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Abstract: The computation of the distance between any two points of the Sierpinski gasket with respect to the intrinsic
metric has already been investigated by several authors. However, to the best of our knowledge, in the literature there is
not an explicit formula obtained by using the code set of the Sierpinski gasket. In this paper, we obtain an explicit formula
for the intrinsic metric on the Sierpinski gasket via the code representations of its points. We finally give an important

geometrical property of the Sierpinski gasket with regard to the intrinsic metric by using its code representation.
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1. Introduction

The Sierpinski gasket was described by Sierpinski in 1915 and then it became one of the typical examples of
fractals. This set, which can be written as a finite union of its scaled copies (see Figure 1), is a quite simple
but amazing self-similar set in fractal geometry. In various mathematical studies, especially in fractal geometry,
the Sierpinski gasket is often considered or used as a test model. Thus, the Sierpinski Gasket, which we will
denote by S, has been studied in fractal geometry for years (see, for example, [1, 6, 7, 10, 13, 14] and references

therein). It is well known that S is the attractor of the iterated function system {A; fo, f1, f2} such that

folz,y) = <117 1y>

2772
1 11
fl(xay) - <2$+ §a 2y)

7$+*,*y+7

2 472 4

(A is the filled-in convex hull of the three points {Py, P1, P>}, where Py = (0,0), Py = (1,0) and P, = (3, @))
S can be defined in different ways. In [8, 9], the authors defined S as follows: let Py = (0,0), P, = (1,0),
and P, = (3 @) Assume that 4142 ...4, is the word of length n over the alphabet X = {0,1,2} for any

2772
i1,92,...,1i, € X. For every such word, the elementary subtriangle of level n with vertices (f;, o f;,o...0fi )(Fo),
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(fiyofiyo...ofi )(P1),and (fi, o fi,o...0 fi )(P2) is denoted by Tj,4,. 4, . Then they define the Sierpinski
gasket as

S = ﬂ T,, where T, = U Ts.

n>0 s€{0,1,2}"

It is well known that different metrics can be defined on the same set. However, the interesting and
natural one of these metrics is the one that reflects the internal structure of the set. For example, consider
the restriction of the Euclidean metric to S. According to this metric, the distance between a and b is [ (see
Figure 2). However, there is not any path between a and b on S with length /. For this reason, this metric is

not meaningful on this special set.

Figure 1. The Sierpinski gasket as an attractor of an IFS.  Figure 2. Distance between two points on S with respect

to the Euclidean metric.
A more suitable metric on S is the intrinsic metric, which is defined as follows:
dint(x,y) = inf{d | 0 is the length of a rectifiable curve in S joining = and y} (1)

for z,y € S (for details, see [2]). The intrinsic metric, which is obtained by taking into account the paths on
the structure, eliminates this discrepancy.

In several works the intrinsic metric on the Sierpinski gasket was constructed and defined in different
ways since there exist different ways to construct (or define) the Sierpinski gasket (for details, see [3, 5, 8, 9, 14]).
For example, in [8], an alternative definition of the intrinsic metric on S is given as follows: let z,y € S and
let A, (z),An(y) be two elementary subtriangles of level n where © € Ay, (z) and y € A,(y) for all n > 0.
For every n > 0, let z,, and y, be the left lower vertices of A, (x) and A, (y), respectively. Then the authors

define the intrinsic metric as

where x,y € S and d,, is the minimal length of a chain connecting x,, and y, (for details, see [8]).

Strichartz also defined the intrinsic metric in a different way by using barycentric coordinates (for details,
see [12]).

In [11], Romik tackled the discrete Sierpinski gasket and defined the metric giving the shortest distance
on the points of this set using the code spaces. Romik then computed the average distance between points

on the Sierpinski gasket using the connection between the tower of Hanoi problem and the discrete Sierpinski
gasket,.
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In this paper, we use code representations of the points of the Sierpinski gasket to define the intrinsic
metric. We note that the junction points of the Sierpinski gasket have two different code representations. In
this work, we give an explicit formula for the intrinsic metric on S such that the formula does not depend on
the choice of the representations of the junction points as mentioned in Proposition 3.3.

2. The code representation on S

We first give brief information about the coding process.

Let us denote the left-bottom part, the right-bottom part, and the upper part of the Sierpinski gasket
by Sy, S1, and Ss, respectively.

As shown in Figure 3, S = Sy US; USe, SonNSy = {p}, S1 NSy ={q}, and Sy NSy = {r}. Let
a1 € {0,1,2}. Now similarly we denote the left-bottom part, the right-bottom part, and the upper part of S,
by Sa,0,54,1, and Sg, 2, respectively.

