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Abstract: We consider a continuous-time principal-agent model on a finite time horizon, where we look for the existence
of an optimal contract that both parties agreed on. Contrary to the mainstream, where the principal is modeled as risk-
neutral, we assume that both the principal and the agent have exponential utility and are risk-averse with same risk
awareness level. Moreover, the agent’s quality is unknown and is modeled as a filtering term in the problem, which is
revealed as time passes. The principal cannot observe the agent’s real action, but can only recommend action levels to
the agent. Hence, we have a moral hazard problem. In this setting, we give an explicit solution to the optimal contract

problem.
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1. Introduction

We consider optimal contracting between two parties, a principal (“she”) and an agent (“he”), in continuous
time, when the agent’s actual effort cannot be observed by the principal. In economics, this type of problem is
called a “hidden action” or “moral hazard” problem, where the agent’s control of the drift of the output process
cannot be contracted upon. To give an example of a moral hazard problem, we can consider a scenario in which
an investor ( “principal) hires a portfolio manager (“agent”) to manage her savings. The investor cannot observe
the actual effort (or action) of the portfolio manager, only the current wealth of the portfolio. Hence, in the
case that the investor is not satisfied about the performance of the portfolio manager, the manager could blame
the market and argue that he gave the best performance for her savings, since the investor cannot observe the
actual efforts of her portfolio manager.

The seminal paper on the continuous-time principal-agent problem is [9], where both parties have
exponential utilities and agree on a linear optimal contract. Those results were generalized and extended
by several authors (see, e.g., [4, 6, 8, 11, 12, 15, 16], among others). A nice survey of the literature was provided
by Sung in [19]. Recently, [3] considered a general formulation of the principal-agent problem with a lump-sum
payment on a finite horizon, where the agent influences both the agent and the volatility of the output, where
the proofs use techniques based on a backward stochastic differential equations approach to non-Markovian
stochastic control.

Another seminal paper, [14], presented a continuous-time moral hazard model with infinite horizon where

the payments are paid continuously, rather than as a lump-sum payment at the terminal time. In [14], the
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principal is risk-neutral and the agent is risk-averse and the agent only controls the drift of the output. [13]
extended [14] to the case of unobserved drift and made use of the stochastic maximum principle. [20] solved a
principal-agent moral hazard problem, where both the principal and the agent are risk-averse, the payments are
continuous, and the agent controls the unobserved drift term of the output. The main difference in the contract
between a model with a risk-averse and a risk-neutral principal is whether there is ongoing consumption and
dividends, as would be the case with risk aversion, or only “lumpy” consumption and dividends, which would
be the case with risk neutrality. While most of the literature focuses on a risk-neutral principal, there are
exceptions like the seminal work [9] and the recent work [20]. The current manuscript is another work in this
direction with a risk-averse principal.

In this paper, we solve a moral hazard problem in a continuous-time Brownian model, where there is an
additional endogenous learning term representing the agent’s unknown quality added to the model. To represent
the unknown quality of the agent, we follow the framework introduced in [13]. However, we do not assume that
the principal is risk-neutral as in [13], but instead both the principal and the agent have exponential utility
with the same risk-awareness level as in [20]. Our model is both quantitatively and qualitatively different from
the one in [13] and from [20]. In the risk-neutral case, as in [13], contracting is profitable because the principal
can extract profits by providing insurance to the agent. In our case, combined with the unknown quality of the
agent, the interaction is more complicated. We cannot conclude directly that the economic benefits will decrease
as the difference in risk aversion between the principal and the agent shrinks, since we do not know the quality
of the agent a priori; rather, his quality is revealed with time. The same obstacle can be observed in [13], where
the results hold on the condition that enough time has passed to conclude qualitative results about the model.
In our model, we see that as the unknown quality of the agent is revealed with time such that it does not affect
the model significantly, our model converges to the analogous findings without the parameter uncertainty. On
the other hand, even though the risk awareness of the principal is taken into consideration in [20], there is no
endogenous learning term; hence, there are no aforementioned complications related to it. Furthermore, we also
show that both parties agree on a contract, where the agent gives full effort from the beginning of the contract
until the horizon T'. Hence, neither the risk awareness of the principal nor the unknown quality of the agent
affect the agent’s actual effort level given throughout the model, even though the principal cannot observe it,
which was to be observed in [13], whereas [20] focused on interior optimal efforts.

