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Abstract: Let £ be a Banach space, A a perfect sequence space, and M an Orlicz function. Denote by X (E, M),
the space of all weakly (M, \)-summable sequences from F that are the limit of their finite sections. In this paper, we
describe the continuous linear functionals on A (E, M), in terms of strongly (NN, A")-summable sequences in the dual
E* of E, and then we give a characterization of the reflexivity of A (E, M) in terms of that of A and of E and the
AK-property.
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1. Introduction

In connection with the nuclearity of a locally convex space E, Pietsch [13] introduced the spaces ¢,(E) and
£,{E} respectively of weakly £,-summable and absolutely ¢,-summable sequences in E. This allowed him also
to introduce and study absolutely p-summing operators. He introduced and studied also the spaces A{E} and
A(E) of A-summable and weakly A-summable sequences in £, A being a perfect sequence space in the sense
of Kéthe endowed with its normal topology.

Later, Rosier considered in [14] the general case where A is no longer equipped with the normal topology,
but with a general polar one. He obtained many results, among them a complete description of the dual space
of AM{E}. Florencio and Pail [3] and [4] considered a general polar topology on A and obtained interesting
results on A(F). In particular, using the AK property, they represent the elements of the completion A®.E of
the injective tensor product A ®. F as weakly A— summable sequences in F.

In [10], the authors extend to the locally convex setting the definition of the strong summability introduced
first by Cohen [1] in the case when F is a normed space. They made use of this notion to describe the continuous
dual space of A(E). Many other results on A(E) have been obtained in [11], [9], and [12].

Ghosh and Srivastava in [5] deal with an Orlicz function M to extend the notion of absolute A—summability.
They introduce and study the space F(F,M) of those sequences (x,), in a Banach space E for which
(M(||lznlle/p))n € F, for some p > 0, where F' is a normal sequence space. In this paper, we introduce the space
A(E, M) of all weakly (M, \)-summable sequences (x,), from a Banach space E ; that is (ana(xn))n € ar,
for all (a,) € \* and a € E*, where £;; is the Orlicz sequence space associated with the Orlicz function M .
For M(t) =t the spaces \(E, M) and A(E) coincide.

*Correspondence: sidatyl@hotmail.com
2010 AMS Mathematics Subject Classification: 46A17, 46B35, 46A45
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2. Definitions and preliminaries

In the sequel, if V' is a normed space then V*, || - ||y+, and By~ will denote respectively the topological dual,
the norm, and the closed unit ball of V.

Let w denote the vector space of all real or complex sequences for the usual coordinate operations. For
all k£ € N, e, will denote the k-th unit vector of w. We mean by a sequence space any linear subspace of w.

If X is a sequence space, we denote by A* its a-dual defined by

A= {(ﬂn) cw: Z |anBr| converges, for all (ay,), € )\} )

n=1

We see that A C A\** = (A*)*, and X is said to be perfect if A = A**. Throughout this paper, A stands for a

Banach perfect sequence space whose norm || - || satisfies
(1) for all @ and B in A, if a < B then |afx < [|5]la-

(2) Aisan AK-space. This means that every (ay,), € A is the ||-||x—limit of its finite sections (ayq, ..., an,0,...),
n € N.

In this case the topological dual of A coincides with its a—dual. The norm of A\* is then defined by

o0
|Bllx« = sup {Z lanBnl, @ € A and oy < 1} .
n=1
We assume moreover that (\*,]| - [[x+) is also an AK-space. In particular, A is a reflexive Banach space.

An Orlicz function is a continuous, convex, nondecreasing function M defined from [0, c0) to itself such
that M(0) =0, M(z) >0 for x >0 and M(xz) — co as = — oo.

An Orlicz function M can always be represented in the following integral form

M(z) = /Oﬂf w(t)dt.

Define, for s > 0,
v(s) = sup{t: u(t) < s}.

Then v possesses the same properties as p and the function N defined by

N(z) = /Ow v(t)dt

is an Orlicz function. The functions M and N are called mutually complementary Orlicz functions and satisfy

the Young inequality,
wv < M(u) + N(v), for u,v > 0. (2.1)

The Orlicz sequence space £y, introduced in [8], is defined by
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b = {(an)n € w, ZM (|ozn|) < oo, for some p > O}.
n=1

p

£ is a Banach space with respect to the norm

@n)ally inf{p>o, IEE 1}.

