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Abstract: In this paper, by applying the p-adic g-integrals to a family of continuous differentiable functions on the ring
of p-adic integers, we construct new generating functions for generalized Apostol-type numbers and polynomials attached
to the Dirichlet character of a finite abelian group. By using these generating functions with their functional equations,
we derive various new identities and relations for these numbers and polynomials. These results are generalizations
of known identities and relations including some well-known families of special numbers and polynomials such as the
generalized Apostol-type Bernoulli, the Apostol-type Euler, the Frobenius—Euler numbers and polynomials, the Stirling
numbers, and other families of numbers and polynomials. Moreover, by the help of these generating functions, we also
construct other new families of numbers and polynomials with their generating functions. By using these functions, we
investigate some fundamental properties of these numbers and polynomials. Finally, we also give explicit formulas for

computing the Apostol-Bernoulli and Apostol-Euler numbers.

Key words: Generalized Bernoulli numbers and polynomials, generalized Euler numbers and polynomials, Apostol—
Bernoulli and Apostol-Euler numbers and polynomials, Daehee numbers and polynomials, Stirling numbers, generating
function, Dirichlet character, p-adic Volkenborn integral

1. Introduction

In this paper, by using the p-adic Volkenborn integral and the p-adic fermionic integral method, we construct
generating functions. With the aid of these functions, we define some new families of special numbers and
polynomials. As is well known, the special numbers and polynomials have many vital applications, not only
in nearly all branches mathematics but also in other fields such as physics and engineering because it is fairly
easy to do mathematical computation and operations by using polynomials. Polynomials and their generating
functions are also used to solve real-world problems such as in physics, engineering, and biology. Therefore,
by using the p-adic integral equation method and generating functions and their functional techniques, we
introduce and investigate the various fundamental properties of our new families of the Apostol-type numbers
and polynomials associated with the Dirichlet character with conductor d. We also show that our new numbers
and polynomials are closely related to well-known classical numbers and polynomials that are the generalized
Bernoulli numbers and polynomials and the generalized Euler numbers and polynomials, the Stirling numbers,
and other families of numbers and polynomials such as the Frobenius-Euler polynomials, the Apostol-type

Bernoulli and Euler numbers and polynomials, and the Daehee and Changhee numbers and polynomials.

*Correspondence: ysimsek@akdeniz.edu.tr
2010 AMS Mathematics Subject Classification: 05A15, 11B68, 11580, 26C05, 26C10, 30C15, 43A40
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In this paper we need the following notations and definitions:
N=1{1,23,...}, Ny ={0,1,2,3,... }. Z, R, C, and Z, denote the set of integers, the set of real
numbers, the set of complex numbers, and the set of p-adic integers, respectively. 0" =1 if n =0 and 0" =0

if n € N. Moreover, let v € Nj.
()p=2(x—-1)--(x —v+1),

(x) p@—1)(z—v+1)  (2)

v

()o =1 and

v! v!

(cf. [1-39] and the references cited therein).

There is benefit in expressing the following comments on the A-Bernoulli numbers and polynomials and
A-Euler numbers and polynomials, which have been studied in different sets. That is, on the set of complex
numbers, we assume that A € C, and on set of p-adic numbers numbers or p-adic integrals, we assume that
ANE L.

In order to define our new families of special numbers and polynomials, we also need the next well-known
classical numbers and polynomials with their generating functions:

The Apostol-Bernoulli polynomials, B,,(z; \), are defined as follows:
tet:v > tn
Falta;)) = 1 = ZBn(x;)\)m. (1.1)
n=0
Observe that B.(A) = B, (0: \)
denotes the Apostol-Bernoulli numbers (cf. [18, 28, 37-39] and the references cited therein). Note that

B,, = B,(0;1) denotes the classical Bernoulli numbers (cf. [1-39] and the references cited therein).

Let d € N and (Z/dZ)" denote the unit group of reduced residue class modulo d. Throughout this

paper, x is a Dirichlet character with modulo d, which is a group homomorphism, i.e.

