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Abstract: The aim of this paper is to find new iterative Newton-like schemes inspired by the modified Newton iterative
algorithm and prove that these iterations are faster than the existing ones in the literature. We further investigate their

behavior and finally illustrate the results by numerical examples.
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1. Introduction

Throughout this paper, the following notations will be used:
e (' is an open convex subset of a Banach space X,
e F is a Fréchet differentiable operator at each point of C' with values in a Banach space Y,
e Blz]={y € X : |ly—=a|[<r}, forany x € X and r >0,
e Bu(z)={yeX:|ly—=z| <r},forany z € X and r >0,
e B(Y,X) is the space of all bounded linear operators from Y to X,

e N denotes all positive integers including zero.

Many problems that arise in engineering and scientific disciplines can be modeled by the following
nonlinear operator equation:
F(z) = 0. (1)

Several problems about studying the solvability of (1) are brought forward (see [3, 13]). To solve this equation,
the iterative approximation method is considered as one of the main tools in fixed point theory. Therefore,

many iterative methods have been defined and studied by numerous mathematicians (see [7, 10, 11, 14]).
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In 2011 Sahu et al. [17] introduced the normal-S iteration process for finding solutions of constrained
minimization problems and split feasibility problems as follows:
Let F be a normed space, B be a nonempty, convex subset of £ and A: B — B be an operator. Then,

for an arbitrary xg € B,

Tnt1 = A((1 — ap)zy + anAz,) neN, (2)

where{a,, } is a sequence in (0,1).
Giirsoy [9] introduced Picard-S iterative process as follows:

Let B be a closed convex subset of a Banach space X and T : B — B be an operator. Then, for an
arbitrary z¢ € B

Tn+1 = Tyn
Yn = (1 - an) Tw, + T2y, (3)
zn = (1= Bn) Zp + BuTzn (n €N),

where {an}o o, {Bnteo € [0,1].
For solving nonlinear operator equation (1), many authors present several generalizations of the Newton

method (see [3] and [21]). The Newton method is given as follows:

xg € C
{ .

Tpt1 = Tp — F;;lF(mn), Vn e N

where F. denotes the Fréchet derivative of Fat the point z € C.

In the Newton method (4), the functional value of the inverse of the derivative is required at each step.
A natural question is how to modify the Newton iteration process (4) so that the computation of the inverse of
the derivative at each step in the Newton method (4) can be avoided. Argyros [1], Bartle [4], Dennis [6], and
Rheinboldt [16] discussed the following modified Newton method,

Tpil = Tp — F;;lF(a:n), n € N. (5)

Let z* € C be a solution of (1) such that F;Il € B(Y, X). For some ¢ € C, assume that F;Il and F satisfy
the following:

||Fg’c — F;OH < Ky ||z — ]|, Vz € C and for some Ky > 0, (6)

In [2] and [15], the authors proved theorems for semilocal and local convergence analysis of (5) to solve the

P (F - F;O)H < K ||z — @0, Yz € C and for some K, > 0, (7)

and

FN (L~ FL)

‘ < Ksl||lz —2*|, Yo € C and for some K3 > 0. (8)

operator equation (4).
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Recently, Sahu et al. [18] introduced the following Newton-like S-iteration processes (SIP) for solving
equation (1):
o € C,
Tni1 = Yo = Fup ' Fyn)
yn = (1 —a)x, + az,

— —1

2p = Tp — F,7 F(z,) néeN,
and
o € C,
T+l = Yn — Fz;o_lF(yn)
yn = (1 —a)x, + az,

Zp = Ty — F;;lF(In) n €N,

where « € (0,1).
In the following theorems, they also proved semilocal as well as local convergence analysis of (9) and (10)

and obtained that these iterative algorithms are faster than (5).