For M(t) =t?, 1 < p < oo, the space £3; coincides with the classical sequence space /.
An Orlicz function M satisfies the condition that M(nx) < nM(z), if 0 < n < 1. It is said to satisfy
Ay—condition if there exists a constant K > 0, such that, for every = > 0, M (2z) < KM (x). In this case,
Oy =N (see e.g. [6], Corollary 4.2).

3. The space \(E, M)

Let E stand for a Banach space and w(FE) denote the linear space of all E-valued sequences. Define the space
AE, M) of weakly (M, \)— summable sequences of E by

ME,M)={z=(zn), CE:forallac E* (an), € X', (ana(x,)) € lpr}.
We have

Theorem 3.1 With the usual coordinate operations, N(E, M) is a vector space on which

lzlxean = sup{l[(ana(zn))lls : @ € Bg-,a € By}

= sup inf{p>0:ZM(ana(zn)Vp)gl},

a€EBgx,a€EBy* n—1

for x = (zp)n € A(E, M), defines a norm.

Proof For all ¢ € E* and (o), € A, define pqq @ wW(E) = w by @aa(z) = (apa(xy,)), for all
z = (z,) € AN(E,M).

It is clear that g  is linear and that

MEM)= (] wanllu).
(a,0)EE* X \*
Thus, A(F, M) is a vector space.
For the second part of the theorem, we prove only that ||z|[xg ar is finite. Fix z = (2,)n € A(E, M)
and define the family of linear mappings f, : E* — {y by fo(a) = (ana(zy)), for a = (ay,) € Ba». Then f, is
linear and continuous by the closed graph theorem. The same argument shows that g,(a) = fo(a) : \* — £y

is continuous for every a € E*. On the other hand, for every a € E*,

sup |[fala)llar = sup [|ga(@)llar = llgallcore en) < 00
a€EBjyx a€EBjyx
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By the uniform boundedness principle,
sup {|[(ana(zn))|lar : @ € Bg-,a € By-} = S%p ||fa\|z:(E*,eM) < 0,
ac By«

and ||x||/\(E,M) is finite. O

We establish now the continuity of the projections.

Lemma 3.2 For k € N, let 7, denote the projection from MN(E, M) on E defined by
7x(z) = g, for all x = (z,) € A\(E, M).
Then my, 1is linear and continuous.

Proof Fix k € N, a € Bg«, and (a,), € By with ap > 0. Let k = 1/(agl|lek||ar). For all z = (z,) €
A E, M), we have

apla(@e)lllexln = llova(zr)erllnr < l[(alanzn))nlla
< H(xn)nHA(E,M)~
Thus, ||zx||g < &llz|[xg,a) for all z = (z,) € A(E, M) and 7 is continuous. m)

Theorem 3.3 The normed space N(E, M) is complete and E is isomorphic to a closed linear subspace of it.
Proof Cousider a nonzero a = (o), € A. We will show that
[ (cnt)nllxce,ary < MD)||afA|lt]|z, for all @ = (an), € Aand t € E. (3.1)

The inequality is obvious if ¢ = 0. Suppose that ¢t # 0 and set po = M (1)||e||allt]|z. If 8 = (Bn)n € A* with
I1Bllx« <1 and a € E* with ||la|]|g~ < 1, then by the convexity of M,

5_‘5 (featoat) Z\anﬂnna ) <1

Thus, ||(Brana(t))nllar < po. However,

[(nt)nllxe.ar = sup inf {p >0: ZM(\%a(zn)VP) < 1}

a€EBgx,0€B* n—1

< po = M@)[ellxllt]le-

For a fixed v = (yn)n € A, with v # 0 the mapping t € E — (y,t), € A(E, M) is well defined, injective,
and continuous by (3.1). Let (tx)r be a sequence in E such that (ytx)r converges in AM(E, M) to x = (x)n -
For every m € N with ~,, # 0, the sequence (tx); converges to ,%mxm, by Lemma 3.2. If ¢ denotes the limit
of (tg)g then x,, =t if v, # 0 and z,, = 0 otherwise, and so x = 7¢, and the range of E is closed in \(E, M).