The rest of the paper is as follows. In Section 2, we outline the general model of the problem. In Section
3, we describe the agent’s problem and find the dynamics of the continuation value function of the agent. In
Section 4, we solve the principal’s optimal control problem and describe the optimal contract, and in Section 5

we further discuss and elaborate our main results and conclude the paper.

2. The model
In this section, we give the framework and dynamics of the model. Let {W,;};>0 be a standard Brownian motion
on a probability space (£, F,P), where F; is generated by the Brownian motion W;. As in [13], we assume

that the cumulative output y; up to time T satisfies the stochastic integral equation

t t
yt:/ (n—i—as)ds—f—/ odWs, (1)
0 0

for 0 <t < T, where n stands for the quality of the agent and is denoted by 71, and a; € [0, M] for 0 <t < T

is the effort provided by the agent. 7 is unknown and we model it as in [13] with the common prior being
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normal with mean mg and precision hy. Posterior over 7, denoted by 7, depends on y; and on cumulative

effort A, £ fg asds. Conditional on (y;, A, t), posterior belief about 7 is also normal with

Ny — Ae, t) £ Eenlye, Ad (2)
~ homo + 0 2(y; — A
Ay — Ag t) 2 0710 - (yt t)
t
hy & ho +07%t
77(0,0) = myp.

The principal does not observe the agent’s effort; she can only recommend actions a. We denote the filtration

generated by output and recommended actions (7,a) as
F! £ o(ys, a0 < s < t) (3)

and FY £ {F/};>0, the P-augmentation of this filtration. As in [13], we take the utility function of the agent
with A € (0,1),0 > 0 as

u(w,a) = —e wHoAa (4)

and actions of the agent are limited in a compact set a; € [0, M] for 0 < ¢t < T. On the other hand, the
agent knows the actual level of effort @, which only he knows. Hence, the agent’s information is more than the
principal’s. We denote the filtration generated by output, recommended actions, and actual actions up to time

t as (y,a*) as

F& 2 o(ys,a,a";0 < s < t) (5)

and F* £ {Ff}o<i<r, the P-augmentation of this filtration. The agent is restricted to the class of control

processes A = {a; : [0,7] x Q — [0, M]} that are F@-predictable. We work with the induced distributions on
the space of continuous functions. We take the sample space €2 to be the space of all continuous paths C[0, T
equipped with the supremum norm |[|-||.. On C[0,T], we let W = w(¢) be the family of coordinate functions
and F? = o{W?, s <t} the filtration generated by W.. We denote by P° the corresponding Wiener measure
on (2, F?) and let F; be the completion with the null sets of 2. On this space, we define the corresponding

Brownian motion W} as in Equation (1). The set of admissible contracts C is the set of FY £ {F} }o<i<r

predictable functions (as, w;) : [0,T] xY — Ax W . Hence, the contract specifies a wage w; and a recommended
action a; at date t that depend on the whole past history of the output ;. Then, given a contract, the agent
makes his own choice of action a; at each time ¢. Thus, the set of admissible actions A for the agent are those
F{-predictable functions (a,w) : [0,7] xY — A x W.

Definition 2.1 A contract is called implementable if the agent agrees to the contract at time zero and chooses

the recommended actions: (a*,w*) = (a,w).

The dependence on the whole past implies that we cannot use a direct approach to the agent’s problem, since
the entire past history § would be a state variable. To overcome this difficulty, we make the problem tractable

as in [1, 2],[4], [20] by taking the key state variable to be the density of the output process rather than the
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output process itself. By considering different action choices corresponding to different output processes, we

take the relative density process I'y, as defined in Equation (10). For o > 0, we define
dy; = odWy, (6)

where g is given. This is the evolution of output under an effort policy a°, which makes the drift of output
equal to zero at each time t € [0,7]. Hence, different effort choices alter the evolution of output by changing

the distribution over outcomes in y with their corresponding I';.

