Turkish Journal of Mathematics Turk J Math
(2018) 42: 949 — 966

© TUBITAK
TUBITAK Research Article doi:10.3906 /mat-1606-11

http://journals.tubitak.gov.tr/math/

Variational problem involving operator curl associated with p-curl system

Junichi ARAMAKI*
Division of Science, Faculty of Science and Engineering, Tokyo Denki University, Hatoyama-machi, Saitama, Japan

Received: 05.06.2017 . Accepted/Published Online: 06.09.2017 . Final Version: 08.05.2018

Abstract: We shall study the problem of minimizing a functional involving curl of vector fields in a three-dimensional,
bounded multiconnected domain with the prescribed tangent component of a given vector field on the boundary. It will
be seen that the minimizers are weak solutions of the p-curl type system. We shall prove the existence and the estimate
of minimizers of a more general functional that contains the L” norm of the curl of vector fields. We shall also give the

continuity with respect to the given data.
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1. Introduction

In this paper we shall consider the variational problem

inf{l/S(x,curlu2)dm—/f~udm},
2 Jo Q

where S(z,t) satisfies some structure condition, f is a given vector field, and the minimization is taken in
an appropriate space with tangent trace on the boundary being prescribed. The structure condition contains

S(xz,t) =tP/? (1 <p < o0) as a typical example. In this case, if f = 0, the problem
inf/ |curl w|Pdz
Q

was proposed by Pan [12, p. 9].

This problem is related to the mathematical theory of liquid crystals, of superconductivity, and of
electromagnetic fields. See, for example, Bates and Pan [5], Pan and Qi [13], and Miranda et al. [11].

When p=2, f =0, S(z,t) =t, and Q is a simply connected domain without holes, the authors of [5]
showed the existence of a minimizer. For the multiconnected domain, the author of [12] obtained the existence
of a minimizer to minimization problem (1.4) below in this case.

More precisely, let S(x,t) be a Carathéodory function on Q x [0,00) and S(z,t?) be a convex function
with respect to t. Moreover, assume that for a.e. x € Q, S(z,t) € C1((0,00)) and there exist 1 < p < 0o and
A, A > 0 such that for a.e. x € Q and all t > 0,

A (P—2)/2 < Sz, t) = %S(:mt) < Ar(P—2)/2 (1.1)
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Without loss of generality, we may assume that S(z,0) = 0. We furthermore assume the following structure

condition:
(Si(z, |al*)a — S¢(z,|b*)b) - (@ —b) >0 (1.2)

for any a,b € R? with a # b. Here, for any vectors a,b € R3, a - b denotes the Euclidean inner product.
Under (1.1) with S(z,0) = 0, we have

2 2
5>\ztp/2 < S(x,t) < ;TJAtp/Q' (1.3)

For example, the function S(z,t) = v(z)t?/? where v(z) is a measurable function satisfying 0 < v, <
v(z) < v* < oo for a.e. x € Q satisfies (1.1)—(1.2).

Let Q be a bounded domain in R? with C” boundary 9Q (r > 2). Let H be a given vector field on 99
and Hr be the tangential component of H. Let W1P(Q,R3) be the standard Sobolev space of vector fields.
From now on, we denote the tangential component of a vector field w by wr; that is, ur = u — (u-v)v where

v is the outer normal unit vector to the boundary 0. For any given vector field
Hp € W/PP(90, R?),
define a space of vector fields
WEP(Q,R? Hy) = {u € WHP(Q,R?); ur = Hy on 0Q).

Then it is clear that W, P(Q,R3,Hy) is a closed convex set in W?(Q,R?). We consider the minimization

problem

1

RY(Hrp, f) = inf {/ S(x, |curlu|®)dz — [ f- 'u,dx} , (1.4)
wewl PR Hr) L2 Ja Q

where f € LP (Q,R3) is given. Here p’ is the conjugate exponent of p; that is, (1/p) 4+ (1/p') = 1. When

p=2, S(z,t) =t, f =0, and Q is a simply connected domain without holes, the authors of [5] showed that

(1.4) is achieved, and then in the same case and when Q is a bounded multiconnected domain, the author of

[12] succeeded to show the existence of a minimizer of (1.4) and got an estimate of the minimizer.

Since we allow € to be a multiconnected domain in R?, throughout this paper, we assume that the
domain Q satisfies the following (O1) and (O2) (cf. Dautray and Lions [6] and Amrouche and Seloula [2]).

(01) Q is a bounded domain in R?® with C™ (r > 2) boundary 9Q. € is locally situated on one side of
00, 9N has a finite number of connected components I'y,...,T,,11 (m > 0), and I',,,41 denotes the boundary
of the infinite connected component of R3\ 2.

