1(b) — &(ca) + 2dg + buy = 0.
Subtracting (51) and (52) and using (48) and (16), it follows that
b3 =dy, c¢c3=0.
Also from R(eq,es)e; =0, i = 1,2, one can see

e1(f3) — es(as) + a3 — haks + f3 =0,

faha —asps =0, asuz =0,
e1(us) + caps + fauz — ughy =0,

ushy +4 — 63(04) + agcy — hymy + faug + €1 (U4) = 0.
Subtracting (54) and (57) and using (48) and (49) implies
hi = 2.

Then in view of (51), (54), (55), (48), and (49), we get

bZO, a3:C4:0, f3:U4:0, b3:d4:0, k3:0, m4:h4.

Using the above equations in R(ej,eq)es = 0 gives h3 = 0, which is a contradiction.

Now let e3 € Ep,. Equation R(es,e;)€é =0 for i =1,2,4 yields
fo=ua4, az3=cq, uz=—hy, us=f3,
by=0, n3=0, uz=0, dy—b3+ f2=0,

42
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ky =0, q1=0, ps=0, my+ fi—ks=0. (62)
By virtue of the above equations and (16), we have
b4 = —d3, ms3 = 0, ]’L4 = O, C3 = 0. (63)
Using the above equations in R(es,&)e; =0 for i = 3,4 implies

_eB(b) + f(fs) - 2k3 + baS = 07 bf? = 07 bf4 = 07 (64)

—63(b) + f(U4) —2my + bey =0, f(f4) +bas = 0. (65)

Subtracting the two last equations and using (60) and (16) gives k3 = m4 and fy; = 0. Equation R(es,e;)e; =0

for i = 3,4 provides

—ez(az) +e1(fs) + fi + a3 +b3fo =0, (66)

asfs —aszfa =0, fsas =0, (67)

—es(ca) + 4+ er(ua) + faua + azcq + fody —asfo =0, (68)
—eg(aq) + cafa —ugaz +azas =0, azfs =0. (69)

Subtracting (66) and (69), using (60) and (61), gives
a3 = f3=2. (70)

Then in view of (64), (67), (65), and (66) we obtain

Using the above equations in R(e3, e3)ey = 0 yields a2 = 0, which is a contradiction. This completes the proof.
O

Proposition 4 Let (M?,g) be a reducible semisymmetric contact metric manifold and the tensor h is &-
parallel. Then v(p) # 1

Proof  Suppose for contradiction that M?° is a semisymmetric contact metric manifold with v(p) = 1.
Then there is X € Ey,. If X = &, for all vector fields X and Y, R(X,Y){ = 0 and from Theorem 3,
M°® ~ E3 x §%(4). Then v(p) = 3, which is a contradiction. Since from Proposition 3 for i = 1,3, e; ¢ Ep,
and then either X =ey or X = ey. Without losing generality let e; € g, .

Using (15), (16), and R(ez,e;)€ =0, i =1,3,4 we get

Ay = A4 = 0, b2 = 0, d3 = O, (71)

by =0, n3=0, uz3=0, c3=/f2 az=cy, (72)
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Applying (72) in R(ez,e1)es = 0 gives
c3=fo=0, dy=0bs, dshy=0, 62(04) — 61(d4) — Ugbg + camy + 2b = 0. (74)

By R(es,&)e; =0 and R(ej,&)es =0 for i =1,2,3, j =1,3 we have

bk4 = O, bkg = b?Tl47 bQ4 = O7 (75)
bhy =0, e (b) — f(C4> + 2dy4 + buy = 0, (76)
bps = 0, 63(b) — §(u4) + 2my — beyg = 0, bf4 =0. (77)

The proof proceeds via the following steps:

Step 1: The smooth function b on M is zero.

Proof Let b# 0. A direct computation of R(e;,e;){, using (16) gives

R(e1,e3)§ = 2hyes + 2(ug — f3)eq,
R(el, €4)§ = 2(’/714 — h4 — k3)€4, (78)
R(63, 64)5 = —2]{1461 — 2(]463 — 2p4€4.

In view of (75), (76), (77), and (16), it follows that
ki=qr=hs=ps=fs=0, ky=ma, [f3=14.

Then for all vector fields X and Y, R(X,Y){ =0 and from Theorem 3, v(p) = 3; that is a contradiction. O
Step 2: The smooth functions b3 and d4 on M are zero.

Proof By virtue of R(ea,e1)e; =0, R(ea,e;)er =0, i = 3,4 and R(es,e;)ea =0, i = 3,4 we have

ea(az) —e1(bs) — bsfs + caks =0, —bghy — bsfs + caky =0, (79)
fady =0, ea(f3) — e3(b3) + bzaz + usks =0, ea(fs) — baps + usky =0, (80)
dyky =0, ez(ks) — ea(bs) + di + maks =0, ea(ks) — bsqs + maks = 0, (81)

dyps =0, ex(uq) —ez(dy) + bcqg + ugmyg =0, (82)
diqs =0, es(myg) —eq(dy) +d3 +m3 = 0. (83)

If dy = b3 # 0, the above equations and (16) yield
ks=q=hs=ps=f1=0, ky=m4, [f3=us.