3. The agent’s problem

We impose a terminal date 7" on the contracting horizon. Until time 7', both the principal and the agent
are committed to the contract. To have an incentive-compatible contract, we need to specify what action the
agent would choose when facing a given contract. First, we assume the following assumption. The agent’s

continuation value is

T
v(a,t) = E[/t e P u(wy, ag)ds + e T g(wr) | F (7)

where 7; £ {ys;0 < s < t} is the output history, p € (0,1) is the constant discount rate, and the functions u
and ¢ are defined below. The history dependence on the past makes it necessary to change the relevant state
variable. We denote

ftg,a0) =0y — As, 1) + ar, (8)

where
t
At:/ asds, (9)
0

and here we recall that §; means y depends on the whole path. We denote the density depending on action a

of Fi-predictable processes:

t t
I';(a) = exp (/0 O'_lf(s,ﬂ7(ls)dW£ — %/o |o_1f(s,g7as)|2ds), (10)

where W) is as defined in Equation (6). T'; is an F;-martingale (as the assumptions on f ensure that Novikov’s
condition is satisfied) with E[I'r(a)] = 1 for all a € A where A stands for the set of admissible actions. Thus,

by the Girsanov theorem, we define a new measure P? via:

dp*®
dpo

= FT(a)v (11)

and by the filtering theorem of Fujisaki [7], the process W2 is defined by

t
wi=we - [ o7 (s.g.a.)ds (12)
0
a Brownian motion under P;. Thus, we have
dys = odW) (13)
= oldW{ + o~ f(t,7, ar)di] (14)
= f(t,y,a)dt + cdW{. (15)
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Hence, each effort choice a results in a different Brownian motion Wy. I'; defined above satisfies I'y = E[I'p|Ff].

Moreover, via derivation as in [13] by the Ito lemma we have that 7 is a P?-martingale with decreasing variance

-1
o g a
dn(yt — At,t) = Tttha. (16)

Using the state variable as the density process I';, we rewrite the optimization problem as
T
vlat) = B3| [ T8 et s 4 T gt 72, (17)
t

where the terminal value function being g(wr) = e FETATUT of the agent is to be derived below. This

approach makes our optimization problem tractable with optimal control techniques. The agent’s problem then

is to solve

v*(t) = sup v(a, w). (18)
acA

Theorem 3.1 For each fixed action process a(-), there exists a unique decomposition for the agent’s continu-

ation value, Equation (7), that satisfies
dvy = [pvy — u(wy, ap)|dt + oyt dWE, (19)

vr = g(wT)a (20)

for some square integrable process ¢, namely E® [fOT(’yf)2dt] < 00. The process ¢ is denoted as the “incentive-

compatibility parameter” in the moral hazard literature (see, e.g., [5]).

Proof Recall that for each action a we have for that action a

T
v(a,t) =E¢ [ | e e, ads + eﬂ<“>g<wT>|ff] (21)
t

:eptE?

T
/ e " u(ws, as)ds + ep(Tt)g(wT)N}"ta]
0

t
—ept/ e P u(ws, as)ds
0

dv(a,t) =pvidt + v odW — u(wy, ay)dt,

where we appeal to the martingale representation theorem by Fujisaki 7] for square integrable martingales. We

note here that

T
E{ [/ e_p(s_t)u(ws, as)ds + e_"(T_t)g(wT)|}"t“ (22)
0

is a square integrable martingale since the functions g(-),u(-,-) are bounded for a € [0, M] and ¢t € [0,T]. O

Next, we characterize the necessary and sufficient conditions to maximize the value function of the agent in

Equation (7). Our result is analogous to Proposition 4 in [13].
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Lemma 3.2 Maximizing the Hamiltonian defined as
H(tay7aaA7’7) = u(wt7at> +7(ﬁ(At5y) +at) (23>

is sufficient for the agent to maximize his value function as in Equation (7). Furthermore, it is necessary for

the incentive compatibility parameter ¢ to satisfy

—2

(@ w) = —uafwnaf) + Zp, (24)

where the term p; is as defined in Equation (31).