Figure 3. The subtriangles Sp, S1, and S2 of S.

Following the same argument, let Sy, q,. 4, denote the smaller triangular pieces of S where a; € {0,1,2}

and ¢ =1,2,...,k. For the sequence

Sa175a1a275a1a2a37 MR Salaz‘..a", MR |

it is obvious that Su, D Sayas O Sajasas 2 -+ O Saras...an, O --- and the infinite intersection

oo
n Salag...ak
k=1

is a singleton, say {a}, where a € S. We denote the point a € S by aias...a, ... where a, € {0,1,2} and
n =1,2,.... Note that, if a € S is the intersection point of any two subtriangles of Su,q,...q, (Such a point
is called a junction point of S), then a has two different representations such that ajas ...apBacac. .. and
aras ...apafBBBA ... where o, 8 € {0,1,2}. Otherwise, a has a unique representation (for an alternative code

representation of the points of S, see [4]).
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3. The construction of the intrinsic metric on S
Let a and b be two different points of S whose representations are a = ajas...a, ... and b =byby... b, ...,

respectively. Then there exists a natural number s such that as # bs. Let
k=min{s | as #bs, s=1,2,3,...}. (2)

We then have a € Sgiay...ar_ 10, a0d b € Saas...ar_1b, - Without loss of generality, we assume that ar = 0 and
b, = 1, which means a € Sy 4,..a;,_,0 and b € Sg a,. . ,1 as seen in Figure 4 (in what follows we use the

abbreviation o = aqas...ar—1 for simplicity). Note also that, in the other cases, i.e. a and b are in another

subtriangle of Su,4,...a,_, , sSimilar procedures would be valid.

So’ :SJOUsUI USUZ

Figure 4. The subtriangle S, where ¢ = a1az2...ar—1 and the points a € S0 and b € S,1.

Let ps, 7+, g, be the intersection points of the subtriangles S,y and S,1, Sso and Sy2, and S,; and
Sy, respectively. The shortest paths between a and b must pass through either the point p, or the line r,q,
(see Figure 4).

We now investigate these two different ways as follows:
Case 1: First consider the shortest path passing through the point p,. Any path between a and b can be
expressed as the union of a path between a and p, and a path between p, and b. We first look at the shortest
paths between a and p, (the paths between p, and b can be obtained using a similar argument).

o If a € Soyay...an_100 OF G € Sgias...a,_,02, then we must compute the length of the line segment py/p,
or the length of the line segment ¢, p, where p,/, g,s are the intersection points of the subtriangles S,/ and
So1, Sy1 and Sy respectively where o/ = ajas...a,_10. In both cases, the length of the shortest paths

between a and p, is

H:WWL&

for some € > 0.

For the case a = r,/, where r,/ is the intersection point of the subtriangles S,/o and S,/2, there obviously
exist two shortest paths between a and p,. These paths are the union of the line segments r,/p, and p,/p, or
the union of the line segments r,/q,» and ¢, p,. The length of these paths can be easily computed as p = o5

e Suppose that @ € Sgyq,...ar_101- If @ € Sajas...ak_1010 OF @ € Sgias...ar_,012, then we must compute the
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length of the line segment p,~p, or the length of the line segment ¢, p, where p,,q, are the intersection

"= aias ... ak,_101.

points of the subtriangles S,¢ and Sy, S,71 and S,o respectively where o
In both cases, we get

1

M:W‘F&

for some € > 0.

For the case a = r,», where r,~ is the intersection point of the subtriangles S, and S,~s, there are
two paths giving the distance of the shortest paths between a and p, as before. These paths are the union of
the line segments r,p,~ and p,~p, or the union of the line segments r,~q,~ and ¢,p,. The length of these
two paths is pu = 2,6%

Using a similar procedure for smaller triangles, we can determine the shortest paths between a and b
and the length of these paths. Similarly, one can determine the shortest paths between p, and b. Then, by

”

splicing these shortest paths between “a and p,” and “p, and b”, one can compute the length of the shortest
paths between a and b passing through the point p, .
Case 2: Let us consider the shortest paths passing through the line segment r,¢q,. In a similar way, we can

i

obtain the shortest paths (thus the corresponding length) between “a and r,” and between “b and ¢,”. As

we add 2% (that is, the length of the path r,¢,) to these lengths, we obtain the length of the shortest path
passing through r,q. .

Consequently, the length of the shortest paths between a and b is the minimum of the lengths obtained
from Case 1 and Case 2. We can formulate this length, and hence the metric d, as follows.