Let ¥ = (2¥),k = 1,2,..., be a Cauchy sequence in A\(E,M). For a fixed n € N, by Lemma 3.2,
xF k=1,2,..., is a Cauchy sequence in E; let x,, € E be its limit. We will prove that = = (x,,), € A(E, M)
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and that (z*); converges to z. Fix o = (a,,) € A* and a € E*. It is clear that the mapping Yo :y = (yn) €
ME, M) = (ana(yn)) € £a is linear and continuous. Thus, ¢, (2%) = (aua(xk)),k = 1,2,..., is a Cauchy

sequence in the Banach space £j;. Let S = (8,) be its limit in £y,. For every n € N, we have

k—o0

ana(z,) = apa ( lim xﬁ)

= lim aya(zf) = B,.
k—o0

Hence, (ana(z,)) = B € £y. Thus, x € A(E, M). It remains to show that (z*); converges to z.
For € > 0, there exists N € N such that, for all ¢ > p > N, @ = («,,) € By« and a € Bpg+, there exists
0 < p < € that satisfies

K 0o
IS(“I;]Z M (Jana(zh, — xd)/p) = Y M(|ana(ah, — 24)|/p) < 1.
Np=1 n=1

Since M is continuous, letting ¢ — oo, we get ZnK:1 M (Jana(x? — )| /e) <1 for K > N; and then

2P — x|z = sup inf{p>0: Z M(lapa(zh —x,)|/p) < 1.7 <e,
a€Bp+,a€B; —
for every p > N. This completes the proof. O

4. The space \(E, M)

A sequence (z,), is said to be strongly (M, \)-summable in E, if for every (an)n, € A*(E*,N), one has
(an(zn))n € £1. The space of these sequences will be denoted A(F, M).
That is

ME, M) ={z = (x,)n C E:forall a= (an)n € X(E*,N), (an(zn))n € l1}.
If we endow A(F, M) with the standard coordinate operations A(E, M) is a vector space over K that contains

the finite sequences of E. Indeed, if a = (an)n, € A*(E*,N), the map ¢, from w(F) into w defined by
va(x) = (an(zy)), for all z = (z,) € A(E, M) is linear such that

MEM)= (] ')
a€EX*(E*,N),

Although many properties of the spaces \(E, M) and A(E, M) are similar, the techniques of their proofs

are different.
Next, we define a norm on A\(E, M).

Theorem 4.1 For x = (z,,)n, € ME, M) set

%)
HxH)\(E,M) = Sup {Z |an(xn)‘ ra= (an)n € )‘*(E*7N)7 ||Cl A*(E*,N) < 1} .
n=1

Then x| xp,n) defines a norm on X(E, M).
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Proof Fix z = (zn)n € ME,M) and define the family of linear mappings ¢, : \*(E*,N) — ¢; by
wz(a) = (an(xy)), for all a = (a,) € N*(E*, N).
Then ¢, is linear and it is easy to check that the graph of ¢, is closed. As A\*(E*, N) is a Banach space by

Theorem 3.3, ¢, is continuous. This proves that ||x||x(z, s is finite.
The other properties of the norm derive from that of || - ||as and the supremum. O

Next, we establish the continuity of the projections.

Lemma 4.2 For k € N, let 7, denote the projection from A(E, M) on E defined by
7 (x) = 2, for all z = (z,) € ME, M).
Then my, is linear and continuous.

Proof Fix k€ N. Let 2* € E* such that ||z*|

e+ < 1. Set

0 = sup {|larer||n: @ = (an)n € A and |lafjx < 1}.

Define a = 1/0,x*ey. It is easy to check that a € A*(E*, N) with |la|[x-g~ n) <1 and |2*(zx)| < dxll2||rz )
for every x = (z,,) € A(E, M). Since this is satisfied for any z* € E* such that ||z*|

g <1, we have
lzelle < Okllz|la(e,ay, for every x = (2,) € N(E, M).

This shows the continuity of . O

Theorem 4.3 The normed space N(E, M) is complete and E is isomorphic to a closed linear subspace of it.