Proof By integrating Equation (19) for the optimal action & and for any other action a, we have
T T A
e PTy(T) = e P g(wy) = e Plo(t, a) 7/ e PPu(ws, ag)ds +/ (sodWE,
t t
T T )
e PTy(T) = e P g(wr) = e Plo(t,a) —/ e Pu(ws, as)ds +/ CsodWE, (25)
t t
where ¢; £ e P*y,. Moreover, we have
dy; = odWy,
N 1 ~
tha = thO - ;(ﬁ(yt - At,t) + dt)dt,
_ 1 _
tha = thO — ;(ﬁ(yt — At,t) + at)dt,
. _ 1 _ o
dWp =dWe + ;[ﬁ(yt —At) 4+ ar — n(ys — A, t) — ag)dt. (26)
Hence, the following holds:

T
U(t7 El) - U(t7 &) :eptEa l:/ efp(sft) [u(wt’ at) - ’U,(’LUt? &t)]dt+
t
T —
+ / Ao dWE
t
T —_ A
+ / A(as — as + (s, Ae) — 7 (ye, At))dt}
t
T T .
—os, | [ (@) - H@ A+ [ qoam
t t

T
< eptIEa{ / »ytadwtﬁ] =0. (27)
t

The last term is a martingale due to square integrability of 4; and a € [0, M] being bounded. Hence, we

have proved the sufficient condition for the agent. Next, we prove the necessary condition for the agent’s value
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function in Equation (7).
a5 = ap + eAay

Vf()t(a) 2 11_I>1’(1J M

By small perturbation, we have

e—0 €

T
e "'V (a) =e *" lim EE& {/ e P lu(w,a®) —u(w,a)lds
t

T T
i / CdWE + / C(@ — a -+ 7(ye, AT) — <ys,As>>ds],

which gives the condition

T
Es [/ e PPugAas + (s (Aas —
t

Integrating by parts, we get that

T T 0.—2
E; [/ (e_Psua + (o — / (rhdr) Aasds] <0.
t s r

By noting that Aa; is arbitrary, we get

o"2 [*
A <0.
I /t ardr)} <0

T -2
(E? [/t _Csahsds] + G+ ePSua(ws,as)) (a; — a:) <0.

By focusing only at time ¢ and using that Aa; is arbitrary, we conclude that for

a; € [0, M], we have
-2

_ o
G+ e Plug(wy, af) — Tpt >0,
t

o1
Pt thE{—/ (s5—ds
t o hs

where

7).

(31)

(32)

Since increasing 7§ causes the volatility of the output to increase in Equation (19), the principal wants to

minimize the incentive compatibility parameter v¢. Hence, by multiplying the equation by e?® in Equation

(31), we assume that the principal confines with

—2
o
’Yta(avw) = _ua(wtvar) + L Dt
t

and we conclude the result.

(33)

O

We rewrite the term p; in Equation (31) in a more tractable way as in [13] as follows. First, we denote
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Then we have

T 0__2
P :IE[— / e Pt —ds].
¢ hs

By differentiating with respect to time ¢, we get

dﬁt - 0'_2
o PP + Tt%
—2

- g ~
= ppt — T(ua(wtvat) + D),
¢

and integrating this expression, we obtain

Remark 3.3 By the above derivation we see that yi(w,a) is bounded by wage process wy being nonnegative
and a € [0, M]. Furthermore, we also note that when there is no term p; in Equation (33), we have y; = —ug,

which corresponds to the first-order condition with respect to a of the term

H(t,y,a,7) = w(w, a) + yrar, (35)
the Hamiltonian term without the filtering term in the model of Equation (1).