Theorem 1 [18] Let F' be a Fréchet differentiable operator defined on an open convex subset C' of a Banach
space X with values in a Banach space Y . For some xo € C', let Fg’cgl € B(Y, X) and the operator F satisfy
(6) and the following conditions:

i) ||Fi F (z0)|| < n, for some n > 0;
i7) HF;?H < B, for some 3> 0.

Assume that o € (0,1), h = 1Ko < L and B, [v0] € C such that r = 2=4=2Ry Then, under the
above restrictions, the following assertions are true:
a) The operator A : Bylxg] = X, defined by
—1
Ax =z —F, "F(z),z € By[xo],

is a contraction self-operator on B.[xg] with Lipschitz constant BrKy and the operator of Equation (1)

has a unique solution in B, [xo].

b) The S-operator A, : Brlzg] — X generated by o and A is a contraction self-operator on B,[xg] with
Lipschitz constant BrKo(1l — a + afrKy).

Theorem 2 [18] Let F be a Fréchet differentiable operator defined on an open convex subset C' of a Banach
space X with values in a Banach space Y. Suppose that A € (0,1] and z* € C is a solution of (1) such
that F/=' € B(Y,X). For some o € C, let F/x* and F satisfy the conditions (7) and (8). Assume that

B, (z*) CC, where r1 = KLQ For xg € B(z*) with r = m, let Ay be an operator defined by
A (z) =2 — A\F'F(z), Yz € B, (2¥).

Then we have the following:
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i) For x € B.(z*), we have
1Ax(z) — 2" < (Ao +1 = N[z — 2],

where 6, = ﬁ (lx = «*|| + 2 ||lxo — z*]|) -

i1) Ay 1is a quasi-contraction and self-operator on B, (x*) with constant 1—(1—0)\, where 6 = sup {0z}.
zEB,(z*)

Motivated by the above studies, we introduce new Newton-like iteration processes as follows:

xg € C,
Tn+l = Yn — F;:JIF(yn) (11)
Yn = (1= a) [wn — F 7 F ()] + alz, — U F(20)]
2= (1= 0)z, + 0z, — F,- F(2,)] neN,
and
xg € C,
Tng1 = Yn — Fy L (yn) 12)
Yn = (1= Q) [t — Fyy ' F ()] + alzn — FL 7 F(2,)]
2y = (1= 0)zy, + 0z, — F,- ' F(z,)] n €N,

where «,6 € (0,1).

In the present study, we obtain semilocal and local convergence results of (11) and (12). Moreover, we
compare the rates of convergence of the modified Newton method (5), the SIP of Newton-like iterative processes
(9)-(10), and our Newton-like iterative processes (11)-(12).

2. Preliminaries
Definition 1 Let C be a nonempty subset of normed space X . A mapping T : C — X is said to be:
i) Contraction if there exists a constant § € (0,1) such that

[Tz = Tyll <6z —yll, Yo,y eC.

1) Quasi-contraction [19] if there exists a constant § € (0,1) and Fp ={x € C :Tx =z} # & such that

Tz —pl <d|lz—p|, Yz C andp € Fr.

Definition 2 [17] Let C' be a nonempty convex subset of a normed space X and T : C — C an operator. The
operator G : C' — C' is said to be S-operator generated by o € (0,1), T, and identity mapping I if

G=T[1-a)l+aT].

Definition 3 [5] Let {a,},—, and {b,}.—, be nonnegative real convergent sequences with limits a and b,

respectively. Then {ay},., converges faster than {by} ~ o if

anp —a

=0.
b, —0

lim
n—oo
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Lemma 1 [1] Let R be a bounded linear operator on a Banach space X . Then the following assumptions are

equivalent:

i) There is a bounded linear operator S on X such that S~! exists and

1

S—R||=—.
IS~ Rl = =y

ii) R™! ewists.
Furthermore, if R~ exists, then

[Eh [l

-1
1770 < sy < T=ps s — Al

Lemma 2 [19] Let F be a Fréchet differentiable operator defined on an open convex subset D of a Banach

space X with values in a Banach space Y . Let x* € D be a solution of (1) such that F;*_l € B(Y, X) and the

operator F satisfies the conditions (8). Assume that B,(x*) C D, where r = 7. Then, for any x € B,(z*),

F, is invertible and the following estimate holds:

(F’le/)_l < 1
e e T 1- K|z —a*||

Lemma 3 [12] Let (X,d) be a complete metric space and T : X — X a contraction mapping. Then T has a

unique fized point in X .