Definition 3.1 Let ajas...ax_101a54+1 ... and bibs ... bg_1bpbii1 ... be representations of the points a € S
and b € S, respectively. Suppose that a; = b; for i = 1,2,....k — 1 and ai # bx. We define the metric
d:Sx8—=R by

. — aitfi 1 — it
d(a,b) = mln{ Z 5 ok + Z 5
i=k+1 i=k+1

where
0, ai=10g B8, = 0, bi=ax
&= 1, ai;ébk ’ v 1, bi;«éak ’
0, ay # ar and a; # by 5 — 0, b; #br andb; # a
YT 1, otherwise ’ "7 1 1, otherwise

o0
Remark 3.2 Note that the first value % ) %ﬁb 1s the length of the shortest paths passing through the point
i=k+

o0
ps and the second value 2% + > %2—"'61 is the length of the shortest paths passing through the line segment
i=k+1

roqs where 2% 1s the length of the line segment r,q, .
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It is obvious from the construction above that d(a,b) is defined as the minimum of the lengths of the
admissible paths connecting the points a and b in S.

Conclusion 3.2 The metric in Definition 3.1 is equivalent to the metric given in (1).

Proposition 3.3 The metric d defined in Definition 3.1 does not depend on the choice of the code representa-

tions of the points.

Proof Let a be a junction point whose code representations are of the form ajasas...asasas... and
(20147 . ..a1a1a7 ... such that a; # as (in the general case, i.e. if the code representation of a is of the
form

arag ...0-10KA410k4+10k4+1 - - -

the claim can be proven similarly).
Let x be an arbitrary point of S that has the code representation

T1T2 .. . L1 T[T4+1Lk+2Lk+3 - - - -

Assume that z1 # a;. We consider the following two cases: x1 # as and z1 = as.

Case 1: Suppose that x; # as. We now investigate the distance between the points
T1X2 .. . TpTlr41Tk4+2Lk+3 - - - and aijazag . ..a2a2a2 . ...

Due to the definition of d, we have the following equations:

0, T; = ay
O[Z:{ )

17 T 7é a
)0, ar=m
ﬁl B { 17 a2 7é Z1 ’

)

0, ziFx and 3 #F ay
V= otherwise

otherwise

5.{ 0, as #a; and ag # a1

We thus get 5; = 1 for all i« > 2 owing to the fact that z; # as. Moreover, a; can change according
to the value of x; and a; for each i > 2. It is also easily seen that §; = 0 for every ¢ > 2 since as # a1 and

as # x1. It follows that

oo oo
+ ﬁz 1 (67
St S
i=2 i=2
and
L it 1 &
st o Ta Tl
=2 =2
Now we compute the distance between the points
T1L2 .. . L4 1L k4+2L |43 - - - and asaiay ...ajaidy .. ..
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Owing to the definition of d, we have the following equations:

0, x;=as
! 9 K3
%= { 1, 7é az ’
ﬁl' _ 0, ay = T
v 1, a1 % X1 ’
_ 0, x; #x1 and x; # as
Vi 1, otherwise ’

as #ap and ag # a1
otherwise

0
! 9
62_{ 1;

Similarly, we have 3, =1 for all ¢ > 2 as a result of the fact that z1 # a;. Moreover, o} can change
according to the value of x; and ay for each i > 2. We also have that §; = 0 for every i > 2 since a; # as

and aj # 1. This shows that

Sl 1, Sl

and

Finally we show that o; = 4} and o} = ~; for all ¢ > 2, respectively. We already know that a; # aq,
x1 # a1, and T1 # asg.

Assume that v = 0 for a fixed . In this case, we have x; # ag and z; # x1. We thus have z; = a;.
Namely, it is a; = 0. Let «} = 1 for a fixed ¢. Hence, it must be x; = as or x; = x1. This shows that z; # a1 .
That is, we obtain a; = 1.

Suppose that v; = 0 for a fixed i. We thus have z; # 1 and x; # a; and this shows that z; = ao, so
we get af = 0. Let +/ =1 for a fixed i. Therefore, it must be x; = 1 or z; = a;. It follows that z; # a; and
thus we get o = 1.

This concludes the proof in Case 1.

Case 2: Let x1 = ay. The assertion can be proved similarly. O

4. Illustrative examples

In this section we give two examples where we compute the distance between two kinds of pairs of points in S.
Example 4.1 Let a and b be the points in S whose representations are 012 = 012012012+ and 1 =111---

respectively.
To compute d(a,b) we need the natural number k defined in (2). Since the first terms of the representa-
tions are different, we get k = 1. Straightforward calculations give us 5; =1, §; =1,

0 ;
o = 1 -

i = 2 (mod3)
otherwise
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and

_J 0 5 i=0(mod3)
T ; otherwise

for all i > k+1 =2, from which we conclude

i+ B — 1 2 2 5
ZZ:; 9 :;(23m—1+23m+23m+1>:7

and

and hence d(a,b) = =

Example 4.2 Let a and b be the points in S whose representations are 0002 = 000222222 --- and 01220 =
0122000000 - - - respectively.