X : (Z/dZ)" — C\{0}

(cf. [2]).
The generalized Apostol-Bernoulli numbers attached to the Dirichlet character, B, ()), are defined as
follows: it
~ Netx(g) ¢ ¢
N —1 = 2 Bna Vo (1.2
§=0 n=0

(cf. [1, 12, 19, 21, 39] and the references cited therein).
By combining (1.2) with (1.1), one can easily get

d—1 .
_ -1 j . j_ d
Bn,x()‘) =d ;AJX(J)Bn (d’)\ ) .

If x is a trivial character in (1.2), then the numbers B, , (A) reduce to the Apostol-Bernoulli numbers; that is,
B, (A\) = B,1(X)

(cf. [1, 12, 19, 21, 27, 29, 39] and the references cited therein).
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The Apostol-Euler polynomials &, (z, \) are defined as follows:

Fpi(t,z;\) = )\t+1 Zs :M (1.3)

If we substitute = 0 into (1.3), then we have the Apostol-Euler numbers:
En(AN) = En(0,N).
Substituting A = 1 into (1.3), one easily sees that
E, = &M (1)

denotes the classical Euler numbers (cf. [4-39] and the references cited therein).
The generalized Apostol-Euler numbers attached to the Dirichlet character, &, ,()), are defined as

follows:

71 . . . o)
Netiy() i
— Netd 4 1 = Zgn,x()‘)m (1.4)

(cf. [19, 21, 39] and the references cited therein).
By combining (1.4) with (1.3), one easily sees that

When x =1 in (1.4), one has

(cf. [19, 21, 39)).
Let u € C with u # 1. The Frobenius—Euler numbers are defined as follows:

Ff(t U

= ZH (1.5)

(cf. [7, 25, 34, 39] and the references cited therein).
The Stirling numbers of the first kind, S;(n, k), are defined as follows:

Fou(t, ) = 108 +8)° +t Zsl n, k: (1.6)

By using the above generating function, we have
51(0,0) =

The other properties are given as follows:
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S1(0,k) =01if k> 0. S1(n,0)=0if n>0. Si(n,k) =0 if £ > n and also
Sin+1,k) = —nS1(n, k) + Si(n,k — 1)

(cf. [32, 35], and see also the references cited in each of these earlier works).

Let k € Ng. The Stirling numbers of the second kind, Ss(n, k), are defined as follows:

t_ 1\k oo n
Fs(t,k) = % =S Sg(n,k)%. (1.7)

n=0

By using (1.7), an explicit formula for the numbers Ss(n, k) is given by

k
Soln k) = 15 3 (~1)* (j)] (18)
2

From (1.7), we also have

S5(0,0) = 1.

If k> n, then
SQ(TLJ{?) =0.

Sa(n,0) =0 if n > 0 and also
SQ(TL + ].,k) = SQ(TL,]{Z - 1) + kSg(n, k)

(cf. [4, 32, 38] and the references cited therein).

The Bernoulli numbers of the second kind b,,(0) are defined by means of the following generating function:

Fa(t) = @ - ;)bn(mfz (1.9)

(cf. [32, p. 116]).

We also note that some authors denote the Bernoulli numbers of the second kind by C,,, which are also
the so-called Cauchy numbers.

Integrating a falling factorial polynomial
(uWp=u(u—1)--(u—n+1)

from 0 to 1, the Bernoulli numbers of the second kind are also computed by the following integral formula:

ba(0) = /0 (Wndu

(cf. [26, 32]; see also the references cited in each of these earlier works).

Let K be a field with a complete valuation. Let C'(Z, — K) be a set of continuous differentiable

functions.
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In order to define the p-adic g-integral on Z,, we need the g-Haar distribution, defined by Kim [14], as

follows:
qI
tq(@) = pq(x +pNZ;D) = N7
[p"]
where ¢ € C,, with |1 —¢|,< 1 and
—q
[m]:[aj:q]:{ —q’q7é1
r,qg=1

We observe that

lim [ : ¢] = 2.