(O2) There exist n manifolds of dimension 2 and of class C” denoted by X4,...,%, (n > 0) such that
Y;NX; =0 (i # j) and they are nontangential to 9Q and such that Q\ (U;X;) is simply connected and
pseudo CL1.

The number n is called the first Betti number and m the second Betti number of 2. We say that Q is

simply connected if n =0, and Q has no holes if m = 0. If we define the spaces

KR (Q) = {u € LP(Q,R?); curlu = 0,dive = 0 in Q,v - u =0 on 9Q}
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and
K5.(Q) = {u € L’(Q,R?); curlu = 0,divu = 0 in Q, ur = 0 on 99},

then it is well known that dimK% (Q) = n and dimK45(Q) = m. We note that K% (Q) and K7.(Q) are
contained in W?(Q,R?); moreover, KX (Q) and K%.(Q) are closed subspaces of W1?(Q,R3). It will be shown
in Lemma 2.3 below that K& () and K%.(Q2) are also closed subspaces of LP(Q2,R?). Thus, since K%.(Q) is a
finite dimensional closed subspace of LP(Q,R?), K%.(Q) has a complement L? in LP(Q,R3); that is, L? is a
closed subspace of LP(Q2,R3), L? NK%(Q) = {0}, and LP(Q,R3) = LP ¢ K,.(Q2) (the direct sum). Therefore,
for any w € LP(2,R?), there exist uniquely v € L? and u € K/.(Q) such that w = v +u. We denote the
projection P : LP(Q,R3) — P by Pw =v.

Define
HP(Q,curl,div0) = {uec LP(Q,R3);curlu € LP(Q,R3),
divu =01in Q},
HP (Q,curl,div0,Hy) = {ue€ HP(Q,curl,div0); ur = Hr on 00N}.

Note that if w € LP(Q,R3) and curlu € LP(Q,R?), then the tangent trace ur is well defined as an element of
W=1/PP(9Q,R3) (cf. [2, p. 45]), and

HP(Q, curl ,div0) N WHP(Q,R?) = {u € WHP(Q,R?);divu = 0 in Q}.
Moreover, we note that if Hp € W'=1/PP(9Q,R3), then
HP(Q, curl, div 0, Hr) € WP (Q,R3, Hy)

(cf. Amrouche and Seloula [1, Theorem 2.3]). We will see, in Lemma 2.1 of Section 2, that

RY(Hr, f) = - (Qcimrl v 0.1 { /S (z, |curl v|?) dx—/f 'vdx}. (1.5)

We are in a position to state the main theorem.

Theorem 1.1 Let Q@ C R3 be a bounded domain satisfying (O1) and (02) with r > 2, and let Hr €
Wi=1/pp(9Q,R?) and f € LP (Q,R3) satisfying div f = 0 and Jo f - zdx =0 for all z € KI(Q). Then
RY(Hr, f) is achieved, and the minimizers A of R}(Hr,f) in the space H{(Q,curl,div0,Hr) satisfy the
following estimate. There exists a constant C = C(2) > 0 independent of Hr such that

[1PA[lwrr@) < CUIHrllwi-vee@o) + 1 FllL @)-

This paper is organized as follows. In Section 2, we give some preliminaries. Section 3 is devoted to the

proof of Theorem 1.1. In Section 4, we consider the continuous dependence on the data of the minimizers.

2. Preliminaries

In this section, we shall give some lemmas as preliminaries.
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Lemma 2.1 Let Hyp € W=1/P2(9Q,R3) and f € L (Q,R3) satisfying divf = 0 in Q. Then RP(Hr, f)
defined by (1.4) satisfies (1.5); that is to say, we have

1
RY(Hr, f) = inf —S,IQd—/~d.
t( r f) ver(Q,cgil,divo,HT) {2 Q (x |cur v| ) v szf v

Proof Put

a = { /S , [eurl u)? d:c—/f uda?}
ueWIPQR“rLT

1
= inf — | S(z,|curlv|*)d —/ cvdz p .
p ver(Q,cgrll ,div 0,Hr) {2/9 (@, Jowrlv]")dw Qf Y x}

Since HY(Q,curl,div0,Hr) C th’p(Q,R3,HT), it is trivial that o < 8. For any w € WYP(Q,R3, Hr), the
following Dirichlet problem

Ap=divu in Q,
p=0 on 0§},

has a unique solution ¢ € W2P(Q) (cf. Girault and Raviart [10, Theorem 1.8]). If we define v = u — Vy €
WLP(Q,R3), then curlv = curlu,dive = divu — Ap = 0 in Q and vy = ur — (V)7 = ur = Hr. Thus,
v € HY(Q, curl,div 0, Hr). Moreover, since div f =0 in Q and ¢ =0 on 99, we have

/Qf~uda: = /Qf~vdz+/ﬂf-Vgadx

/Qf-vdw—/Q(divf)god:c—i-/m(f-u)(pds

/ f-vdz.
Q
Therefore, we have

}/S(x,\curlu|2)dx7/f~udas:l/ S(z, |curlv|?)d /f vdx > f.
2 Ja 0 2 Ja

Thus, we have o > . O

By Lemma 2.1, the minimization problem (1.4) reduces to the following problem.

