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Abstract: In this paper, we develop a new formula for hyper-Fibonacci numbers r , wherein the coefficients (related

to Stirling numbers of the first kind) of the polynomial ingredient pi(n) are determined. As an application we investigate
the number of occurrences of positive integers among Fy[f] and determine all the solutions in nonnegative integers = and

y to the Diophantine equation FM = Fy] , where 0 < k < £ < 70. Moreover, we prove that if ¢ is fixed, then FF = Fy]

has finitely many effectively computable solutions in the nonnegative integers z, y, and k < £.
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1. Introduction and results

1.1. Hyper-Fibonacci numbers

Let {F,} denote the sequence of Fibonacci numbers defined, as usual, by Fp =0, F; =1,and F,, = F,,_1+F,_»
for n > 2. The hyper-Fibonacci numbers ¥ were introduced by Dil and Mez8 [8] as follows. For k > 0 and
n > 0 the values F,[zk] are arranged in an infinite matrix such that F,[Lk] is the entry of the kth row and nth

column, F,[lo] =F,, F(Ek] =0, and further
FM =M 4 gl p >0,

Clearly, F,[lk} gives the sum of the first n + 1 elements (from the Oth to the nth) of row k — 1, ie. Fyf] =

i Fi[kfl] (n >0, k>1). We note that [7] derived certain summatory identities valid for hyper-Fibonacci

array. A consequence of Proposition 2 of [8] is

" (k+n—j—1
=y (M e, 1)

Jj=1

Formula (1) motivated us to find a more informative and applicable expression for F,[lk] . Particularly, we

were and we are still interested in the set S of all solutions to the equation F; k] Fy] in non-negative integers
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z,y,k, and ¢. In this paper, we could determine a subset of S; we have a conjecture on S, but we have been
unable to proof the conjecture. Our method is based on giving another explicit formula for hyper-Fibonacci
numbers (see Theorem 1), which eliminates the exponential ingredient Fj, o, and the polynomial part pg(n)

with coefficients determined explicitly. Hence, this is one of the main results of this work.
Theorem 1 For nonnegative integers n and k,

FM = F, for — pi(n) (2)

holds, where py(x) is a rational polynomial given by

pe(z) = ]:2:;1 ; ((;1_);;, [Z:ﬂ (g (f) Fj—i) 2 4 Fay. 3)

In the theorem above [i:ﬂ is a Stirling number of the first kind. The first few polynomials are

pO(l') = 07
D1 (x) = 17
pe(x) = x+3,
22+ 7z +16
po(a) = T
23 4+ 1222 + 59z + 126
p4($) = 6 )
xt + 1823 + 14322 + 630z + 1320
p5(l‘) = 24 )
p6() x® + 25z + 28523 + 195522 + 82942 + 17280
6 = .

120

Theorem 1 specifies

n?+ T+ 16

FV=F,,—-1, FA=F_ ,—n+3), FB=F_4- 5 ,

n

and so on.
The properties of the polynomials pg(z) are challenging themselves and furthermore they have importance

in the investigation of the problem of the number of occurrences.

First consider the sum of the coefficients. Replace n by 1 in (2), which together with Fl[k] =1 admits
the following:

Corollary 2 Let k be a nonnegative integer. Then py(l) = Fopiq — 1.
From Corollary 2 we can simply conclude
pr(l) — Fop, = Fop—1 — 1 < Foy,. (4)

The sign of the coefficients of pi(x) is described by:
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Theorem 3 For k > 1 the coefficients of pr(x) are positive.
Combining Theorem 3 and the fact that the sum of all but the constant term F5; of the coefficients of

pi(z) is smaller then the constant term itself (see (4)), it implies the following:

Corollary 4 Letting k be a nonnegative integer, the height of the polynomial py(x) is Fay.

We have not been able to prove it and therefore we state the following property as:

Conjecture 1 Let k > 2. The coefficients of pr(x) are strictly decreasing starting from the constant term.

For nonnegative k and n, Belbachir and Belkhir [4] proved the formula

k—1
— 142kt
szﬂwfzxn 2k ) (5)

t=0 t

similar to (2) (see Theorem 10 in [4]), but in (2) the coefficients of the polynomial py(z) are explicit, which offers

a chance for further examinations, for instance in case of the Diophantine equation F};k] = Fym (see Subsection
1.3). We think that our approach will be useful in studying analogous questions related to hyper-Lucas, hyper-
Horadam, etc. sequences as well.

Let k be fixed. Then combining the generating function

o0

t
FFgn —
2L (1—t—12)(1—t)

n=0

of the kth row of the hyper-Fibonacci array (given in Proposition 14, [8]) and (2), we find the explicit formula
FM = ey = diy™ = pr(n) - 17, (6)

where v = (1 +v/5)/2, ¥ = (1 —/5)/2, and further ¢, = v**/v/5, d, = ¥**/+/5. Indeed, the zeros of the

characteristic polynomial (22 —z —1)(z — 1)* of FF are v, 7, and 1 (with multiplicity & > 0 for the zero 1),
and further cpy™ — di 3™ = Fj 42k - The significance of Theorem 1 is in the explicit quantification of coeflicients
of pr(n) by (3).

1.2. Generalized arithmetical arrays and triangles
In the literature there exist several constructions varying or extending the idea of hyper-Fibonacci numbers or
their rectangular shape arrangement (for instance, hyper-Lucas [3], hyper-Pell [1], hyper-Horadam numbers [2];
Fibonacci and Lucas Pascal triangles ([6]). Many properties can be examined by having common generalizations
of them. Therefore, we describe and compare two of them. It may facilitate the corresponding investigations
in the future.

