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Abstract: Let 8 > 1 be a real number. For any z € [0,1], let r,(x, 3) be the maximal length of consecutive zero digits
in the first n digits of the S-expansion of x. In this note, it is proved that for any 0 < a < b < 400, the set

E.p ={x€]0,1]: liminf (@ B) _ a, limsup %, 0)
n—oo IOgB n n—oo lOgB n

has the full Hausdorff dimension.
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1. Introduction
For any real number 5 > 1, let

Tp = [0,1] = [0,1]
be the B-transformation defined by

Ts(z) = Bz — | Bz],

where |£] means the largest integer no more than . Then for any = € [0,1], T leads to the following series

representation of z:

_ 81(.73,6) EQ(xaﬂ) . En(ﬂj,ﬁ)
“Ts e T

where €, (z,8) = LﬂTgil(x)J is said to be the n-th digit of = with base §. The infinite digit sequence

_A'_...,

e1(z, B)ealx, B) - - enlz, B) -

is said to be the [B-expansion of .

For n > 1, we denote by r,(x, ) the maximal length of consecutive 0 digits in e1(x,8) - - -e,(x, 8), i.e.
rp(z,B) =max{k >1: g41(x,8) = =€i4x(x,8) =0 for some 0<i<n-—Fk}

Here we agree to define r,(z,8)=0 if there is no 0 digit in e1(x,B) --en(x,B). Of course, r,(z,B) is

monotonically nondecreasing with respect to n. There are many results about the growth speed of 7, (x, 5).
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For 8 =2, Erdés and Rényi [3] proved that for Lebesgue almost all x € [0, 1],

fim Tn®2) (1.1)
n—oo logyn

in 1970. See also [12] for a proof of (1.1). Furthermore, Ma et al. [9] showed that the set of points that violate
(1.1) is of Hausdorff dimension one. Recently, Sun and Xu [13] determined the Hausdorff dimension of the set
n bl 2 . n 9 2
Dgyp = {x €0,1]: liminfm =a, limsup rn(2,2) = b}

n—oo logomn n—oo 10go M

with 0 < a < b < 400. They proved that the exceptional set D,; has Hausdorff dimension one. In 2016,
Li and Wu [8] replaced log,n in (1.1) by a general function p(n), where ¢ : N — RT is a monotonically

increasing function with lim ¢(n) = 400. They considered the following set:
n—roo

n ;2 . n 72
D, = {x €[0,1] : liminf ra(z,2) =0, limsup ra(z,2) = —i—oo} .
n=ee (n) n—oo p(n)

Li and Wu [8] showed that the exceptional set D, has Hausdorff dimension 1 if limsup Zimy = T00; otherwise
n—oo

D, has Hausdorff dimension 0. Naturally, for any 8 > 1, what is the growth rate of r,(x,)? It is known
that for B = 2, T} is a finite expanding Markov map. However, when T3 without the Markov property, things

become more difficult. Recently, Tong et al. [14] gave the answer to this question as follows.

Theorem 1.1 ([14]) Let 8 > 1 be a real number.

(i) For Lebesgue almost all x € [0,1], we have

tim &8
n—00 logﬁn

(i) Let o> 0 and
Ea:{xe[o,l]: lim W:a}.

n—00 logﬁn
Then the set E, has Hausdorff dimension 1.

In this note, we consider the following kind of exceptional set for r,(x,3). For any 0 < a < b < 400, let

Ea7b = {x S [O, 1] : hmlnfM =a, limsup Tn(x’ﬁ) — b} .

n—00 logﬁn 00 logﬁn

Intuitively, the set E,; is small because it consists of points that cannot satisfy the above law in Theorem 1.1.

However, we prove the following dimensional result of the set E, ;.

Theorem 1.2 For any real numbers 0 < a < b < 400, the Hausdorff dimension of the set E, s full.

For other results about r,(z, ), see [2, 4]. Along another direction, when T is the Gauss map inducing
continued fraction expansions, a result similar to (1.1) was proved by Wang and Wu [15]. Moreover, they got

the Hausdorff dimension of a class of related exceptional sets in [15].
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2. Preliminary
In this section, we list some basic properties of S-expansions and give some notations. We write uv for the

concatenation of words u and v. In particular, ' denotes the i times self-concatenation of u for ¢ > 1. Denote
by |u| the length of the word w.

Definition 2.1 We say that a finite word e1eo---&, or an infinite word e1eo--- is [-admissible, if there

exists x € [0,1) such that €;(z,8) =¢; for all 1 <i<mn ori>1, respectively.