The p-adic g-integral of a function f is defined by Kim [14] as follows:

R A
5 f(@)dpg(w) = Jim ey go f(@)q (1.10)

where f € CY(Z, — K).
Taking limit ¢ — 1, (1.10) reduces to the Volkenborn integral (the p-adic bosonic integral), which is

used to construct the Bernoulli type numbers and polynomials and the others, as follows:

P N_1
f(z)d = hm flx 1.11
[ s = Jim oS @) (111)
where
1
m(z) = m(z +pNZ,) = N

(cf. [33]; see also [11, 14, 21]).
Substituting

f(z) = <I) (1.12)

/ (j) dpy (z) = (j_j)lj (1.13)

j € Ny, into (1.11), we have

(cf. [33, p. 168, Proposition 55.3]).

Kim [18] defined the fermionic p-adic integral, which is used to construct generating functions for the

Euler, the Genochhi type numbers, and the others, as follows:
p N_1

/ f@)dp (@) = Jim 37 (<17 f (2) (1.14)

=0
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where p # 2 and
—1)=
pa) = (o +p¥2) = O
(cf. [11, 18]).
In order to give the integral of a function associated with the Dirichlet character with conductor d, we

also need the following notations.

Let p be a fixed prime. Letting d be a fixed positive integer with (p,d) = 1, we have

X

Xy = lim 7/dpNZ,
N

Xy = Zp,

and
a+deZp = {ZEEX | xza(mod(de))}
where a € Z satisfies the condition 0 < a < dp™
Let f € UD(Z,,C,). Thus, we have

/f )dp (z /f )dp (2 (1.15)

(cf. [11, 12, 14, 16, 33]).
Let
Ef() = f(o+ d).

The following integral equation was defined by Kim [21, Theorem 3]:

d

/Ed g ( /f i ( YL £ (), (1.16)

:O

H

<.

where d is a positive integer. Substituting d =1 into (1.16), one has

/ (af @+ 1)+ f (@) dp_q (z) = (g + 1) F(0).

ZP
When ¢ — 1 in the above integral equation, we easily see that

/ (f (& + 1) + F (2)) dyis () = 2(0)

Zyp

(cf. [21]). Substituting (1.12) into the above integral equation, Kim et al. [10] gave the following formula:

/G)du_l (z) = (;)j. (1.17)

P

Let us give a brief summary of our results as follows:
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In Section 2, by using the fermionic p-adic integral method, we construct a generating function for
generalized Apostol-type numbers and polynomials attached to the Dirichlet character x. A new family
of generalized Apostol-type numbers are defined by the Dirichlet character with even and odd conductors.
In other subsections, we define generalized Apostol-Changhee numbers attached to the Dirichlet character
with odd conductor. By using generating functions and their functional equations, we derive many identities
and relations associated with the generalized Apostol-Daehee numbers and polynomials, Apostol-Changhee
numbers and polynomials, Stirling numbers, Bernoulli numbers of the second kind, Frobenius—Euler polynomials,
generalized Bernoulli numbers, and generalized Euler numbers. Finally, we give the p-adic Volkenborn integral

representations of these numbers with some combinatorial sums.

2. Generating functions for generalized Apostol-type numbers

By applying the fermionic p-adic g-integral on the set of X to the following function
[l 5 2) = A% (1+ At)"x(x), (2.1)

where A € Z,, we construct generating functions for the generalized Apostol-Changhee numbers and poly-
nomials attached to Dirichlet character y with conductor d. By using these functions with their functional
equations, we study and investigate some fundamental properties of these numbers and polynomials. We also
show that these numbers and polynomials are related to the Stirling numbers, the Frobenius—Euler polynomials,
the generalized Bernoulli numbers, the generalized Euler numbers, and the Daehee numbers and polynomials.
Finally, fermionic integral representation of these numbers can be given.