Since the second terms of the representations are different, we get k = 2. One can obtain a; = 1 for
1>k+1=3, 083=064=1and ;=0 fori>5, y3=1and v, =0 fori>4, 3=90,=0 and §; =1 for
1>5. We then obtain

a+Bi 2 2 =1 T
Zzgﬂ—ﬁjzjfﬁ

=3

and

%+511°°1
Z 1*3;2**

7
which says that d(a,b) is the value 6" Notice that two values are equal and it means that there exist at least

two shortest paths between the points.
Indeed, since it is a junction point, the point 0002 has two code representations and one can take the

representation of this point as 0020. In this case the computation yields k=2, a; =1 for i >3, B3=0F4 =1
and B; =0 for i>5, v3=0 and v; =1 for i >4, 3=06,=0 and §; =1 for i > 5. This together with an
7

elementary calculation gives that d(a,b) = 6

5. A geometrical property of the geodesic metric

In this section, we give a remarkable geometrical property with respect to the intrinsic metric on S. For any
P e S, Cristea and Steinsky showed that

d(PaP0)+d(P7P1)+d(P7P2):2

by Proposition 12 in [3] and Viviani’s theorem. In the following proposition, we prove the general case in a

different way.
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Proposition 5.1 Let S, be a subtriangle of S and let P,o, P,1, and P,o be vertices of S, where o =
aias...ay, for any n € N. If P, is an arbitrary point of S, then

1
on—1"

d<PO'7PO'0) + d(PowPal) + d(PO')P0'2) =

Proof Let us first denote the vertices of S, as follows:

Pgo = ajaszasg . .. an000 .
P,y = ajasas...anlll...
P,o = aiasasz...a,222....

Given an arbitrary point P, = a1a2a3...0yTn41Tn+2%nt3 ... Of Sy, notice that x,41 is equal to one of the
elements of the set {0,1,2}. Suppose that z,+1 = 0 (the other cases are done similarly). In this case, we have

the following inequalities:

1
and d(Po-7Po-2) >

d(PzﬁPal) el W

= gn+1

owing to the fact that the the terms (n + 4)th (for ¢ = 1,2,...) of P,; and P,y are different from the term
Tpt1 of P,. Let us now consider the term z,12 of P,. In a similar way, if z,42 = 0 then we obtain the

inequalities as follows:

1 1
and d(P,, Pyo) > + prEe)

1
d(PU7Pal)> + _W

— 2n+1 2n+2

since the term z,49 of P, is different from the terms (n + 1)th of P,y and P,y. If we continue this way,

namely x,4; =0 for i =1,2,3,4,..., then we have the following equalities:
d(PO'7PO'0) = 07
1+1 1+1 1+1 1
d(Povpal) = on+2 + on+3 + on+4 = 277
1+1 1+1 1+1 1
d(Py,Pye) = ont2 + on T3 + onti +~~~:27

and we thus obtain the desired result. Assume that there exists at least one s such that z,,s # 0 for

s=1,2,3.... Without loss of generality, we can choose x,,+s = 1. Obviously, the term x,, of P, is different
from the terms (n + s+ 4)th of P, for all i =1,2,3,.... In this case, we get

d(Fy, Poo) 2 2n+1s+1 + 2n+1$+2 + 2n+13+3 =4

d(Fo, Por) > ;:;21 ]é::‘r;- e Q}L;}l + (;Irsl + 2n+13+1 + 2n+1s+2 +o =B,

d(Py, Pyy) > ;7;1 + % 21:5_11 12731 2n+15+1 2n+15+2 I

From now on, for every index n + s + i, exactly two terms of P,y, P,1, and P,y are different from

the term x,454; of P, where i = 1,2,3,.... To give an example, let us take z,1,41 = 2. Since the terms
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(n+s+1)th of Pyy and P,y are 0 and 1, respectively, we add to A, to B, and 0 to C'. The

2n+s+1 2n+s+1
computation is similar for z; € {0,1,2} where k > n+s+1. It follows that d(P,, Pyo)+d(Ps, Py1)+d(Py, Py2)
is the sum of A, B, C and

1+1 1+1 1+1
2n+s+1 2n+s+2 2n+s+3 toeee

With a simple calculation, we get

d(PU’PJO) +d(PU’P01) +d(PaaP02) = 2"7—1

and thus the proof is completed. O
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