Let us denote by X7 the set of admissible words of length n and ¥z the set of all admissible words of

infinite length. We define the lexicographical order <., between two infinite words as follows:
! !
5152 e <lem 5152 e

if there exists some integer k > 1 satisfying ¢; = 5; for all 1 < j <k and e < ¢},. In fact, we can extend the

order <, to finite words by identifying a finite word €19 -- -, with the infinite word e1e5---€,0% where
&> means the periodic sequence &€ ---. Now we define an infinite word ejej --- from the S-expansions of 1.

If there exists an integer m > 1 such that &,,(1,8) > 1 but &,(1,8) =0 for all n > m, then we write

8;(1a/8)53(176) = (51(176) e (Em(laﬂ) - 1))00

Otherwise, we write
ET(lMB)é‘;(l, /@) = 61(1a18)52(1a ﬂ) e

We list some basic properties about admissible words in the following lemma.
Lemma 2.1 ([10, 11]) (i) An infinite word €1€2--- € Xg if and only if
VE>1,  epepyr <iew €1(1,8)e3(1,8) -+

(ii) For any xz,y € [0,1], = <y if and only if e1(x,P)ea(x,B) - <iex €1(y, B)e2(y,B) - . Moreover, if
1< p<pf, then
23 C 25/.
(i4i) For any 8> 1,
B < 4B < /(B - 1),

where § means the number of elements of a finite set.

(iv) An infinite word ei1e9--- is the B-expansion of 1 for some B > 1 if and only if for all k > 2,

EkEkt1 - <lew €162 -
For any admissible word eqe5 - - - ¢, , define
I, (e189- &) ={x €[0,1] : e1(z,B)ea(x,B) - en(x,B) =189 €n}y

which is called an n-th order cylinder. We define the n-th order cylinder containing x for x € [0, 1], denoted
by I,(x, ), which is the set of points y € [0, 1] with the property that &;(y,8) = e;(z,5) for all 1 < i < n.
We write |I,(z, 8)| for the length of I,(x,3). The following basic properties of cylinders are proved in [6] and
[7].
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Lemma 2.2 ([6, 7]) The cylinder In(e1e2---€n) is an interval whose left endpoint is 5 + & +---+ 5% and

1
L(e189 - en) |< —.
| < 5
Here we consider a kind of cylinders with maximal lengths, which are known as full cylinders.

Definition 2.2 For any e1e2---&, € ¥, we say that the cylinder L.(e1e9- -+ &) is full if its length satisfies

The characterization of full cylinders was obtained by Fan and Wang [6] as follows.

Lemma 2.3 ([6]) Let e1¢2- -, be an admissible word. The following conditions are equivalent:
(i) The cylinder I, (e1e9+--€y) is full;

(i) T§(In(e162---€n)) = [0,1);

(iii) For any wiwsg - - Wy, € Zgl , the concatenation €1€9 - - - E,W1Wa * + - Wy, 18 still 5 -admissible.

We shall make use of the following two lemmas from Bugeaud and Wang [1] to construct new full cylinders

and estimate the number of full cylinders.

Lemma 2.4 ([1]) If I.(c1e2---€n) and I, (wiws - - - wy,) are two full cylinders, then the concatenation I (€162

1s still a full cylinder.

Lemma 2.5 ([1]) For any n+ 1 consecutive cylinders of order n, there is at least one full cylinder.

3. Proof of Theorem 1.2

3.1. The construction of a Cantor subset of E,

Let us recall that for any 0 < a < b < 400,

E.,p=qx€]0,1]: liminf (@ 8) =a, limsup M: be.
n—oo  loggn n—oo loggn

The main idea of the proof is to construct a Cantor subset of E,; denoted by E;,b with dimg E;b =1.
Here we denote by dimpyg the Hausdorff dimension. For convenience, we shall make use of full cylinders repeatedly
in the construction of E; . The construction is divided into four steps.

Step 1. Let h be the smallest integer such that Ij;(10") is full. Take an integer N > 1 large enough
with the property that
[m®e] —m

1 > 1
|bloggm] > h + and blogy m
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dp dy; dy, d,  <d
‘ oN ‘ ‘10%71‘1*...‘1*...‘ ‘1*‘ &) ‘
1 ny N full  full full N1

Figure. Construction of Cantor subset.

for all m > N. Let ny = N. For any k > 2, we define n; and di_; by the following recursive formulae:

b
ng = [ni_], dr—1=|bloggng_1].