Substituting (2.1) into (1.16), we get

@ z _ [2] S C\d—i-Lly (s j j
X/ NNy (o) = g S s ST 00 0N (22
where \ € Z,,.

We have two cases in the above integral equation. In order to construct the generalized Apostol-
type numbers and polynomials and other related numbers and polynomials, we peruse these cases, which are

associated with a conductor of the Dirichlet character, in the next sections.

2.1. Generating functions for generalized Apostol-Changhee numbers and polynomials attached
to the Dirichlet character with odd conductor

Here we give generating functions for generalized Apostol-Changhee numbers and polynomials associated with
the Dirichlet character with odd conductor. By aid of these functions, we not only investigate many fundamental
properties of these numbers and polynomials, but also derive various identities related to the generalized
Apostol-Daehee and Apostol-Changhee numbers and polynomials, the Stirling numbers, the Bernoulli numbers
of the second kind, the generalized Bernoulli numbers, the generalized Euler numbers, and the Frobenius—FEuler
polynomials.

Let d be an odd integer. If y is the Dirichlet character with conductor d, then equation (2.2) reduces

to the following equation:

2 S

X/X’”(l + A x(@)dp—q (z) = M) 1+t +1 =
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By using the above integral equation, we define the generalized Apostol-Changhee numbers and polyno-

mials by means of the following generating functions, respectively:

. C (4 S (C1PXG) () L+ M) &
Fe(t; A q,x) = LSV = Zchnx (A q (2.4)

and

Fe(t, 20, q,X) = Fe(t; \, ¢, x)(1 + \t)* Zcbnx %A q (2.5)

From the above generating functions, we get
€h,, (A @) = €D, (0: A, q).

By using (2.4) and (2.5), we get

> N W t"
DG (A a) =) (n)A Y€, (N a)
n=0 ’ n=0 n=0

Making the Cauchy product of the above right-hand side of the two infinite series, we get

o0 tn o0 n n i tn
S enGra =3 (X (G @t
n=0 ’ n=0 \j=0 :

Comparing the coefficients of ’;—T; on both sides of the above equation, we arrive at the following theorem:

Theorem 1 Let n € Ng. Then we have

n

&by (A q) = (’;) NI ()€ (M ).

=0

Remark 1 If ¢ = 1 and A =1 and x = 1, then (2.5) reduces to the generating function for the Changhee

polynomials:
2 S+ Z Chi(
t

From this equation, we see that

Chy, = Chy (0),

where Ch,, denotes the Changhee numbers (cf. [10, 22], and also see [6, 8-10, 15]).

By using (2.3), a fermionic p-adic g-integral representation for the generalized Changhee numbers is

given by the following theorem:
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Theorem 2 Let n € Ng. Then we have

¢h, (A g) = / X () (@) g () (2.6)

X

By using (2.3), we also get the following functional equation:

d—l

Z Fp1 <d10g(1+At>,

Jj=0

Fe(t,z; M, q,x) =

s (M) )

als.

Combining the above equation with (1.3) and (2.4), we obtain

=
Z ) (Ag)’ Zdng( >(log1+)\t Zghmx)‘qf

7=0 n=0
Combining (1.6) with the above equation, we obtain

tnL

d—1 9]
B xS e (3:007) 3 sitmm Zeh )

7=0 n=0

Comparing the coefficients of % on both sides of the above equation, since S1(m,n) =0, m < n, we arrive at

the following theorem:

Theorem 3 Let m be a nonnegative integer. Then we have
d—1 . m ) ]
) = S (03 YN, (500)") 1m0, (2.7
j=0 n=0

By combining (2.7) with the following widely known interesting formula including the generalized Euler

numbers,
d—1 . j
€ ) = " (1PN ().
we arrive at the following corollary:

Corollary 1 Let m € Ng. Then we have

m

Q:hm,x(Aa Q) = Z gn,x(qA)Sl (mv n) (28)

n=0

Remark 2 If ¢ =1, A=1 and x = 1, then (2.8) reduces to the following well-known result, which was proved
by Kim et al. (cf. [10]):

m

Chm =Y EnSi(m,n).
n=0
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Substituting At = e* — 1 into (2.4), we get