Hence, for all vector fields X and YV, R(X,Y)¢ =0 and M® ~ E""! x §"(4). Then v(p) = 3, a contradiction.
O
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Equations (15), (16), (77), and (78) and the second Bianchi identity
(VeR)(e1,e3)€ + (Ve R)(e3,£)E + (Ve R) (€, €1)€ =0,

imply
§(f3) = 2(ma + ha + fa). (84)

Also from
<v€1R>(elﬂ 63)5 + (VEQR)<€3, 61)5 + (VegR)(ela 62>€ =0,

(15), (80), and (82) we have

—PacCy + U4h4 =0. (85)

Using R(e1,eq)ez = 0 and (15), it follows that
e1(ma) — ealca) + ushy + usks + kamy = 0, (86)
—myghy + c4q4 = 0. (87)

Step 3: The smooth functions as and ¢4 on M are zero.

Proof Let az =c4 # 0. Subtracting (74) and (79) using (16) we obtain
ki=0, fi=0, my=ks, [f3=nua. (88)
From (88) and (84), it follows that
§(U4) = 2(m4 + h4>

Also b = 0 and (77) give &(uq) = 2my4. Comparing the two last equations yields hy = 0. Using the above
equations in R(eq,e1)eq = 0 and (85), we get g4 = 0 and py = 0, respectively. Then, in view of (78) for all
vector fields X and Y, R(X,Y){ =0 and M® ~ E3 x §%(4). Thus, v(p) = 3, which is a contradiction. O
A direct computation of R(es,e;)es =0, i = 1,4 shows that
e3(my) — eq(ug) + paug + qamy = 0,

Ugks —mafy =0, (89)
Ugqs — mypy = 0,

61(U4) +4 —myhyg + m4f4 + fg’LL4 =0, wughy=0. (90)

Step 4: The smooth function hy on M is zero.

Proof Equation (87) gives myhgy = 0 and then hy = 0. If my = 0, equation (90) reduces to

e1(us) + 44 faug =0, wughy =0,

but uy4 # 0, because otherwise the above equation yields 4 = 0, which is a contradiction. Then hy = 0. O
Step 5:uyq # 0.

Proof By virtue of (89) and h =0, (90) reduces to ej(us) + 4+ usks + faug = 0. If ugy =0 we obtain 4 =0,
which is a contradiction. O
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Step 6: myks = faugq.
Proof From R(ey4,&)ez =0 we have {(m4) = 0. By the second Bianchi identity

(VeR)(e1,e4)§ + (Ve, R) (€4, )€ + (Ve, R)(E, 1)§ = 0,
one can see &(ks) = 0. Taking the derivative of (16) with respect to ¢ and using (77) and (84) gives
§(fa) =0, &(ka) = —2f4. (91)
Applying (16), (81), and (91) in
(VeR)(e2, e3)er + (Ve R)(es,8)er + (Ve  R) (€ e2)er =0
implies

m4/€4 - f4U4 =0. (92)

Step 7: The smooth functions f; and ks on M are zero and f3 = uyg, mgq = k3.

Proof Differentiating (92) with respect to £ and using (91), (77), and £(m4) = 0 we get myfy = 0. Thus,

from (89) and u4 # 0 it follows that k4 = 0. Hence, (92) and uy # 0 yield fy = 0. From (16) one can easily

get f3 = uaq, mg = k3. |
The second Bianchi identity,

(Vy R)(es, e4)§ + (Vey R) (e, Y)E + (Ve, R) (Y, €3)€ = 0,
for Y =&, e; together with (78) and (86) gives

e1(pa) = — f3pa. (94)
Step 8: The smooth functions py and g4 on M are zero.

Proof Applying (84), (86), (89), (90), (93), and (94) in the second Bianchi identity

(VelR)(eg, 63)63 + (VEQR)(eg, 61)63 + (V33R)(61, 62)63 = O7

we get
4qq — u3
er(as) = =L (95)
Uy
Using (86), (90), (94), and (95) in
(VG1R)(637 64)62 + (vesR)(e47 61)62 + (VG4R)(617 63)62 =0
provides py = q4 = 0. O
In view of these eight steps and (78) for all vector fields X and Y, R(X,Y)¢ = 0. Then M5 ~ E3 x 5%(4)
and v(p) = 3, which is a contradiction, and this complete the proof. O
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Proposition 5 Let (M?®,g) be a reducible semisymmetric contact metric manifold and the tensor h is &-
parallel. Then M s locally isometric to E> x S?(4).

Proof Let M? is a reducible semisymmetric contact metric manifold. Then, from Theorem 5, there exists
an open dense subset U of M such that around every point p of U the manifold is locally isometric to a
Riemannian product of type (7) and from Lemma 1, v(p) = v(p1) + ... + v(p,). According to Propositions 3
and 4, v(p) = 0,2, or 3.

If v(p) = 0 then for all 4 = 1,....,r, v(p;) = 0 and all M; in (7) are locally symmetric. Since
the Riemannian product of locally symmetric manifolds is locally symmetric then from Theorem 4, M?® ~
E3 x S§%(4). Hence, v(p) = 3, which is a contradiction.

Let v(p) = 2. If £ € Ey, then Theorem 4 implies M5 ~ E3 x S§%(4), i.e. v(p) = 3, which is a
contradiction. Then in view of Proposition 3, es,eqs € Ep,. According to the proof of Proposition 4 from
ez € Epp we have M° ~ E3 x S?(4). Then v(p) = 3, which is a contradiction.

If v(p) =3, since for i = 1,3, e; ¢ Ep, and then &, ez, eq4 € Eyp. Hence, for all vector fields X and Y,

R(X,Y)¢ =0 and from Theorem 3, M® ~ E3 x S%(4). O
Proof of Theorem 2 It follows from Theorem 1 and Proposition 5. O
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