Step 2. For any k > 1, we set

Wi ={ey--eq, € Eg’“ o Ig(e1---€q,) is full with e; = 1}. (3.1)
Let
t, = Lin’”il_ ULy (3.2)
k
Set

Ui = {w(l)w(z) cewE) ) g Wy, forall 1 < j <t}.

In other words, Uy consists of finite words that are possible concatenations of any t; words from Wj.

Step 3. For any k > 1, we first define a finite word v*) as follows:

®) ) O%, if0<dr <h
v =
101 if h4+1 < 8 < dy,

where 6p = npi1 — ng — LWjdk. Next, we define

Dy, = {lOd’“flu(k)v(k) k) e U} (3.3)

Note that for each word in Dy, the maximal length of consecutive 0 digits is at least dy — 1 and at most
dr — 1 4+ h by our construction.
Step 4. The desired Cantor set is defined as

;,b = {il? € [07 1} : 51(x7ﬁ)62(x7ﬁ) = ONU(I)O—(Q) T U(k) € Dk7 k> 1}a

which will be shown to be a subset of F,; with Hausdorff dimension 1. By the properties of full cylinders, the
construction is well defined (see the Figure).

The following results are obtained by direct calculations. For convenience, we list them as a lemma.

Lemma 3.1 Let {ni}r>1 and {di}r>1 be defined as above. Then:
. d, . log[i nk  _ a.
(J)klggo e =0 klggo loggngr — b7

(2) lim ldik:a, lim ; ds __ —
koo 1085 Mkt k=00 1085 "k
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Proposition 3.1 E}, is a Cantor subset of Eqy .

Proof We first show
a < liminf M < limsup M <b. (3.4)
n—oo  loggn n—oo loggn
By the definition of d;, there exists some K > 1 such that d; > N for any ¢ > K. Then for any n > ngy1,
there exists some k > K + 1, such that ny < n < ngyi. We distinguish two cases.
Case 1: If ni <n < mng+dg, then dp—1 — 1 < r,(z,8) < max{dy — 1, dy—1 — 1 + h}. Thus, for all k&

large enough,
dk,1 —1 < rn(m,ﬂ) < dk —1

. 3.5
logg(ni +di) — loggn — loggny (3:5)

Case 2: If ny +dr, <n <ngi1, then we have dy, — 1 < r,(x,8) < dp — 1+ h. Thus,
dip —1 <7“n(a:,ﬁ) <dk—1+h. (36)

loggnk+1 — loggn =  loggng

By (3.5), (3.6), and Lemma 3.1, (3.4) holds.

It remains to prove that there exist subsequences {my}y>1 and {m} }r>1 such that len;o TInglg(imi) =a

and lim M = b, respectively. Let my = ngy1 +di. Then dp —1 < rp,, (x,8) <dp—1+h for all k large

koo 1085 M

enough. Thus, by Lemma 3.1, we have

T (T, 8) dy, B
m ———= lim —— =a.
k—o0 IOgﬁ mp k—o0 logﬁ(nkH + dk)

T (2,8)
;o . o Tm (@B
Let mj, = ny, + di. Similarly, we have khj& Toas ]

3.2. Hausdorff dimension of E;,b

Our next goal is to get a lower bound of dimpy Ej ,. For any S, < 8, we shall prove that dimy E; , > lﬁ)gg% .

We first introduce the following modified mass distribution principle, which is helpful for the estimate of lower

bounds of Hausdorff dimensions. The usual mass distribution principle can be found in [5].

Proposition 3.2 ([1]) Let E be a Borel measurable set in [0,1] and p be a Borel measure with u(E) > 0.
For some s > 0, there exist a constant C > 0 and an integer M with the property that for any n > M and
any n-th order cylinder I,

p(ln) <C | In |

Then dimyg E > s.

For any k > 1, let Wy and Dy, be defined by (3.1) and (3.3), respectively. We set
pr = Wi
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and
Q1 = H{0NoWa® ..o® ) e D; 1< <k}

The following lemma gives lower bounds of p; and ¢ for k large enough.
Lemma 3.2 For any (. < 3, there exists an integer K(Bs) > 1 such that for any k > K(S.),

pr > B

and

ar = C(B:)BI*,

k—1
where vy =ng —n1 —2 Y, d; and C(B.) is a constant depending only on Q. .
j=1

Proof We first estimate py. For any k > 1, write
W,é = {51 s &g, € ng : Idk—h—1(5h+2 : "Edk) is full and e - Epg1 = 10h}

and

Py = W5
Then W, C W, by the properties of full cylinders. Therefore, py > pj,. From Lemma 2.1 we obtain that the
number of admissible words with length dj, — h — 1 is at least % ~"~1. According to Lemma 2.5, we have