Lemma 4 [20] Let F be a Fréchet differentiable operator defined on an open convex subset D of a Banach

space X with values in a Banach space Y . Then, for all z,y € D, we have
1
0

3. Main results

3.1. Semilocal convergence analysis

In this subsection, we give semilocal convergence analysis of algorithm (11).

Theorem 3 Let F be a Fréchet differentiable operator defined on an open convex subset D of a Banach space
X with values in a Banach space Y. For some xg € D let F,-' € B(Y,X). Assume that F ' and F satisfy
(6), (7), and (8) with the following conditions:

i) ||Fi F (zo)|| < n, for some n > 0.

1) HF;*H < B, for some 3> 0.

0
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Assume that v,o,0 € (0,1), h = nBKy < %, and B, [x0] C D such that r = 1=1=2h V;_th, Then, under

2
the above restrictions, the following assertions are true.

a) The SP-operator K, : Byltg] — X generated by o, 6, A, and Ay is a contraction self-operator on
B, [x0] with Lipschitz constant v*[1 — o (1 4+~0) (1 — )] such that

Koz =A[(1 —a) Az + aAApx].

b) Equation (1) has a unique solution x* € By[xo].
¢) The sequence {x,} generated by Algorithm (11) is in By[zo] and it converges strongly to x*.
d) The following error estimate holds:
@1 — 2| < w2V |zg — 27|, ¥n € N,
where Kk =7[1 —a(l1+~0) (1 —7)] and v = BrK,.

Proof By Theorem (1) and Theorem (2), we know that the following inequalities are provided for (12) and
(11), and we have

[Az — Ayl <~z —yll,
[Are =¥ < (1 = A (1 =0z)) [z — =7,

and
[Apz — Ayl < v (1 =601 —7))[lz —yl.

a) We show that K, is a contraction as follows:

1Koz — Koyl = AL - a) Az + aAdgz] — A[(1 - a) Ay + aAdgy]|
< (1 —a) Az + aAApx — (1 — o) Ay — aAAgy||
< 71 —a)[[Azr — Ay| + vy [AAgz — AAgy||
< PA-a)le—yll+7a@-00 =)z -yl
= Pll-a)+yal -0 )]z -yl
= YL-al+90) 1 -]z —yl.
b) It is clear from Theorem (1).
¢) From (11), we have
[ent1 =2 = [[Kazn — Koz™||

IN

P —a@+90) (1 =) llen — 2.
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By induction, we obtain

lensi—a2*] < 2= a(l+48) (1= )] len — 2"
lon—a* < AL = a(l+90) (1= 7)) [leny — 2]
lenr — 2%l < APl —a@+70) A -7 llenz — "]
<
lensr —a*] < POV —a(l448) (1 - )" flao - 27

This implies that * — z* as n — 0.
d) Since k =vy[1 —a(l++0) (1 —+)] and v = frKj, we have

01 — "] < K20Dlag — 2|, ¥ € .

3.2. Local convergence analysis

The following theorems present results about the local convergence analysis of (11) and (12).

Theorem 4 Let F be a Fréchet differentiable operator defined on an open convex subset D of a Banach space

X with values in a Banach space Y. Assume that «,0 € (0,1) and z* € D is a solution of (1). For some

xg € D let Fj-t € B(Y, X), and F; ' and F satisfy (7) and (8). Assuming that By, (z*) € D, where ri = KlQ,

then we have the following:

i) For initial xo € B, (z*) with r = m , the sequence {x,} generated by algorithm (11) is in B, (z*)

and converges strongly to the unique solution z* in B, (z*).