Find the minimizer u € H?(Q, curl,div 0, H7) such that

RY(Hr, f) = ver(QCirl v 0. { /S , [eurlw|? dx—/f vdx} (2.1)

In the sequel, we frequently use the following lemma.

Lemma 2.2 (i) If w € LP(Q,R?), curlu € LP(Q,R3), divu € LP(Q), and u-v € W'=VPP(9Q), then
u € WHP(Q,R3), and there exists a constant ¢1(Q2) > 0 such that

[ullwir@) < er(@)([wllLr@) + llewlwllLr @) + ldiv e L) + [w - viwi-1msoa))- (2.2)
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Here we note that if furthermore Q is simply connected, we can delete the first term ||| L»(q) in the right-hand
side of (2.2).

(i) If w € LP(Q,R3), curlu € LP(QL,R3), divu € LP(Q), and ur € W'=VPP(OQ R3), then u €
WhP(Q,R3), and there exists a constant co(Q) > 0 such that

wllwir@) < c2(Q)(1ulle @) + lleurl wl| e @) + |div | Le) + [[ur]lwi-1/ep00))- (2.3)

We note that if furthermore € has no holes, we can delete the first term |u||zrq) in the right-hand side of
(2.3).

For the proof of (2.2) and (2.3), see [2, Theorem 3.4 and Corollary 5.2]. If € is simply connected or has no

holes, we can see the deletion of |u| z»(q) from (2.3) or (2.4) in Aramaki’s work [4, Lemma 2.2].

Lemma 2.3 The space K5.(Q2) is a closed subspace of LP(Q,R3).
Proof Let K5.(2) 3 u; — u in LP(Q,R?). Then from (2.3) we have
[wj — wrllwree) < c2(Q)flu; — wrllLe(o)-

Therefore, {u;} is a Cauchy sequence in W1?(Q,R?). Hence, there exists ug € WP(,R3) such that u; —
in Wh?(Q,R3), so we have u = ug and u; — u in WHP(Q,R?) as j — oco. It is clear that curlu = 0,divae =0
in Q, and wr = 0 on 9Q. This implies that u € K}.(Q). O

3. Proof of the main Theorem 1.1

In this section, we give a proof of Theorem 1.1. The proof consists of some lemmas and propositions.

Lemma 3.1 Let A € HY(Q,curl,div0,Hr). Then the minimizing problem

== 1 f A—u 59 3.1
7= L | 2 () (3.1)

has a unique minimizer.

Proof From Lemma 2.3, we know that K%.(£2) is a closed subspace of LP(2,R?®). Thus, it is well known
that (3.1) has a minimizer. For the uniqueness of the minimizer, it suffices to show that the unit sphere
B = {ue LP(Q,R?);||u||1r(o) = 1} does not contain any line segment [u,v] = { u+ (1 — A)v;0 <A < 1} for

u,v € B and u # v (cf. Fujita et al. [9, p. 306 and the remark]). However, this is clear because the functional

) = | fulrdo

is strictly convex. O
For A € HY(Q,curl,div0,Hr), let u € KL (Q) be a unique minimizer of (3.1), and define B = A — u.
Then, since for any z € K7.(Q2) and 6 € R, ||B|\]zp(ﬂ) <||B+ 9z||}£p(m, we have

d
0=— / |B + 0z|Pdx =p/ |BIP~*B - zda.
do 0=0JQ Q
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If we define a space
B(Q,Hr) = {B € LP(Q,R?); curl B € L?(Q,R?),div B = 0 in Q,

Bt = H7 on 00 and / \B|p_2B -zdx = 0 for all z € KL.(Q)},
Q
then we see that B € B(Q),Hr). Then we have the following.

Lemma 3.2 We can see that for any A € H} (Q,curl,div0,Hr), there exist uniquely B € B(Q,Hr) and
u € KL.(Q) such that

A =B+ u.