ﬂdk7h71

/
>
pk_Ldk—hJ

for any k > 1. It is easy to check that there exists K(f8,) > 1 such that for any k& > K(8.),

ﬂdkfhfl d
B>k,
e NEL:
Thus,
Pr > py > B (3.7)

We conclude from (3.7) that

k41— Nk

fU = pit > (Bd)L T a7 > a2

and hence that
ﬁDk — ﬂUk > ﬂ:kJrl—nk—Qdk

for any k > K(B.). Thus, there exists a constant C(5,) > 0 depending only on S, such that

k—1
o = [[ 4D, > C(B.)B87",

=1
k—1

Where’yk:nk—nl—2z_:dj. O
j=1
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Proposition 3.3 The set E; , has Hausdorff dimension 1.

Proof It suffices to show that dimpy EJ , > % for any B, < . We first define a probability measure
poon E%, by induction. Set p[0,1] = 1 and u(Z;(0°)) = 1, for all 1 <4 < N. For any k > 1 and any

oW e D;, 1<j <k, we define

ITL)C (ONJ(I)J(z) “ee 0.(’(?71)))

0N oD@ .. gy — K
( ) o

Now we define p(I,(z,p)) for any ny <n <ny41 and any = € E; ;. Let

(&) C I,(x,B8) and o) € D; for 1 < j < k.

Then we can extend p to a Borel probability measure uniquely on Ej; , by Kolmogorov’s consistency theorem.

where the sum is taken over all £ = 0NoMag®) ... o) with I,y

By (3.8) and Lemma 3.2, we have

iy (2, B)) = — < C1 (BB,
dk

for all k& > K(f.), where K(B,) is the integer defined as in Lemma 3.2. For any np < n < ngy; with
k> K(B.), either there exists integer [ such that

ng + ldy <n <ng+ (14 1)dy, 0<I <ty

or
ng + (b + 1)de < n < ngy1,

where tj, is defined in (3.2).
Next we distinguish three cases.
Case 1: np < n < ng + 2d;. Then

p(In(z, B)) < p(ln, (7, 8)) < C_l(ﬁ*)ﬁ*—%-

By the definition of a full cylinder, we have

I In(l‘,ﬁ) |Z| Iﬂk-i-?dk (l‘,ﬁ) |: B_(nk+2dk)'

Combing the two inequalities above, we have

log p(In(x,B))  log B ™ —log C(B.)
log | I,(z,B) | = logp—(me+2ds) ~
It follows that
k-1
nE — Ny, — 2 d;) log B,

i log 5*—% ; ( k 1 j;l j) g 3 log . (3 9)
im —=——— = lim = .
k—oo log B—(net+2dr) koo (ng, + 2dy) log B log 8

by Lemma 3.1.
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Case 2: ny + ld, <n <ng+ (I + 1)dy for some 2 <1 < ty. Then
wIn(z, B)) < p(lng+1d, (7, B))
H(I (. 8)) -y 7Y
BB ﬂ:dk”‘”

by Lemma 3.2 and (3.8). By the definition of a full cylinder and Lemma 2.4, we have

| In(z, B) |Z] L+ (14+1)a, (7, B) |[= B ~ (et (1) de)
Hence,
log (I (2, 8)) _ log 8™~V —1og C(8.)
log | I,(z, B) | log B~ (nx+(+1)dx)
Similarly,
— e —dp(I—1)
Jim 085 _ logf. (3.10)
k=00 log B (net(+1)d) log 3
Case 3: ny + (tp + 1)dr < n < ngy1. Note that
p(In(x, 8)) = pIngy, (x, 8)) < C7H(BL) B
and
‘ (x ﬁ) | | ﬂk+1(x ﬁ) |_B nk+1
Then
1 1 *_"/k+1 _1 C . 1 *_'WH»I 1 8
08 jilln(z, )) o8 — 0g C(B.) and lim og 8 = 08 . (3.11)
log | I (z, B) | log B="k+1 k—oo log B k+1 log 3

By (3.9), (3.10), and (3.11), it follows that for any e > 0, there exists an integer K’ such that for any

n>ng and any x € £,

(Lo (2, B)) <| I (x, B) '8 F/ 108 == .

Using Proposition 3.2, we conclude that
dimpg Ej , > log 8./ log B — ¢.
Since € is arbitrary, it follows that dimy Ej , > log B« /log 5. O

Proof [Proof of Theorem 1.2] With the help of Proposition 3.1 and Proposition 3.3, the conclusion is obtained

immediately. O
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