Ld_l _1\J eju )n
oo ;( 17x(5) Z@—hnx o) (2.9)

By substituting (1.7) into the above equation, since Sa(m,n) =0 with n > m, we get

d 1

D o0 (G 00) g = 30 3 SR

m=0n=0

Z 3
=0 ]:O

Comparing the coefficients of “jn—, on both sides of the above equation, we arrive at the following theorem:

Theorem 4

212, i me (I & e, (A q)Sa(m,n)
? j:O(fl) X(]) (AQ) d Em <d’ (AQ)d) - ; P\
B () =y 3 el 2)

Remark 3 If x =1, ¢ = 1, and A = 1, then (2.10) reduces to the following well-known result, which was
proved by Kim et al. (cf. [10]):

E,, = Z ChypSa(m,n).

n=0
Replacing A by —X and 1 — At = e* in equation (2.4), we get
. n+1 (6 B ]' - u™
wy ()", (A ) =12 D B
n=0 m=0
Substituting (1.7) into the above equation, since Ss(m,n) =0 with n > m, we get
m—1 ( 1>n+1 m

D Bux (M) = 3 (g} S (<A ) Sa(m 1,n)> -

Comparing the coefficients of % on both sides of the above equation, we arrive at the following theorem:

Theorem 5 Let m be a positive integer. Then we have

m m— n+1
B (M) = 72 (A @)Ss(m — 1,1). (2.11)

If x=1 and ¢ — 1, then equation (2.11) reduces to the following corollary:
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n+t1

Corollary 2 B, (\) =2 Zn o —xi— Chyp(=A,1)S2(m — 1,n).

By combining (1.5) with (2.9), we obtain

0o d—1 . 1 pm )\ q S (m TL) tm
3 e S 0wy (i) 3 3 Sl
Jj=

—0 ( m=0n=0

where d is an odd integer. Comparing the coefficients of % on both sides of the above equation, we arrive at

the following theorem:

Theorem 6 Let d be an odd integer. Then we have

d—1 . m
1+q j J 1 b, x(Aaq)SQ(mﬂl)
)] d™Hp, <§_ ) = : 7 .
(\g?+1) ; A (Ag)! ;J A

If x=1 and ¢ — 1, then (2.11) reduces to the following corollary:

Corollary 3

Hm<—1>— —2|— z:: Alsg(mn)

2.2. A new family of generalized Apostol-type numbers attached to the Dirichlet character with
even conductor

Here we give generating functions for new families of generalized Apostol-type numbers and polynomials attached
to the Dirichlet character with even conductor. These functions give us many facilities to derive many identities
and relations. These relations and identities are related to various well-known special numbers and polynomials,
such as the generalized Apostol-Daehee and Apostol-Changhee numbers and polynomials, the Stirling numbers,
the Bernoulli numbers of the second kind, the Frobenius—-Euler polynomials, the generalized Bernoulli numbers,
the generalized Euler numbers, and the Frobenius—Euler polynomials.

Let d be an even integer. If x is the Dirichlet character with even conductor d, then equation (2.2)

reduces to the following integral equation:

d—1

— Z (Aq)? (1 + At).

[ @ @) =

J (Aq)* (1 + )\t

By using the above equation, we define a new family of special numbers including generalized Apostol-type

numbers by means of the following generating functions:

d—1 ] 00
(1+q) 25— (=1) ()(/\Q) (1+ At) *ZYMAQ

H{t: % 0.0 = Q) (1 1)

(2.12)

where d is an even positive integer and A € Z, with A # 1.
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We modify equation (2.12) as follows:

H(tAq.x) = (1+9) Y (=1)™x(m) (Ag)™ (1+ )™

m=0

[eS) m
Z Y"aX()‘v Q) ol
n=0 n

If ¢ — 1 in (2.12), then we get the following generating functions for the numbers Y;, , (A):