Proof Fix p € N and define 6, : E — X(E, M) by 0,(t) = te, for every t € E. It is clear that 6 is linear and
injective. Suppose that ||tz < 1 and choose o = (a,), € A with |la|[x <1 and a, > 0. Let £ = 1/||apep||n
and a € A*(E*, N) with ||a

a=(g+,N) < 1. Then we have
lap(®)|l|apeplln = llapap(t)epl|n < 1.

However, |[te,||xz,nmy = sup {|a,(t)] : |lalx«(z,n) < 1} < k. This means that [|[te,|[x(z,a) < 5|t]|5 for every
t € E and then 6 is continuous. On the other hand, it is easy to check that |te,|[xz ar) > [[t]|£llepllx for every
t € E and 6 is open.

For the completeness of \(E, M), let 2% = (2¥),k = 1,2,... be a Cauchy sequence in A\(E, M). For a
fixed n € N, by Lemma 4.2, the sequence ¥,k = 1,2,... is Cauchy in E and then converges to an x, € E. Set
r = (x,). We will prove that x € \(E, M) and that (z*); converges to x in A\(E, M). Let X denote the unit
ball of A*(E*, N). For every k € N, let fi, : X — {1 be defined by fi.(a) = (a,(2F)), for all a = (a,), € X.
Since (fx)r is a uniformly Cauchy sequence and ¢; is a Banach space, (fx)r must converge uniformly on X

to a function f: X — ¢1. Let a = (an), € X and a = (ay)n, = f(a). Then « € ¢;. On the other hand, for

k
n

f(a) = . This gives (an(zy))n € £1 and then x € A(E, M). Since (f;)r converges uniformly on X to f, the

every n € N, the sequence a,(zF), k =1,2,... converges to a,(x,). However, fi(a) = (a,(z¥)), converges to

sequence (z¥); converges in M(E, M) to z. O
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5. Dual space of \(F, M)

If z = (z,) € w(E) then we denote by 2*) = (21, 29,...,71,0...) the sequence of the finite sections of x. If

x € M(E, M), then 2*) ¢ \(E, M) for all £ € N. Using the notation z*) = Zi:l ZTpen, we see that if x is

the limit of its finite sections, then

oo
z= lim z® = Z Tpen. (5.1)
n=1

k—o0

If \(E, M), denotes the subspace of A\(E, M) of the sequences of \(E, M), which are the limit of their
finite sections, then A(E, M) is said to have the AK-property if A\(E, M) = A(E, M),.

‘We have

Theorem 5.1 \(E, M), is a closed subspace of \(E,M).

Proof It is easy to check that if z = (z,,) € A(E, M) then [|[2®||yz ar) < [|zllam,ar). Suppose that z is in
the closure of A\(E, M), and & > 0. There exist y € A(E, M), and K € N such that ||z — y|[xz,a) < /3 and
ly™*) — yllxm,n) < /3 for all k> K. Now,

k) — z||x,nm) < J2*) — y(k)”/\(E,M) +ly — y(k)”)\(E,M) +lz = yliae,an

<2/l = ylIxe,m) +e/3 <e,

for all k> K. Then = € A\(E, M), O

The following theorem gives an analogue of a result of [10] given for M (t) = ¢, when X\ and F are Banach
spaces.

Theorem 5.2 Let F be a continuous linear functional on N E,M) and, for every n € N and t € E,
an(t) = F(tey). Then the sequence (an)n is strongly (N, \*)-summable in E*.

Proof Since F' is continuous, there exists x > 0 such that
|F(2)| < 6l|lz||xE,nm), forall 2= (z,)n, € AM(E, M).
Fix ne€ N and t € EZ. We have
lan(t)] = |F(ten)| < klitenlxm,an < £M(1)|lenl|xl[t]| -

This means that (a,), C E*.