1) The following error estimate holds:
s =l < ()" o = 27|, vn € N,

where ' = 8o [1 — o (1 +608) (1 — 6p)] and do = o=l

r

Proof

1) First we show that z* is a unique solution of (1) in B,, (z*) . For contradiction, suppose that y* is

another solution of (1) in B,, (z*) . Then we have

1
0=F(z*)—F{y") = /F;*+t(a:*fy*) (" —y")dt.
0
Define an operator L such that

1
L(h) = / Fl i y(oe_yyhdt, Vh € X.
0
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Hence, we have

1 1
IEL L] = /F;*dt—/F;*H(x*,y*)dt
0 0
1
== /(F:;* - 3;*+t(:c*—y*)) dt
0
and
1
—1 —1
|1 - Ftr)| = /F;* (Fie = Fpragary )
0
1
/—1
< /‘FI (Fie = Fessiar ) |
0
Ky
< 7“55 [
K
7“12 2 _ 1.

By Lemma 1, L is an invertible operator and hence z* = y* is a contradiction. It implies that x* is the
unique solution of (1) in B, (z*).
Now we examine that x,, — x* as n — oco. By Theorem 3, we know that K, is a quasi-contraction

self-operator on mapping B, (z*). Therefore, z,, € B, (z*) and

lanss — 'l = [[Ka(2n) = Ko (2")] (13)
< 2 —all 46,0 (1—0,)] -],

where d,, is defined in Theorem 2-b. Since §,, < 1, then for all n € Ny we obtain
[#n+1 = 2" < [lzo — 27 -

From the definition of ¢, , we have

K
Op, = ——(lxzn—2"]+2 —z*
= g (e =2+ 20— 27
3K1 HI’O — ’I,‘*”

- 2(1 —’I“KQ)

o lmo—a]
r

= .

Hence, from (13), we obtain
ln g1 — 2| < (931 = o (1+008) (1 = 80)])"" [lwo — 2], (14)

which implies that z,, — z* as n — oo. This complete the proof.
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1) We conclude from (14) that for all n € N, we have
lzngr =[] < (&) Yo — 2]

O

Theorem 5 Let F be a Fréchet differentiable operator defined on an open convex subset D of a Banach space
X with values in a Banach space Y. Assume that «,0 € (0,1) and x* € D is solution of (1). For some

zo € D, let F/xt € B(Y,X), and F.-'and F satisfy the conditions (7) and (8), and for all x € D, some
K3 >0,

|t (7 - B < Ko e = sl (15)
such that K3 < Ky. Assume that By, (z*) C D, where 1 = %2 and o, Yo, 20 € By (%), where r = m
For all x € B, (z*), consider three operators such that
Vyo(x) =T — Fy(?lF(fE),
Vagw) = 2 = F 7P (2),
and
Sa (#) = Vi [(1 = a) A(z) + aVe, Ag (2)] -
Then we have the following:
i) For all x € B, (z*), we obtain
Vyo () — 27| < 0 [l — 2|,
where &, = 5 (o — | + 2 lyo — o).
1) Vi, 1s a quasi-contraction and self-operator on B, (x*) with constant ¢', where 6’ = sup {d,}.
zEB(x*)
1) For all x € B, (z*), we obtain
||V20(x) - Z‘*H < 6:/v/ ||$ - JT*” 2
where 8 = 58— (o — o)) + 2120 — 2°)
iv) Vi is a quasi-contraction and self-operator on B, (x*) with constant 6", where 6" = sup {d/}.
zEB(z*)

v) The sequence {x,} generated by Algorithm 12 is in B, (z*) and it converges strongly to the a unique

solution x* in B, (z*).
vi) The following error estimate holds:

+1
|#ni1 —2*|| < (&) " ||lzo — 27|

7

where K" = 6 (1= a) 6 + adf (1— 0(1 = d))) and &) = o = 2Ellre il
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i) For all x € B, (z*), by Lemma 2 and (15), we obtain

i)