For the terminal date, we assume that from date 7' on the unknown filtering term 7 is revealed, no more
production takes place, and both the principal and the agent live off their assets for the infinite future, earning
the same constant rate of return r. We assume that both the principal and the agent solve the problem of the
following form:

Vr(ag) = max 7/ exp(—pt — A0b)dt
¢ 0
= max — / exp(—p(t —T) — A0b,)dt, (36)

with ¢o given and de; = (re; — by)dt. For the agent by = w; and ap = wp. The Hamilton—-Jacobi-Bellman
(HJB) equation for (36) reads as

pVr(a) = mbax{— exp(—\0b) + Vi.(c)[rc — b]}, (37)

whose solution is

Vr(c) = —exp (1;7p — Nrc),

with optimal
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Hence, we have for the terminal time 7' the agent’s and the principal’s terminal value function vy and VF as

g(wr) = —exp (1_Tp — Nrwr), (38)
v = g(wT)7 (39)
Vi = g(yr — wr). (40)

4. The principal’s problem

From the principal’s point of view, the dynamics of the output follow
dyr = (rye + 1+ ap — dy)dt + odW{. (41)

We assume there is a common risk aversion A between the principal and the agent. The principal discounts at

the same rate p with the agent and has a flow utility
U(d;) = — exp(—A0d;) (42)

over his consumption d; with the value function
T
J(t,y,v,7) = max Ef { [ e s + e OV - w7 |, (13)
,W,a t
where V. (yr —wr) is defined as follows:
1—
V:izz(yT —wr) = —exp (Tp — AOr(yr — wT))
l—p
= —exp (7 - )\GryT) exp(Adrwr).
r

Using the terminal value of the agent at time T, the principal value function at time 7T' reads as follows using
Equation (38):

vy = — exp (17;/) - )\HTwT),

exp?(=2
J(T,yr,vr) = _pv(TT) exp(—Aryr).

For convenience, we summarize the value function dynamics of the principal as follows:

o1

diy = Z—dwe (44)
hi

. homo + 0~ 2(y; — A

iy — Ag t) = —— Uh o t)a (45)
t

77((), 0) = mo, (46)
dve = [pvy — u(we, ag)]dt + oy (a, w)dWS, (47)
v = —exp ( — p) exp(—\drwr), (48)
dyt = (Tyt + 77 —+ ay — dt)dt + O'tha, (49)
Yo = 0. (50)
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We define the controlled value function for fixed admissible action process a; as
T
Pty ) = Bl [ e s V)| 7 (51)
t

and the value function of the control problem given (¢,7,v,y) € [0,T] x R? as

J(t,n,v,y):= sup Jt,7,v,y). (52)
a(-)eA

We next state our main theorem in this section and subsequently prove it in the subsection below.

Theorem 4.1 Suppose that the principal and the agent with an unknown quality term have the value functions
of Equation (44) and Equation (7), respectively; then a contract is implementable in the sense of Definition 2.1,

where both parties agree to recommend and give full effort for all times 0 <t <T.

4.1. Proof of Theorem 4.1
To prove Theorem 4.1, we guess an explicit solution for the value function in Equation (52) and verify our guess

subsequently. Next, we guess that for 0 < ¢ < T the value function of the principal is a C'? function of the

form
ed(t:M)

J(t,y,v,7) = exp(—Ndry) (53)

and we verify its validity below. We further guess that, for the optimal action process a},

e N = (8, ). (54)
Then, by Theorem 3.1, we have that
dp; = OXdvy, 55)
T
pr = OAE® [/ eP(St)udsil’ (56)
t
pr = OA[1 — @ftT(P—k(Sﬂl))dS]Ut’ 57
oi(k)=1— i (p=K(s.m))ds 5s)

Furthermore, using our guess for the value function, we obviously have
Jy = —=A0rJ,

Jyy = A262%r2

1
Jy = ——J,
v
1
Jyv = A0r—J,
v
2
va == ’1)72{]

986



UGURLU/Turk J Math

Following our guess for the value function being in C*?, the HJB equation is of the form

pd — J; = max { —exp(—A0d) + Jy[ry +n+a—w — d]
+ JU[PU+ 670w+)\9a]
1 1
+ §Jyy02 + 5],“,02%2
1 o2 1

o Im G g

+ Jyvo— ’Yf + Jq)n h } (59)

Next, we show that our guess of the value function necessitates that the principal advises full action, namely
af =M for 0<t<T.