It remains to show that (an), € A*(E*,N). To this end, let (fn)n € A(E**,M), k € N, and § >

0 be given. Then, due to the principle of local reflexivity (cf. [2]), there exists a continuous operator

ug: span{ fi, fa,..., fr} = E such that ||ug||g.. <146 and a,(urfn) = fula,) for all n € {1,2,... k}.
< 5

"7 R lenlln)

Since every a, is continuous, there exist 0 < ¢ and z,, € E such that ||z, —urfollp < on
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§
and |G/n($n - kan)| < m 1\IOW7
k
(a") = Z kan
k k
S Zan(xn*ukfn) + Zan(m )
n=1 n=1

k
< Z |an(zn - ukfn ‘ + | F
n=1

()

< 0+&k

k
§ Tn€n
n=1

\E,M)

However, for a = (ay,)n, € X*, with |la|[x» <1 and a € E*, with ||a|

E*Sla

Z ana uk:fn

(5.2)

k k
Z ana(zy)e Z ana(Ty — ugfrn)e
n=1 n=1

M M M

On one hand,

M=

k
> M(analz, = urfa)l/6) M (lan|/E(L + len][x))

k
< S (anl /b1 + lenll)M(1L/E)
n=1
< ’“n'ea]' M(1/k) < KM(L/E) < M(1).

Thus,

u <§,if M(1) <1, and HZﬁZl ana(Ty, — ugfn)en

k
et Ona(Tn — ug fr)en

L S M5, i M(1) >

1. Replacing 6 by M (1) if necessary, we may suppose that

(xn - ukfn)en

M

On the other hand,

a(zn — upfr)en|| < (1+40) < (T +0) [[(Fn)nllxim== ) - (5:4)

k
Z fntn
n=1

M A(E**,M)

<
ME,M)

Combining (5.3) and (5.4) in (5.2) and taking the supremum on B~ and By« , we get “Zﬁ:l Tnén

6+ (L4 8) 1 (fa)nllnmer ar) -
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Hence

<O(k+1) + w1+ 0) [(Fa)nlixme+ ary s (Fa)n € M(E™, M), 6 >0, and k € N.

k
Z fn(an)

Further, let (e,), be such that |f,(an)| = €nfn(an), n € N. Then (e, fn), € M(E**, M) and

k k
D falan)l =Y enfulan) < 6(k+ 1) + w1+ 8) [|(fa)nllncsee ar) -

n=1 n=1

It follows that (fn(an))n € €1 and (an), € X*(E*, N). O

Remark 5.3 From the preceding proof, since § is arbitrary, one gets

S (@) < A1 Fdallypee ary - for all (£2) € A(E™, M). (5.5)

n=1

Therefore, ||(an)n

a2, Ny < |, a0)--

In order to establish the converse of the last result we need the following characterization of weakly

(M, \)-summable sequences in E*.

Lemma 5.4
ME*, M) ={(an)n C E* : (an(anz))y € lpr,for all € E, (ay) € X'}

Proof Let a = (ay), € A(E*, M). For all x € E, the evaluation d,(u) = u(z) can be regarded as an element
of E**. Then, for every (an)n € A*, (@ndz(an))n = (@n(@nx))n € ar. Conversely, assume that for all z € E,
(n)n € X", (anan(x))n € €y and let f € E**. We shall use the fact that £y, is perfect, since M is supposed to
satisfy A2 condition. Let (vy),, € £}, be given. It suffices to show that the series ) [ynou, f(an)| is convergent.
Choose (€p,)y so that €, f(Ynanan) = |f(Ynanay,)| for all n and set

P
A= {Z EnYnQnlpn: P € N} .
n=1

For all p € N and all x € E, one has

p

oo
Z |€n’7nanan(x)‘ < Z |'7nana'n($)| )
n=1

n=1

which is finite since (a,a,(x)), € £3r. The set A is then weak*-bounded in E*, and so A is weakly bounded
in £*. Hence there exists p; > 0 such that Zi:l €nYnn f(an) < py, for all p € N. This proves that the series
S |vnan fay)| is convergent and that (c, f(an))n € €ar- O

We establish now the converse of Theorem 5.2.
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Theorem 5.5 For every a = (an)n, € N*(E*, N), the mapping

fa 1o i an(xy)
n=1

defines a continuous linear functional on \(E, M) .

Proof Let a = (an)n € N(E*,N) and = = (z,)n, € AM(E,M). We have (d,), C E**, where §, is the
evaluation u — u(z,) at x,, u € E*. Thanks to lemma 5.4, since (a,d,(u))n € £y, for every (an)n, € A*, we
have (0,,)n € A(E**, M). Hence Y |0,(ay)| converges and f, is well defined.