Proof For any A € H(Q,curl,div0,Hr), as in the above we can write
A = B+ u where B € B(Q, Hr) and u € K7.(Q).
We show the uniqueness of the above decomposition. If we can write
A=B;+u; =B+ u

where By, By € B(Q, Hr), u1,us € K.(Q), then By — By = us — uy € K5 (Q). Therefore, we have
/ |B1|P"2B; - (B, — By)dx = 0,/ |B2|P"2B; - (B — By)dx = 0.
Q Q

Hence,
/(|Bl|1’-2B1 — |B2|P™?B5) - (B — By)dz = 0. (3.2)
Q
Here we use the following inequality. There exists a constant ¢ > 0 such that

cla — blP if p>2

=24 _ 1bIP~2p) - (a —
(la["a —1b["""b) - (a b)2{6(|a|+|b|)1’2ab2 if1<p<?2

for all @,b € R3. For the proof of this inequality, see DiBenedetto [7, Lemma 4.4] for p > 2, and see [11, (7C)]
for 1 < p < 2. Applying (3.3) with a = B1,b = B> to (3.2), we have

/|B1—B2\pdx:0f0rp22
Q

and

/(|B1| +|B3)P72|B; — By*dz =0 for 1 < p < 2.
Q

From these equalities, we have B; = By, so u; = us. O

Now we state a refinement of Fatou’s lemma (cf. Evans [8, pp. 11-12]).
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Lemma 3.3 Assume 1 <p < co. Let B; — B weakly in LP(,R3) and a.e. in Q. Then we have

lim (|Bj|P—|\Bj\P*QBj—|B\P*23|p)daz:/ | B|Pdz. (3.4)
Q Q

Jj—o0o
If furthermore

lim |Bj|pd;v:/ |B|Pdx,
Q Q

j—o0
then

B[P 2B, — |B[P"2B strongly in L* (Q,R3 3.5
J J

where p’ denotes the conjugate exponent of p, i.e. (1/p)+ (1/p") = 1. In particular, if B; — B strongly in
LP(Q,R3) and a.e. in Q, then (3.5) holds.

Proof We use an elementary estimate. Let 1 < ¢ < co. Then for any fixed € > 0, there exists a constant
C = C(e,q) > 0 such that

lla +b|" —[a|?] < ela]” + C|bl* (3.6)
for any a,b € R3 (cf. [8, (1.13)]). Define

s = |8, 2B," - |1B,"*B, - |BI*B|" - ||BIB|" .

—||B,l=*B, ~ |BPB|"
where [a]T = max{a,0} for a € R. Then we have

+ ||B|P—QB/”'

S
A

H|\Bj\p_23j|p/ —||B,|P*B; — |B|p_2B|p/

1+
~<[|B,"*B; - |BI"BJ" |
- H|‘B]“p72Bj — |BP?B + |B|p72B|p,

~||B;P-2B; ~ |BPP*B|”

+BP2B[" —<||B,)" 2B, — |BF*B|"] .
J J

If we apply (3.6) with a = |B;|P7?B; — |B|P"2B, b= |B[P7?B and ¢ = p’, we have

¢ < (C+D)|BP2B|” = (C+1)|BP.

We note that the right-hand side is integrable. By the hypothesis, we can see g5 — 0 a.e. in (2. Therefore, by

the Lebesgue dominated theorem, we have

lim [ gjdr =0.

Jj—o00 Q
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Therefore, we have
limsup/ [1B,"2B;|" — ||B;["~2B; ~ |BI"*B|" ~ ||BI"*B|" |dx
j—o0 Q

gsnmsup/HBj\P*?Bj - |B\”’ZB|p/dx
Q

j—o0

< eor limsup/ (||Bj|p72Bj’p/ + ’|B|pizB|p’)dx
Q

Jj—o0

=2 limsup/ (|B;[” + |B|")dz.
Q

Jj—o0

Since B; — B weakly in LP(Q,R?), || Bj||1r(q) is bounded. Since ¢ is arbitrary, we have
lim [ (|B;” - ||B;["2B; — |B[P2B|" )dx :/ | B|Pdz.
Q

j—oo Jo

If furthermore

lim |Bj|pdx:/ |B|Pdz,
Q Q

j—o0
then we have
jlir&/52||3j|P—2Bj —|BP2B[" dz = 0.
This completes the proof. O

Lemma 3.4 B(Q),Hr) is a weakly closed set in W1P(Q R3).

Proof Let B, € B(Q),Hr), B; — B weakly in W!?(Q2,R3). Then we have curl B € LP(2,R3),div B =0 in
Q, By =Hy on 02, and

/Q |B;|P"?B; - zdz = 0 for all z € K}(Q).

Passing to a subsequence, we may assume that B; — B strongly in LP(Q,R3) and a.e. in Q. Thus, from

Lemma 3.3, we have |B;|P"2B; — |B|P"2B in L' (Q,R3). Therefore, we have
/ |BIP"2B - zdx = 0 for all z € K5.(Q).
Q
This implies that B € B(Q, Hr). O