22;?;1<—1>J‘x<jw< Ay & i
OAd(l + ) — Z nx(

Using the motivation of the above generating equation, we also derive another generating function for a new

family of numbers, Y, (1)), as follows:

g(t; \) = /\QHA_l ZY — (2.13)

The numbers Y,,(\) are related to various kinds of well-known numbers such as the Apostol-Bernoulli numbers,
the g-Euler numbers, the Stirling numbers, the ¢-Changhee numbers, and the Daehee numbers. We investigate

these relations in next section.
It is time to define a new family of the generalized Apostol-type polynomials, Y;, ,(2; A, ¢), by means of

the following generating function:

o0 tn
Ht, 2 0,0,%) = (L+ M) H (X, ,X) = D Yax(2A,0) (2.14)
n=0 :
Combining (2.14) with (2.12), we deduce that
Yix (A @) = Yo (03X, q).

By using (2.14) and (2.12), we obtain

e tn e tn e tn
n

ZYn,X(z;)‘aQ)a = Z(Z)RA EZYH’X(A’q)g

n=0 n=0 n=0

By using the Cauchy rule of product for the above series, we get

tn
3 Haalih o = 23 (@ v
n=0 j=0
Comparing the coefficients of % on both sides of the above equation, we arrive at the following theorem:
Theorem 7 Let n € Ny. Let d be an even positive integer. Then we have

n

Yox(z:A,q) = Z <T;) /\nij(z)n—jyj,x(/\v q)- (2.15)

J=0
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Substituting At = e* — 1 into (2.12), we get the following functional equation:

HM (e —1)50,¢,x

Z ) (A\g)! Fa <du 5 A4 d)

j=0
Combining the above equation with (1.1) and (2.12), we have

n
nl

oo d—1 _
L+ 0) Y Y00 0o B (Gexta ) 2 Z Z 0 @)Ss(n —1,m)"
n—0 j=0

Equating coefficients of % on both sides of the above equation, we obtain the following theorem:

Theorem 8 Let n € N. Let d be an even positive integer. Then we have

d—1 )
_ 14 q)d~* - ; j
S AT 82— 1,m) = CEDTESN ) 0y B, (it
m=0 n 7=0
We give the following functional equation:
d—1
dlog(1+ X)H(t; N, q,x) = (1 +q) Z Y(A\g)! Fa <dlog(1 + At), fz A d)
7=0

Combining the above equation with (1.1) and (2.12), we obtain

> m oo d—1 ‘ . o .
> Vo) = (4 0) Y (-0 00 B, (v ) LELEROT
m=0 ’ n=0 j=0 !

Combining the above equation with (1.6), we have
d—1

Y i (i Jj -1 ' )™
D (=1x() M) d* ' Busa <2;(Aq)d) Sl(m’n)(n&i)ml

m

3 Ym.X(A,q)% =1+ > Y

m=0 m=0n=0 j=0

since S1(m,n) =0 with m < n. Equating coefficients of % on both sides of the above equation, we arrive at

the following theorem:
Theorem 9 Let m € N. Let d be an even positive integer. Then we have
d71

Vs ) = am 32 LD Sy ) 0 B (5 00)) .16

= n+1

b

If we set x =1 and ¢ — 1 in (2.16), we get the following corollary:
Corollary 4 Let m € N. Then we have

V() =22 3 Brtt (2)+Si(m’ .

n=0
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2.3. Derivative and integrals of the polynomials Y, ,(z; \,q)

Here we give derivative formulas for the polynomials Y,, ,(2; A, ¢). By applying the p-adic Volkenborn integral,

we give some summation and combinatorial sums. By differentiating equation (2.14) with respect to z, we get

gﬂ(t, 20, q,x) = H(t, z; X, q, x) log(1 + At).
ya

From this equation, we have

o0 9 mn 00 n+1 o
TLZ::OEYY“X(Z;/\’Q)E = nz:%( n+1 ZYM %A, q
Therefore,
(e} AJ+1
I