Next consider the map ¢, defined from A(E, M) into ¢1 by ¢o((fn)n) = (fn(an))n. Then ¢, is well defined.
Moreover, suppose that (z?);eny € A(E, M) converges to = := (z,,), and (¢, (z?)); converges in ¢1 to (c,)n. By
the continuity of the projections (Lemma 3.2), (z%);en converges to z, for every n € N and then (a,(z%))ien
converges to an(z,) as well. It follows that (an(zn))n = (@n)n, showing that the graph of ¢, is closed and

then that ¢, is continuous, since A(E, M) is a Banach space (Theorem 6.4). Then there exists ¢ > 0 so that

oo

Z lan(2n)| < cll(@n)nllae ), for all (z,)n € A(E, M).

n=1

This shows that f, is continuous on A(E, M). O

We now obtain the promised characterization of continuous linear functionals on A(E, M), .

Theorem 5.6 The following equality holds algebraically and topologically
(ME,M),.)" = X*(E*,N). (5.6)

Proof Consider the mapping ¢ : a — f, from A*(E*, N) to (A(E,M),)* defined in Theorem 5.5. ¢ is clearly
linear. Suppose that there exists a = (ay,), € A*(E*, N) such that f,(x) =0, for every = (z,), € A(E, M),
Fix k € N and ¢t € E. We have ap(t) = f.(te,) = 0, which means that a; = 0. Since k was arbitrary,
a = (ap), = 0 and ¢ is one to one. Conversely, if f € (ME,M),)* then let a = (an)n € N(E*,N) as
defined in Theorem 5.2. If z = (x,), € ANE,M),, then z = > xne, by (5.1). As f is continuous,
flx) =500, f(znen) = Y02 an(xy), which gives p(a) = f and ¢ is onto, and (5.6) holds algebraically.

-1

Since ¢! is defined between Banach spaces (Theorems 3.3 and 4.3), and is continuous by (5.5), ¢ is an

isomorphism by the open mapping theorem. O

6. Reflexivity of A\(E, M)
In the sequel, we denote by A\(E, M), the subspace of \(E, M) formed by the sequences of A(E, M), which are

the limit of their finite sections.
The proof of the following theorem is along the same lines as that of Theorem 5.2; we give it for the sake of
completeness.

Theorem 6.1 Let G be a continuous linear functional on AN(E,M) and, for every n € N and t € E,
an(t) = G(tey). Then the sequence (ay), is weakly (N, \*)-summable in E*.
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Proof Since G is continuous, there exists n > 0 such that
|G ()| < nllz|xe,my, for all 2 = (z,)n € ME, M).

Fix ne N and t € F, and put
an(t) = G(te,) = G(0,...,t,0,...).

Then a, is a linear functional on F with
Go Hn = Qn,

where

O, E— AN(E,M),t— (0,...,t,0,...).
It follows from Theorem 4.3, that a,, is continuous and then (a,), C E*.
It remains to show that (a,), € A*(E*,N). To this end, let (o), € By and u € Bg. We shall show that
(anan(u)), € €y. Let (Bn)n € £y and for every n € N, e, be such that |Bpana,(u)| = enfnanan(u). Fix
k € N. Then

k
nll Z €nﬂnanuen”>\<E,M)

n=1

IN

k k
Z |Bnanan(u)| =G (Z 5n5n0¢nuen>
n=1

n=1

k
= WSUP{Z |Bronbn (W) = [[(B)nllxx (5, n) < 1}'

n=1

For every & > 0, there exists b = (bn)n € A*(E*, N) such that [[(by)n|[x=(g+,n) < 1 with || E::1 EnBnonuen | xe,my <
€ + Cne |Bncnbn (u)].
However, from (2.1), we have
k k k oo oo
Z |Br o by (u)] < Z M(|Bnl) + Z N (Jonbn (u)]) < Z M(|Bnl) + Z N (Joubn (u)])-
n=1 n=1 n=1 n=1

n=1

Since [[(bn)nlla=(e+,n) < 1, we have [[(anb,(u))n|ly < 1 and then there exists 0 < p < 1 such that

Sony Nllanba(w)]) < S92, N(Janbn(w)|/p) < 1. Therefore, 32—, [Bnanan(u)] < n(e + o, M(|B,]) + 1),
for every k € N.
Hence, the series Y| Bnaub,(u) converges, and (anan(uw)), € (€ar)* = €n. That is, (ap), € A*(E*,N). O

Remark 6.2 From the preceding proof, since € is arbitrary, one gets
oo
Z |Braman(u)| < 2n, for all (an)n € B, (Bn)n € Be,,,u € Bg.
n=1

Therefore, ||(an)n

a (e ,N) < 2[|GlIxe 0y~

We establish now the converse of Theorem 6.1.
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Theorem 6.3 For every a = (an)n, € N*(E*, N), the mapping

o i T+ i an(zy,)

n=1
defines a continuous linear functional on N(E, M).