Vyo () — 27|

IN

IN

—1 *
r—F, F(z)-x

1
Fyo

’
-1
Fyo

[F(2) = F(2*) = Fy, (z — a")] |

1

o (T — x*)) H dt

_ -1 _
< |(FrE) H/(Fggl( Lttomey — F
0
Ks ||z — 2| [l — 2| + 2 [[yo — 2" |]
- 2(1 77"K2)
< O lle—a.
K3 | sup : e — 2| + 2 lyo — =~ ||
xEB, (z*
sup {0.} =
mGBT(m*){ } 2(1 77’K2)

K3 [r+2|lyo — ="|]
2(1 —TKQ)

Kg [T+2T]

2(1—rKy)

37’K1
2 (1 — ’I‘Kz)
1.

Thus, the operator V,,, is a quasi-contraction self-mapping on B, (z*).

i74) Similarly, for all € B, (z*), by Lemma 2 and (15), we obtain

744

[Vzo ()

— a7

= |lz—F,,'F(z)—a*
= ||F [F @) = F(a®) = Fl (w —a”)]
Y x x (-
1
. -1 _
< [Ee) ) fE (R -
0
K ||z — 2" {llz — =] + 220 — =™ |]
B 2(1—TK2)
< G flz -2t

F) (z— 1:*)) H dt
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Ks| sup o2 +2]0— |
6" zEB(z*)

su Y =
mGBrl(Dm*){ 1} 2(1—?"K2)

K3 [r+ 2|20 — 2]
2(1 —TKQ)

K3 [7’ + 2’["]

2(1 —TKQ)

37’K1
2 (1 - ’/‘KQ)

= 1

IN

IN

<

Thus, the operator V,, is a quasi-contraction self-mapping on B,(z*).

If we define an operator Ay by
Ap () =x — 9F;0_1F (x), Vz € B, (x¥),
then Ay is a quasi-contraction self-map on B, (z*) and the following satisfies:
[4g (x) =™ < (1 =01 =0.)) |z —2"[|, Vee B (a").
As in Theorem 4, z* is the unique solution of (1) in B,, (z*). Therefore, by Algorithm 12, we obtain
yo = (1 — a) Az + aV,, Agxo € B, (2¥)

and
= Apxy € B, (z¥).

Also, we can rearrange Algorithm 12 as follows:

Tnt1 = Sa (Tn) = Vyo [(1 = a) A(zn) + aVz Ag (2)] -

Now we show that the sequence {x,} generated by Algorithm 12 is in B, (z*) and it converges strongly

to the unique solution z* in B, (z*). For all n € N, we have

[ener =2l =[S0 (@n) = 2" = [V [(1 = @) A(2n) + Ve Ag (2n)] — 27|
< 0y, 11— a) A(zn) + aVi Ag (z) — 2| (16)
< 0y, (L= a) A (zn) — 27| + 0y, a[Vz, Ag (n) — 27
< Oy, (1= )b [lon — 27| + 6, ad? || Ag (xn) — 27|
< Oy, (1= a)ba, on — 2" + 6y, 67, (1=60(1 = 0y,)) 2n — 2|

— & [1=)8,, +ad! (1-0(1—5,))] llzn —2"||.
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From the definitions of 4 and ¢! , we obtain

K3
6// — e A L) — * 2 _ %
2(1 - rKy) (14 (zn) — ™| + 2 [|lzo — ™[])
K3
< s ((1-0(1 -0, n— || + 2|z — 2
= 201 -rKy) (( ( n))Hx € ||+ ||-730 x ”)
K3
< —_— — ¥ 2 X
o 3Eifzo—ar||
- 2(177'K2)
_ 5//
- 0
< M
r
- 50.
Similarly,
8 = (11— a) Aen) +aViUs (2) — 2| + 2 o — 2*)
Yn 2(1—7"K2) n 2oV O \n 0
< B (1 a)de, +ad” (1-0(1—6.)) lln — 27| + 2|0 — °)
- 2(1—7"[(2) n Zn n
K3
< _— _ ¥ 2 X
3K e ]
- 2(1—TK2)
< M
r
- 60.