Comparing the coefficients of t” on both sides of the above equation, we arrive at the following theorem:
Theorem 10 Let n be a positive integer. Then we have

0 - (n+1
R : = —1)’
azyn—i-l,x(za)‘aQ) § ( 1) <]+1

)j!)\j+1Yn—j,x(Z§ A Q)'
=0

Integrating both sides of the equation (2.15) from 0 to 1, we get

n

1
n .
/Ynxx A Q)dz =) (j>/\n TCn—Yx (X 0),
0

7=0

where C),_; denotes the Cauchy numbers of the first kind.
By applying the p-adic integral to the equation (2.15), we arrive at the bosonic g-integral representation

for the polynomials Y,, ,(z; A, ¢) as follows:

n

/Ynx(z N, Q)dpy (z Z( >)\” IDn_ ;Y5 (A q).

X

b

Since

(cf. [5, 8]), we also get the following combinatorial sums:

Theorem 11

- (n—j)\n
X/ Yox (2 A @)dpn (2) = (—1 (j) . Yjx(Asq)-

J=0
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By applying the fermionic p-adic integral to the equation (2.15), we arrive at the fermionic g-integral

representation for the polynomials Y;, ,(z; A, ¢) as follows:

/ (A )dpy (2 :Zn:(>/\"30hn] ).

=0

Since

(cf. [10]), we also get the following combinatorial sums:

Theorem 12

-

Il
o

(M v,

J 2n=d

/Yn,X(Z; A q)dp—1 (z) =

X J

2.4. Fundamental properties of the polynomials Y, (z;A\) and the numbers Y, ()\)

Here, using generating functions and functional equations, we derive recurrence relations for the numbers Y, ()
and the polynomials Y,,(z;A). We also derive some identities and relations including the generalized Bernoulli
numbers, the generalized Euler numbers, the Stirling numbers, and the ¢-Changhee numbers. We also give

some new formulas for computing the generalized Bernoulli numbers and the generalized Euler numbers.

By using the umbral calculus method in (2.13), we get the following recurrence relation for the numbers
Y. (A):

Theorem 13 Let n € N. Starting with

2
Yo(A) = SRR
we have
)\2
Y, (\) = 1“_ Y1), (2.17)

We now give an explicit formula for the number Y,,(\) by the following theorem:

Theorem 14 Let n € Ny. Then we have

n. 2 "
Yn(x):QH)nA_'l ()\)\—1) . (2.18)

Proof We assume that [A\*t| < |\ —1|. Thus, by equation (2.13), we get

& tn & 2n
> YaN) = Z oo
n=0 n=0
Comparing the coefficients of t™ on both sides of the above equation, we arrive at the desired result. O
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We compute a few values of the numbers Y,,(A\) by (2.17), as follows:

2)\2 4)\4
Yi(A) = —()\_71)273/2()\)=m7

12)6 48)\8
Y3(\) = *Waﬂ()\)zma

A new family of polynomials, Y;,(z;A), is defined by means of the following generating function:

oo

Glt, 2 0) = 9B+ M) = 3 Vol ) oy (219)

n=0

so that, obviously,

By using the same proof of Theorem 7, and using (2.15), we get following formula:

n

Va(zh) =Y (j) X" ()0 V5. (2:20)

Jj=0

By using (2.15), we also get

2(1 + At)* ZV > (A=1)Ya(zN)
n=0
By using the above equation, we get
2D (), N1 =AY Va(zA)— + (A - 1) ZY z)\
n=0 n=0

Equating coefficients of t—n, on both sides of the above equation, we obtain a recurrence relation for the

polynomials Y,,(z; \) by the following theorem:
Theorem 15 Let n € Ng. Then we have
2(2), A" = nA\?Y,_1(2;A) + (A — 1) Yy, (25 ).