Lemma 4.2 The recommended action is a* = M , namely the right corner is optimal for the principal.

Proof By writing the first-order condition for wage w and action a from the HJB, we have the following pair
of equations:

1 w
—Jy S0 - 2 Tou0 29+ Ty + Jvn%t =0, (60)
Jy + Jy[NOe _9“"")“9“] + J 0a0227Ya + J UO’ Ya + Jon Za =0. (61)

t

Then, with our guess for the value function,

—A\Or
J = e9(:m) ¢ y7 (62)
v

—AOry

Jy = —ArestmE ) (63)

we see that Jy, is positive since v is negative. By the relation above,

a% = —)\8“’ > —21. Hence, by noting 0 < A < 1 and by derivatives of the exponential function with respect

to a and w, the ﬁrst—order condition for w binds, whereas the first-order condition for a does not bind. Thus,
we have either a = 0 or a = M as optimal actions, but for a = 0 to be optimal, the right derivative should be
less than or equal to 0 at @ = 0, and this cannot be the case due to the first-order condition for a and w above.
Similarly, the right corner’s left derivative is positive whenever the first-order condition for w binds, and hence
optimal action af = M for all ¢ € [0,T]. O

Using our guesses for the utility function and the value function and suppressing the arguments of the
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functions for simplicity below, we rewrite the HJB equation as follows:

log(kv) N log(Agred™m)  log(—v)

pJ—Jt:r?Uzg({—e’\od—)\ﬂrJ[ry+77+ 0 0 0 —ry]
-2
- fJ[,ov—i—kv] + /\292 202 4 L o 292)\2(k+h— 0)*0”
t
1 o2 1
§J7,nTt — )\QTJT]E
1 o2 1 —2
Or—Jo> —plv — —_—
+ A TUJO' Ak + » v v /\Hv[k’—l— » ]}
By canceling the terms and by the first-order condition on d, i.e. e 2 = —r.J, we get
log(—k)  log(A@red(tm)
—Jr = -\
pd — J; {TJ Jn + VIR 0 ]
-2
— Jlp+ k] + 0?02 N[k + h— ©]2J
t
1 o2
§Jnn » )\GTJ,] »
o2 o2
+ 220202 J[k + 2] — )\9 [k + —¢|Jy } (64)
hy hy
By our guess for the value function, we have
_ eg(tﬂi) e*/\GTy
v )
Jt = gtJ7
Iy = gnd.
Hence, the HIB equation (64) reads as
_ log(—k) | log(A0r)  g(t,n)
p—gs=r—A0|n+ 0 + Y + 0
-2
—[p+ K+ 00> N[k + h— o(k))?
t
1 o2 1
+ ignnTt — )\Hrgnhft
o2 o2
+ N0 r[k + Z—p(k)] - )\9 [kt e (k)lgy (65)
t t

with the terminal condition ¢g(7T,7) =e 255°) for all f € R.
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For ease of notation, we introduce the following expressions.

Ki(t,1) = — p+r — A0 —log(—k(t, 7)) — log(A0r) — p — k(t,n) (66)
4 PN 7) + T k(0 7)) + 60 ) 7

0.72
Ka(ty) = = Ay = (e ) + k(e ) (68)
Kat) = (69)

By the Feynman—Kac formula, the existence and uniqueness of the PDE above is guaranteed as
T -
g(t.7) = Ef [ / " TV K (s, is)ds + e~ T0e T FY (70)
t

under the action a such that 7 is an Ito process driven by the equation
di = Ks(t, i)t + Ka(t, i) dWE. (71)

Moreover, using our guesses for the value function and utility function, we rewrite the first order condition for
w as

-2

1 12
NOrJ — ~[=0ko]J + 5= Jo* 20 olk + Uh—gp](—e)?v/w (72)
v t

v

- ko _

1.5 g - 1o a2
+)\9er0 O vlk + » sO]—l—ganH A > 0. (73)

t

Hence, by canceling v from the equation and dividing by J, Equation (72) reads as

-2
N + 0k — o220\[k + "h—<p]92A2k (74)

t

-2
+ \ro2ONk + "h—@] n gna“‘xzhﬁ —0. (75)
t t

With Equation (65) and Equation (74), k(¢,7) and g(¢,7) are implicitly defined and can be found numerically.