Lemma 3.5 There exists a constant ¢(Q) > 0 such that for all B € WYP(Q,R3) satisfying div B = 0 in

and

/Q |BIP2B - zdx = 0 for all z € K5(),

we have
[Bllwiro) < c(@)([[carl B[Le) + ([ Brllwi-1/p00))- (3.7)
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Proof 1If the conclusion (3.7) is false, there exists a sequence {B;} C W17 (Q,R?) satisfying divB; =0 in Q

and

/Q |B;|P72B; - zdz = 0 for all z € K5(Q),

such that [|Bjllwir) = 1,[lcurl Bjllrr) — 0, Bjrllwi-1/mr@0) — 0 as j — oo. After passing to a
subsequence, we may assume that B; — Bg weakly in Wh?(Q,R?), strongly in LP(Q,R3), and a.e. in Q.
Therefore, we have div By = 0,curl B; = 0 in Q, and By =0 on 99, so By € K4.(Q2). From Lemma 3.3,

/|Bo|pdx:/ |Bo[" 2By - Bodz = lim | |B;|P"?B; - Bodz = 0.
Q Q J=ee Ja

Thus, we have By = 0. Hence, B; — 0 strongly in LP(Q,R®). From (2.3), we see that
[Bjllwie@) < c2(Q)(IBjllLr ) + lleurl Byl Lo) + | Bjrllwi-1/p000)) — 0

as j — oo. This contradicts ||Bj|lwir@) = 1. O
Proposition 3.6 Let Hp € W=1/P2(9Q,R3) and f € L' (Q,R?) satisfying

divf =0 in Q and /Qf ~zdr =0 for all z € K&.(Q). (3.8)
Then the minimizing problem

. 1 2
BeBl(an,HT){Z/QS(w’CUﬂB| )dm—/Qf~de}

is achieved and

1
RP = inf - | S 1B|?)d —/ -Bdzx ;. 3.9
o) =y it 3 [ S eanBPc - [ 5B (39)
Proof By Lemma 2.1, we can see that
1
RV(Hr, f) = inf — [ S(z, |curl A|?)dz — -Adz y .
(M. f) Aer(sz,cllgl,divo,HT){2 Q (,Jeurl A])dz Qf m}

Since B(Q,Hr) C H (9, curl,div0,Hr), it is clear that
T BeB(QH7) | 2

1
RY(Hr, f) < inf { S(m,\curlB|2)dm—/ f-de}.
Q Q

On the other hand, for any A € H(Q,curl,div0,Hr), we can write A = B + u where B € B(Q, Hr),u €
K%.(Q2). Since curl A = curl B and

/Qf-Adx:/Qf-de+/Qf-ud:c:/Qf.de,
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we have

1 1
7/5(33, |cur1A\2)dx—/f-Adm:f/S(x, |cur1B|2)dx—/f-de
2 Ja Q 2 Ja Q

> { /S , |curl B|?) dx—/f de}
BeB(QHT)

Thus, (3.9) holds. We show that the right-hand side of (3.9) has a minimizer. Let {B,} C B(Q,Hr) be a

minimizing sequence. Then
1
5/ S(x, |curl B;|?)dz — / f-Bjdx = RY(Hr, f)+o(1) as j — oo.
Q Q

By (1.3), we have

*A/Q leurl B; |[Pdx — || £l o (o) | Bjll Lo () < BY (Hr, f) +o(1).
Using Lemma 3.5, for any € > 0, there exists C(¢) > 0 such that
£l o | Bill o) < ellBslIE, ) + CEIFIT, @
< C(Qe(llewrl By, ) + 1HTgy1-1/0(50) T CENFIT -
If we choose € > 0 so that C(Q)e < 2\/p, we can see that
[l B < BE Gt )+ OOl sy + 181y o) + 000
Then it follows from Lemma 3.5 that {B;} is bounded in W1P(Q2,R3). Passing to a subsequence, we may
assume that B; — By weakly in W?(Q,R?), strongly in LP(2,R3), and a.e. in Q. Therefore, we have
divBo =0 in Q and Bor = Hr on 0. Since
/Q |B;|P2B; - zdz = 0 for all z € K5(Q),
it follows from Lemma 3.3 that
/ |Bo[P 2By - zdz = 0 for all z € K5.(Q).
Q
Therefore, By € B(Q), Hr). It suffices to prove that
/S , |eurl Bo|?) ﬂc<hm1nf/ S(z, |curl By |*)dx
j—o0

In fact, we can choose a subsequence {curl Bj, } of {curl B;} so that

lim S( ,leurl Bj, |?)dz = liminf | S(,|curl B;|?)dx
Q

k— o0 Jj—oo
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Since curl Bj, — curl By weakly in LP(Q,R?), it follows from the Mazur theorem that there exist g, €
LP(Q,R?) such that g, € convex hull of {curl Bj,; k > [} and g, — curl By strongly in L?(2,R?). Hence, we
can choose a subsequence {g, } of {g,} so that g, — curl By strongly in LP(Q,R?) and a.e. in Q. By the