Proof Let a = (an)n, € A*(E*,N). Then, for every x € NME, M), (an(zn))n € £1, by the definition of
M E, M). Therefore g, is well defined. Suppose that (2%);en € AM(E, M) converges to x := (x,,)n and (@q(z"));
converges in £ to (ay),. By the continuity of the projections (Lemma 4.2), (z¢);en converges to z,, for every

n € N and then (a,(zl,))ien converges to a,(x,) as well. It follows that (an(xn))n = (an), and that the

graph of ¢, is closed. This shows that ¢, is continuous. Hence g, is continuous on A(E, M). O

We now state the characterization of continuous linear functionals on A(E, M),..

Theorem 6.4 The following equality holds algebraically and topologically
(ME, M),)" = X"(E*,N). (6.1)

Proof Consider the mapping ¢ : a — g, from \*(E*,N) to (AM(E,M),)* defined in Theorem 6.3. Tt is
clear that ¢ is linear. Suppose that there exists a = (ay), € A*(E*,N) such that g,(z) = 0, for every
x = (Tn)n € ME,M),. Fix k € N and ¢t € E. We have ax(t) = gqo(te,) = 0, which means that a; = 0. Since
k was arbitrary, a = (an), =0 and 1 is one to one.

Conversely, let g € (ME, M),)* and a = (an)n € A*(E*, N) as defined in Theorem 6.1. If x = (x,), €
MNE,M),, then © = > 7 | zpe,. As g is continuous, g(z) = > o~ g(znen) = D ovoy an(zy), and ¢(a) = g.
Thus v is onto. The equality (6.1) holds algebraically.

However, according to Remark 6.2, |[(an)n

a(2+,N) < 2| gallrx(z 00y~ and then @ is open. Since 1 is bijective
between Banach spaces (Theorems 3.3, 4.3), 1 is continuous by the open mapping theorem. This finishes the
proof. O

We give our main result in the following

Theorem 6.5 If M and N possess the A2-condition, then N(E, M) is reflexive if and only if the following

assertions hold:
(i) E is reflexive,
(ii) AN(E,M) is an AK-space,
(ii) \*(E*,N) is an AK-space.
Proof If A(E, M) is reflexive, then E is reflexive as a closed subspace of \(E, M), by Theorem 3.3. Hence,
(i) holds.
By [7, 23.5(10)] and our Theorem 5.1, A(E, M), is also reflexive as a closed subspace of A(E, M). It is then

weakly quasi-complete by [7, 23.5(2)]. Thus, A(E, M), is weakly sequentially complete.

Let © = (z,)n € AM(E,M). Then the sequence (z(®)),cy consisting of the finite sections of x is contained in
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AME, M), and is weakly Cauchy in it. In fact, let a be in (A(E, M),)*. By Theorem 5.5, the series > a, ()

converges, and ((z*), a));, = (Zk an(xy))k is then a Cauchy sequence; hence (%)), converges weakly to

n=1
alimit y = (yn)n € AME, M), and it is obvious that x = y so that (ii) holds.

Now, since A(E, M), is reflexive, the same holds for its dual \*(E*, N) and the argumentation above still works
to infer that (iii) holds.

Conversely, assume that (i), (i), and (iii) are satisfied. Then, since A and E are reflexive, an application of

Theorems 5.6 and 6.4 gives, algebraically and topologically,

(AME, M))™ = (ME, M),)"™", (by (ii))
= (A" (E",N))" = (\"(E",N),)", (by (iii))
=\ (B, M), (by Theorem 6.4)
=\(E,M), (by (i))-
Then A(E, M) is reflexive. O
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