4.2. Verification theorem

By the discussion above, we have the following converse relation. Our guess

ed(t:M)

J(t,y,v,7) = exp(—N\dry) (76)
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is a C12 function. It also satisfies the HJB equation (59)
pJ — Jy :mgx{ —exp(—A0d) + Jy[ry + n+a —w —d]
4 Jv[P’U < e—6w+>\9a]

1 1
+ inyUQ + §JM)O'2’73

o2 1

1
=-J  — g —
+ 2 mm ht + yn ht

Tt
+ Jyv0'27t + JU”E}

with boundary condition

exp?(£2)

J(T,yr,vr) = — exp(—A0ryr). (77)

vr

Using our guesses for the utility function, we also have by the discussion above for optimal action a* the
following:

679w+9/\a* = k(ta U)Ua
—Mw + Na* = log(kv),
—Aw = log(kv) — Aa™,

log kv
—w = - M
R/ !
. B _ log(kv)
“ e DY
e M= \orJ,
g(t,7)
e Md _ _.© - ey,

—\0d = log(rg(t,n)) — log(—v) — \dry,

_log(rj') _log(~v)
VS VI

Hence, for each fixed (¢,y,v,7), the expression
max { —exp(—=\0d) + Jy[ry + n+a—w—d]
+ Jy[p’U + e—@w-{-)ﬁa]
1 1
+ inyUQ + §va02%2

1 o2 1
-7 Jon—
+2 + vy

nnTt
Tt }

+ JyvO'QVt + J’unh*
t

(78)
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attains its maximum (a*, w*,d*) at

a* =M, (79)
log k(t,7"")v
LI ) et = Rk ek R Ak
w 0 , (80)
. log(—v) log(r)  g(t,7*)
=y Y A0 VR (81)

where the functions g¢(¢,7) and k(¢,7) are determined by Equation (74) and Equation (65). Hence, Equation

(76) is indeed the solution of the HIB equation (78) and we conclude the verification theorem.

5. Discussion and conclusion

In this paper, we have studied a principal-agent problem with moral hazard. Contrary to the mainstream,
where the principal is assumed to be risk-neutral, we have assumed that both the principal and the agent have
exponential utility as in Equation (4), and they are risk-averse with the same risk awareness level \ as in [20].
We also take an unknown endogenous learning term representing the unknown quality of the agent into account,
which is revealed as time passes. We see that both parties agree on a contract, where the agent gives full effort
from the beginning until the finite horizon T'. Full effort of the agent in the optimal contract is also observed
in [13], where the authors assumed the principal to be risk-neutral. Hence, we see that the risk awareness
level of the principal does not play a role in the agent’s actual effort in the contract; only the agent’s utility is
determinant in that respect. The optimality of the right corner of the admissible action interval of the agent
as seen in Lemma 4.2 is due to the specific nature of the utility function chosen in Equation (4). Changing the
utility function of the agent would cause the arguments in Lemma 4.2 to not hold anymore. In that case, one
usually assumes that the optimal effort is in the interior of the effort interval. On the other hand, we see that
the payments to the agents in terms of wages and dividends are affected by posterior belief on the unknown
quality of the agent 7, as well as on the risk awareness A of the principal, as seen in the Equations (79), (80),
and (81). However, we cannot conclude that there is a direct negative effect on the payment to the agent due to
the nonlinear nature of the parameters. We further note that since the uncertainty on the quality of the agent

decreases as seen in Equation (2), its effect on the dynamics of the problem decreases as time ¢ passes.
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