Fatou lemma, we have

m—r o0

S(x, |curl Bo|?)dx <hm1nf/ S(z,lgy,,|

Since S(x,t?) is a convex function with respect to t, we have

/ S(z,|g,, [*)dx < sup {/ S(z,|curl By, |*)dx; k > lm} .
Q Q

Therefore, we have

N

/S(m,|cur1BO|2)dx < liminf S( gy [P)da
0O m— 00

IN

lim sup{/ S(x,curl By, |?)dx; k > lm}
m—r o0 Q

= lim S(x curl By, |*)dx

k—o0

Jj—o0

= liminf/ S(z,|curl B;|?)dx
Q
This completes the proof. O

Lemma 3.7 Let A € H}(Q, curl,div0, Hr) be a minimizer of RY(Hr, f). Then A is a weak solution of the
following system:

2 _ . _ .
{ curl [S¢(z, |curl A )curl A] = f, divA =0 in Q, (3.10)

Ar =Hr on 9.

Proof 1If A € HP(Q,curl,div0,Hr) is a minimizer of RY(Hr, f), then we can see that for any w €
H?(Q,curl,div0,0), we have

d

1/S(ac, |cur1A+9cur1w|2)dx—/f~(A—|—9w)dx =0.
df 0—=0 2 Q Q

Thus, we have

/ Si(z, |curl A|*)curl A - curl wdz — / f-wdx=0 (3.11)
Q Q

for all w € HP(Q,curl,div0,0). For any u € W;"?(Q,R3,0), we choose a unique solution ¢ € W22() of the
Dirichlet problem

A¢p =divu in Q,
¢=0 on 0f)
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and put w = u — V¢. Then curlw = curlu € LP(Q,R?), divw = divu — A¢ = 0 in Q, and wy =
ur — (Vé)r = ur = 0. Thus, we have w € HF (Q, curl,div 0,0). Since

/f-udx = /f-'wdx—l— f-Vodx
Q Q Q

/Qf.wdx—/g(divf)¢dx+/m(f~u)¢ds

/Qf-wdx,

it follows from (3.11) that
/ Si(x, |curl A|*)curl A - curl udz — / frudz=0
Q Q
for all w € W}'*(Q,R3,0). Since D(Q,R3) € W,"P(,R3,0), we can see that (3.10) holds. O

Remark 3.8 The system (3.10) with S(z,t) = tP/? is the so-called p-curl system. When Q is a bounded,
simply connected domain in R® without holes, and with C**% boundary for some o € (0,1). If Hr = 0 and
f € C*(Q,R?) satisfying div f = 0 in Q, then Aramaki [4] showed that the weak solution A of the system

(3.10) satisfies that A € C*P(Q,R3) for some B € (0,1) and there exists a constant C depending only on
p,Q such that HAHCH-ﬁ(ﬁ) <C.

Lemma 3.9 Let Hy € WI=UPP(9Q,R3) and f € LP (Q,R3) satisfying (3.8). If By € B(Q,Hr) is a
manimizer of (3.9), then any minimizer A € HY.(Q, curl,div0, Hy) of (2.1) must have the form A = By + u

where u € K.(Q). In particular, the minimizer of (3.9) is unique.
Proof Since for any u € K5, (Q), we see that
By +u € HF(Q,curl,div0,Hr),
and
/ |curl (Bg + u)|Pdx :/ |curl By|Pdzx
Q Q
and

/Qf~(B0+u)dx:/Qf~Bodx,

thus, Bo+w is a minimizer of (2.1). On the other hand, for any minimizer A € HY(Q, curl, div 0, Hr) of (2.1),
define w = A— By. Then w € HF(, curl,div0,0). Since A and B are minimizers of RY(Hr, f), it follows

from Lemma 3.7 that

/St(x, lcurl A|*)curl A - curlwdz = /f-wdx,
Q ¢

2
/ Sy (z, |curl Bo|?)curl By - curl wdz = / f - wdzx.
Q Q
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Therefore,
/(St(m, |curl A|?)curl A — Si(z, |curl Bg|?)curl By) - (curl A — curl Bg)dz = 0.
Q

By the structure condition (1.2), we have curl (A — By) =0 in ©, so A — By € KI.(Q).
If B € B(Q,Hr) C HY(Q,curl,div0,Hr) is a minimizer of (3.9), we can write B = By + u where
u € K7.(Q). If follows from Lemma 3.2 that we see that w = 0. Thus, the minimizer of (3.9) in B(Q, Hr) is

unique. O

For Hp € W'=1/P2(9Q,R?) and f LPI(Q,]RP’) satisfying (3.8), let A = A(Hr, f) € HY(Q, curl,div 0, Hr)
be a minimizer of (2.1). Then there exist uniquely By = Bo(Hr, f) € B(Q2, Hr), which is a minimizer of (3.9),
and u = u(Hr, f) € K4(Q), such that

A(Hr, f) = Bo(Hr, f) + u(Hr, f). (3.12).