Hence, from (16), we obtain
i1 — 2| < [8 (1= @) o+ adf (1= 6 (1= 8] o — 7], (17)
and it implies that z,, = x* as n — oco.

vi) For all n € Ny, it is concluded from (17) that ||zt — 2*|| < (&)™ ||zg — 27|

3.3. The rate of convergence

Theorem 6 Let F be a Fréchet differentiable operator defined on an open convex subset D of a Banach space
X with values in a Banach space Y. For some xg € D let Féo_l € B(Y,X). Assume that F;;l and F satisfy
(6) with the following conditions:
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i) ||Fi ' F (zo)|| < n, for some n > 0.

i7) HF;*H < B, for some > 0.

0

Assume that v,,0 € (0,1), h =nBKo < 3, and B, [v0] C D such that r = 1=1=20y

Under the above restrictions, for given wy = xg € D, consider the iterative sequences {xn},., and
{un},> defined by (11) and (9), respectively. Then {x,},., converges to z* faster than {u,},., does in
Br [.’I,‘Q] .

Proof Respectively, by Theorems 1 and Theorem 3, we have the following inequalities:

tngs — 27| < 4" (1= a (1= 7)) flug — 27,
and
|21 — 2| < Y21 —a (1 +40) (1 —7)]" " |zo — 27
Define
an =" 1 —a(1+40) (1= )]" 2o — 2*||,
bn =" (1= a(1=7)" " lug — 2™,
and

an _ PV —a(1498) (1= )" flag — |

Pon = = n
bn YL = a (1 =) ug — 2|
_ o (Lza490)(1-1) B
1-a(l-9) '

Since v, «,0 € (0,1), we have

PR

Therefore, lim,_,o pn = 0. From Definition 3, we obtain that {z,},-, converges faster than {u,}, . O

Theorem 7 Let F be a Fréchet differentiable operator defined on an open convex subset D of a Banach space
X with values in a Banach space Y. Assume that «,0 € (0,1) and z* € D s a solution of (1). For some
zo € D, let F/t € B(Y,X), and F.>'and F satisfy the conditions (7) and (8), and for all x € D, some
K3 >0,

such that K3 < Ky. Assume that By, (z*) C D, where 11 = %2 and o, Yo, 20 € By (z*), where r =

FT*_l (F”2 - FZ/JO)

| < Ks llz = yll, (18)

Under the above restrictions, for given wg = xg € D, consider the iterative sequences {xn}zozo and
{un}—y defined by (12) and (10), respectively. Then {x,}, ., converges to x* faster than {u,} —, does in
B, (z*).
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Proof Respectively, by Theorems 2 and Theorem 5, we have the following inequalities:

* ’ n+1 *
Junsr =2 < (8 0= a(t=60))) Jluo 2",

and
|1 — 2| < [0 (1 — @) 8o + ady (1—0(1—00)]" " |z — =¥
Define
an = [0 (1 — ) 8o+ ady (1 — 0 (1 — 60)))]" " [|lwo — 27|,
, n+1 .
b= (0 (1 —a(1=00)))" lluo — "],
and
b [ a) b+ ad (1= 01— E)]" o — o]
n = = ; il
bn (6 (1= a(1=60)))"" [lug — 27|
(1 —a)do+ady (1 —6(1— )"
(1—a(1—d)" " '
Since
5y < do
and v, a,0 € (0,1), we have
[(1—a)do+adf (1—0(1— )" _,
(1—a(l=d)" " .
Therefore, lim,_,o pn = 0. From Definition 3, we obtain that {x,},- , converges faster than {u,}, . O

Example 1 [18/ Let X =R, C =(—1,1), and F : C — R an operator defined by
F(x)=¢"-1, VxeC.