We compute a few values of the numbers Y,,(z; A) by (2.20), as follows:

Yo(zA) = %

R

Ya(z: M) = A2i2122—6§__12;2z+(;l_xll)s,

Vo(z) = 2N s IX-GN 220 1N AN 12X

=10 T ooy o T 0—1° - "

572



SIMSEK /Turk J Math

We give the following functional equation for the generating function G(t,z;\):
Gt,z+w; \) =Gtz A) (1 + )™
From this equation, we get
oo n
Z;)Y(z—i—w/\ 2)2}( ))\" I (W) ]Y](z,/\)%
n= n=0j

Comparing the coefficients of % on both sides of the above equation, we arrive at the following theorem:

Theorem 16 Let n € Ng. Then we have

Yu(z 4w \) = > (j))\”_](w)nj}/}(z;)\). (2.21)

Substituting w = —1 into (2.21), we get
Yo(z —1;\) —n'Z( ) Jn AT (25 ).

Theorem 17 Let m € N. Then we have

m—1

Bmo‘):% Z

=0 ko < ) ( i1>nkml~ (2.22)

Proof Substituting A\t =e* — 1 into (2.13), we get

)TL
)\e“ -1 Z AT n!

Combining the above equation with (1.3), (1.1), and (1.7), we get
Z 2B, (A) P Z Z: A)Sa(m n)ﬁ

m=0 m=0n

since Sa(m,n) =0 with m < n. Equating coefficients of % on both sides of the above equation, we get

m—1
m _
=3 > ATV (A) Sz (m — 1,n). (2.23)
n=0
Substituting (2.18) and (1.8) into (2.23), we arrive at the desired result. O

Remark 4 By using equation (2.23), the Apostol-Bernoulli numbers are easily computed by values of the
numbers Y, () and the Stirling numbers of the second kind. Ezplicit formulas for the Apostol-Bernoulli numbers
were also proved by Apostol [1, Eq-(3.7)], and also see [3].
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Remark 5 The formula in equation (2.22) is very useful and elegant because this formula is a combinatorial

sum, which gives us direct computation of the Apostol-Bernoulli numbers.

In [23], Kim et al. defined the g-Changhee numbers by means of the following generating function:

Tt a) — _ v 2.24
(t;q) pra—| E: Chala) (2.24)

By using the above equation, we get the following functional equation:

o 4 B oo . q n .
;Chn(fﬁa —Z(—l) (q—i—1> .

n=0

Comparing the coefficients of % on both sides of the above equation, we arrive at the following theorem:

Theorem 18

Chn (q) = (—1)" <[g]) nl. (2.25)

By combining (2.24) and (1.3) for = 0 with (2.25), we get a explicit formula for the numbers &, ([2]>

by the following theorem:

Corollary 5

2] — R AC— (et —1)"
SN e (=) = =S Chalg)
Z & q) m! nz::OC (@) q"n!
Combining the above equation with (1.7), we get
By e (DL =3 Lom@smn
q =0 m=0n= Oq m!

since Sa(m,n) =0 with m < n. Combining the above equation with (2.25), we get
oo m tm

i 200 (3) = X v sy

m=0n=0

By substituting (1.8) into the above equation and after equating the coefficients of tn—", on both sides of the

above equation, we arrive at the following theorem:
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Theorem 19

Em (;) - 2q§:i(—1)k(z>[;§;. (2.26)

n=0 k=0

Remark 6 The formula in equation (2.26) is also very useful for direct computing of the Apostol-Bernoulli

numbers.

Remark 7 By using the Changhee numbers of the second kind, Kim et al. [23, Theorem 4] gave the following

computation formula for the q-Euler numbers as follows:
n
1+ 2]
E"aq = Z kSQ(nvk)7 (227)
k=0 (q + 1)

where the numbers E, , are defined by means of the following generating function:

oo

1+g¢ t"
=N"E, . —
get +1 ; ")

(cf. [23, 30]). By combining (1.7) with (2.27), we have the following explicit formula for the numbers E, 4 as

follows:

Sk (R 1+,
Bua =330 () o
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