Proposition 3.10 There exists a constant ¢ = ¢(2) independent of Hr and f satisfying the above such that
I1Bo(Hr, )llwrr@) < c(Hrllwi-1/r000) + £ 0))-

Proof Assume that the conclusion is false. Then there exists a sequence {H;r} C W=¥/PP(9Q,R?) and
f;€ LP (Q,R3) satisfying (3.8) such that ||Bo(H,r, Fillwir =1 and

1M,z llwi-1/vp@0) = 0 and |[f;]| o) = 0 as j — oco.

For brevity of notation, we write B; = Bo(H,r, fj). Passing to a subsequence, we may assume that B; — B

weakly in WHP(Q,R3), strongly in LP(Q,R3), and a.e. in Q. Thus, curl B € LP(Q,R?), div B =0 in Q, and
Br =0 on 09. Since Bj satisfies

/Q |B,|P2B; - zdx = 0 for all z € K5 (Q)
and B; — B strongly in LP(2,R3) and a.e. in Q, it follows from Lemma 3.3 that

/Q |BIP"2B - zdz = 0 for all z € K5.(Q). (3.13)
Hence, we have B € B(2,0). On the other hand, B; is a weak solution of

{ curl [Sy(x, [curl Bj|?*)curl Bj] = f;, divB; =0 in €, (3.14)

B]'7T = Hj,T on Jf).
Since Sy(z, |curl B;[*)curl B, € L¥' (92, R®) and
curl [Sy(x, |curl B;|?)curl B;] = f;€ LP (Q,R?),
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we see that
v x Sy(z, |eurl B;|?)curl B;|, € W~1/P"7 (90, R?)
(cf. [2]). Since H;r € WI=1/P2(9Q, R3) = W/P'2(9Q, R3), it follows from (3.13) that

/ f; - Bjdr = / curl [Sy (=, |curl B;|*)curl B,] - B;dx
Q Q
= / Sy(z, |curl B;|*)curl B; - curl B;dx
Q
+/ (Bjr,v x Si(z,|curl B;|?)curl B;)dS (3.15)
o9

where (-,-) denotes the duality bracket between the spaces W/ P(9,R3) and W~1/7"* (9Q,R?). Here we
note that for any B € L? (Q,R?) satisfying curl B € L (2, R?), we have

v x BHW*l/P/vP'(BQ) < C(”B”LP’(Q) + chﬂBHLP/(Q))'

See, for example, [2, p. 45]. Therefore, we have

/(99(7—[]-,71,1/ x Si(z, |curl B;|*)curl B;)dS| < ClIHj,rllwi-1/.000) (1St (2, |curl B;|*)curl Bill 1 ) + 15l 2o (@)

1/p’
< Ol s/mmion) { ( [ leut Bty dx) " |fj||Lp/<Q>}

< Ol w1/ ooy lleurd By 27 4+ 11 £,5]l )

Since curl B; — curl B weakly in LP(Q,R?), we see that ||curl B;||p»(q) is bounded. Since || #; 7|ly1-1/00(00) —

0, we have

/(99(1/ x H; 1, Si(x, |curl B;|*)curl B;)dS — 0
as j — oco. By Lemma 3.5, we have
||Bj||LP(Q) < C(Q)(HCUTIBJHLP(Q) + ||Hj,THW1—1/p,p(aQ)) <C.
Since f; — 0 in L' (Q,R3), we see that
/ij~BjdxHOasj%oo.
Since curl B; — curl B weakly in LP(2,R?), using (3.15),
/ |curl B|2dx < 1iminf/ |curl B;|Pdx
Q J=oe Ja
< 1imsup/ |curl B;|Pdx
j=oo Jo
< %hmsup/Q Si(z, |curl B;|?)|curl B;|*dz = 0, (3.16)

Jj—o0
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thus we can see that curl B =0, so B € K/}.(Q2). From (3.13) with z = B, we have

0:/ |B\P*QB-de:/ |B|Pdx.
Q Q

Therefore, B =0 in §, so B; — 0 weakly in W!?(2,R3) and strongly in LP(2,R3). From (3.16), we can
see that [[curl Bj||1»(q) — 0. By (2.3),

| Bjllwire) < c2(Q)(||Bjllr) + llcwrl Byl ey + [|Hjrllwi-1/p.000)) = 0
as j — oo. This contradicts || Bj||wir) = 1. O

Proof of Theorem 1.1 The proof of Theorem 1.1 follows from Lemma 2.1, Proposition 3.6, and Proposition
3.10.

Remark 3.11 Instead of minimizing

1/ S(t, |cur1u|2)dx—/ f - ude,
2 Jo Q

it 1s also interesting to minimize
1

f/ S(z,|divu|2)d;z:—/ f - udz.
2 Ja Q

This problem is related to the mathematical theory of liquid crystals. For p =2 and S(xz,t) =t and f =0, see
Aramaki [3].