Then F is Fréchet differentiable and its Fréchet derivative F), at any point x € C is given by

F =¢".
For xg = 0,26, we get
1
/-1 __
= €026

It is easy to see that = 0.771051585803566,n = 0.228948414196434, and Ky = 2.718281828459046. Then

1

Therefore, we have:
i) | Fig F (o) < o,
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i) | Fl | < Bos

iii) ||FL — Fl, || < Ko ||z — xol|.

Consequently, all conditions of Theorem 3 hold. Therefore, the sequence {x,} generated by (11) is in B, [x]
and converges to x* € By[xg]. For given wg = xg € C, Figure 1, Figure 2, and the Table show that the
sequence {x,} defined by (11) is faster than the sequence {u,} generated by (9).

Table. Comparison rate of convergence

Zn | Sahu Newton type | Picard-S Newton type
xo | 0.260000000000000 | 0.260000000000000
x1 | 0.017117996475976 | 0.004551903139995
x| 0.001613569978360 | 0.000134045775368
x3 | 0.000155439797062 | 0.000003977964746
x4 | 0.000015004477715 | 0.000000118077485
x5 | 0.000001448654022 | 0.000000003504904
xg | 0.000000139867460 | 0.000000000104036
xz7 | 0.000000013504220 | 0.000000000003088
xg | 0.000000001303834 | 0.000000000000092
xg | 0.000000000125885 | 0.000000000000003
x10 | 0.000000000012154 | 0.000000000000000
z11 | 0.000000000001174 | 0.000000000000000
x12 | 0.000000000000113 | 0.000000000000000
213 | 0.000000000000011 | 0.000000000000000
x14 | 0.000000000000001 | 0.000000000000000
x15 | 0.000000000000000 | 0.000000000000000

The Table shows that our iteration reaches a fixed point at the 10th step while the Sahu Newton-like
iteration reaches it at the 15th step.
Figures 1 and 2 are the graphical presentations of the Table.

step 9 step 10 step 11 step 12 step 13 step 14 step 15 step 16

Figure 1. Comparison of the iteration processes defined by (1.9) and (1.11).
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—— Sahu Newton-Like
—— Picard-S Newton-Like

i i
step 9 step 10 step 11 step 12 step 13 step 14 step 15 step 16

Figure 2. Derivative comparison of the iteration processes defined by (1.9) and (1.11).

Corollary 1 (9) is shown to be faster than the iteration method of (5). In Ezample 1, (11) iterations were
shown to be faster than (9). For this reason, it is proved that the (11) iteration method is faster than the (5)

iteration method.

An interesting result is that Newton’s method works for complex valued functions. Having seen that
Newton’s method behaves differently for different starting points, converging to different roots or possibly not
converging at all, what happens at problem areas in the complex plane? For example, consider the case of
starting points that are equidistant to multiple different roots. Using the Newton method one can attempt to

visualize the convergence of each possible starting complex number, resulting in a fractal pattern.

Example 2 [8] Figures 8 and 4 present examples of fractal polynomiography obtained using the two iteration
methods 9 and 11 by taking the following parameters: P(z) = 27 + 22 — 1, M = 15, standard convergence
test with € = 0.001, A = [—1.5,1.5] x [—1.5,1.5], and fizing the coefficients as follows: Picard-S: a = 0.9 +1,
B =0.6—0.5i, Sahu o =0.9 + 1.

BT 4 05 0 05 1 15 A5 E 05 05 1 15

Figure 3. Picard-S-Newton-like. Figure 4. Sahu-Newton-like.
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We notice that in each polynomiograph we find seven main areas with different forms and colors. The

fractal boundaries represent the seven solutions of the polynomial. Further, the colors in Figures 3 and 4 show

how long it took the starting point to reach the convergence point. In the darker colored spots the convergence

is faster than in lighter colored ones.
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