4. Continuous dependence on the data of minimizers

In this section, in addition to (1.1) we assume that there exists a constant ¢ > 0 such that

cla — bJP
2y, 2B . (1 ifp>2,
(SiwlaP)a— Si(w bP) - (@-b)= 3 TSR (41)
ifl<p<?2

for all a,b € R® and Q has no holes. We note that (4.1) implies (1.2).

Then we have the following.

Theorem 4.1 Let Bo(Hr, f) € B(Q,Hr) and Bo(Hy, f') € B(Q,HYy) be minimizers of RY(Hr, f) and
RY(H), F') in (3.9), respectively. Then there exists a constant

C =Co, U fll o @y 1 F 1o 0y I Hrlwi=1/m0 00 IHT lwi-1/0000))
such that
IBo(Hr, £) = Bo(Hy, £ s o

< (1 = £ i+ oy = Hllws-vimtoon [P = ol o))
where pV 2 = max{p,2}.
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Proof For brevity of notations, we write B = Bo(Hr, f) and B’ = Bo(H/, f'). Then B and B’ are weak

solutions of the following equations:

curl [Sy(z, |curl B|*)cuwrl B] = f, divB =0 in Q,
BT = HT on 69,
and
curl [Sy(z, |curl B'|?)curl B'] = f', divB' =0 in Q,
B =My on 0.

Then we have

/ f-(B—-Bdx :/ Si(x, |curl B|*)curl B - curl (B — B')dx
Q Q
+/ (Hp — H'p v x Si(z, |curl B|?)curl B)dS,
00

and

/ f - (B-B')dz :/ Si(z,|curl B'[*)curl B’ - curl (B — B')dx
Q Q
+/ (Hr — Hp v x Si(x, |curl B'|?)curl B')dS.
o9

Therefore, we have

/Q(St(x, |curl B|*)curl B — S;(x, |curl B'[*)curl B') - (curl B — curl B )dx
— [ 1) (BB
Q
- /89<HT — Hip, v x (Sy(x, [curl B*)curl B
— Sy(z, |curl B'|*)curl B'))dS
<Nf =l @B = Bl
+ C|Hr = Hrllwi-1/r0 (00 (S (2, [curl B|*)curl B
= Sy(z, leurl B'|*)curl B'|| 1 ) + I1f = F'll v ()
<|If- f/”Lp’(Q)(”BHLP(Q) + |1 B[ Lr(02))
+ ClHr = Hrllwr-1m o0y (leurl B2 5, + ewrl B2
FF o ) + 1 o (@)

< Ul = Flle @) + 1Hr = Hillwi-1/ms 00))-
When p > 2, by the monotonicity (4.1), we have
Jewl (B = BY|I%, ) < CUIE = £l ey + 1Hr = Ho im0
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Since €2 has no holes, it follows from Lemma 2.2 (ii) and the remark that
1B = B'[[{y1.0 () <C(Q)(|lcurl (B = B[}, ) + 1B = Brllwi-1/rs00))

SC(”f - f/HLP’(Q) + max{||7—[T - H%||W1*1/P:P(OQ)7 ||HT - H&“||€V1—1/p,p(ag)})~

When 1 < p < 2, by the monotonicity (4.1), we have
[ (e B + ewt B ~2jeurt (B — B)de < (LT = £ s+ [ = i)
Q

If we use the reverse Holder inequality (cf. Sobolev [14, p. 8]) with s =p/2,s" =p/(p — 2), we have

(p—2)/p
/Q(|C11rlB\ + |curl B')?72|curl (B — B')|*dx > (/ﬂ(|curlB| + |curl B’)pdx> ||curl B — curl B’||2LP(Q).
Here we have
(2-p)/p )
/ / —
(/Q(|curlB| + |curl B )pdx> < D1(||curlB||1£p(Q) + ||curl B ||1£p(9))( PP < Dy,

Hence,
||curl (B — B/)HQLQ(Q) < Ds /Q(\curlB| + [curl B'|)?~2|curl (B — B')|*dx
<CUf = Flliw @ + HT = Hrllwi-1/m000)-
Since © has no holes, it follows from Lemma 2.2 (ii) and the remark that

1B = B'[[iy150) < C(Q)(lewrl (B = B')|[75(0) + |1 B = Brlfy1-1/0(00))

< C(Hf - f/”LP’(Q) +max{|Hr — ,H/THW“l/PvP(aQ)v [Hr — 7{/T||€V1—1/p,p(ag)})-

This completes the proof. O

Corollary 4.2 The minimizer By of (3.9) is continuous in WP (Q, R®) with respect to the date f € LP (Q,R?)
and Hr € WIY/PP(0Q); that is to say, if f; — f in L (UR®) and H;r — Hr in WYPP(0Q), then
Bo(H;r. f;) = Bo(Hr, f) in WH(Q,R).
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