A natural generalization of the hyper-Fibonacci numbers (to create a generalized arithmetical array) was
described by [8], where the leftmost column sequence {Fék}} = {0} and the topmost row sequence {FLO]} ={F,}
were replaced by two arbitrary sequences, {a,} and {b,}, respectively. The output generated by the two

sequences is an infinite matrix
M = (Mg,n)k>0,n>0 (7)

with the property My o= ar, Mo n = by, and My, = My_1 p + Mg pn—1 if kn > 0.
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A similar approach in constructing a sort of generalized arithmetical triangle (in short GAT) was used
in [5] with {a,} and {b,}, and additionally with A, B € R. This GAT is structurally identical to Pascal’s

original triangle (he called his object an arithmetical triangle), and it also contains rows labeled by 0, 1, 2, ...

such that the nth row possesses the elements (}) in the positions (say columns) k=0, 1, ..., n as follows.

Let <8> be arbitrary, denoted by Q (since generally ag # by, and it has no influence on the triangle at

all), and for any positive integer n put

<g> = A",  and <Z> = B"b,, (8)

and further for n > 2 and 1 <k <n-—1 let
n n—1 n—1
=G ()
[lustrating the GAT, for the first few rows we have

Q
Aa1 Bbl
A2a2 AB(a1 + bl) Bng (9)
A3a3 AQB(al + as + bl) ABQ(al +b; + bg) B3b3

using our notation <§> = AB(a; + by), <§> = A?B(aj + as + by), <;’> = AB2%(aj + by + ba), etc. Theorem 1 of

[5] admits a direct formula,
n gy " n—1 J
= AnhpF o a )b, 10
<k> ;( -1 ) *;(n—k—JJ | 10)

if 1<k<mn-—1. (For k=0 and k =n we have (8).) This GAT extends Ensley’s GAT [9], since here we allow
ag # bg in the generator sequences; furthermore, we also vary the rule of addition by the parameters A and B.
Approaching the rectangular structure of Dil and Mez6 [8], observe that the infinite matrix
FQ Bby B?by B3b3 -]
Aay AB(G1 +b1) ABz(Ch + b1 + b9)
M) — (Mzgf?{B))kzo,nzo = | A%az A’B(ar +az +br)

A3a3

with M{G" = Aka, MY = By, and MY = AMMP) + BM{YP), if kn > 0, and the triangular

n—17

shape GAT (9) with entries <z> differ only in their appearance. Indeed, apart from the geometrical display, the

A,B k+n
wi? = (M) (1)

identity

transmits them to each other for K +n > 1.

Assume now that A = B = 1. Then M5) returns with (7), and apparently formulae (10) and (1) are

equivalent via (11).
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1.3. The number of occurrences and the equation Fy“] = Fy]
Obviously, to investigate the number of occurrences is equivalent to considering the Diophantine equation

FF = F}f (12)
in the nonnegative integers x, y, k, and £. The explicit formula in Theorem 1 makes it possible to provide
an algorithm for the resolution of (12) if 0 < k < ¢ are given (see the last section). Note that apart from the
equality Fl[o] =1= FQ[O] the row sequences of the hyper-Fibonacci array are strictly monotone increasing, so

K _

we may assume k < £. Clearly, F(gk] =0= Fy} and Fl[ 1= Flm are trivial solutions, but we even have

FZ[O] =1= Fl[é] , and moreover by Fg[k] =k+1

1)

= B (13)

also holds. Varying k and ¢, we conjecture that there exist only 12 nontrivial solutions to (12) given by the

following list.

Conjecture 2 Besides the trivial solutions given above, the equation

K _ [e
FF = Flf (14)
possesses only the solutions
(k7€7x7y) = (0’113 ]‘434)7(07 ]‘67 ]‘674)’ (07 1775573)7(1?2’473)7(1377 1275)7(1’20’11’3)7
(2’ 87 67 3)7 (27 ]‘]" 77 3)7 (27 337 ]'17 3)7 (47 67 5’ 4)7 (47 127 57 3)7 (67 127 47 3)' (15)

Using the approach described in the last section we proved only:

Theorem 5 List (15) contains all nontrivial solution to (14) if 0 < k < £ <70.

We also proved:

Theorem 6 Given the positive integer £, the equation Fik] = Fy] has finitely many solutions in the nonnegative
integers x, y, and k < £, which are effectively computable.

For fixed k and ¢ there is a short but ineffective way, by the result of Schmidt and Schlickewei [11]
(Proposition 1), to show that the number of solutions of M = Fy} is finite. If k =0 < ¢, then the number of

zeros of the characteristic polynomials differ (see the explanation after (6)) and consequently the two sequences
are not related. Thus, the finiteness is obvious. If 0 < k < £, then we are in a doubly related situation since
4 = ~4~1, but neither system (1.11) of [11] nor system (1.12a) together with (1.12b) of [11] is solvable. It

provides again only finitely many solutions for our equation.

If B(t) denotes the number of occurrences of the nonnegative integer ¢ in the set {F,[Lk]}, we see that

B(0) = B(1) = oo, and furthermore Conjecture 2 together with (13) is equivalent to the conjecture
1<6(t)<4 for t>2.

Now we will prepare the proofs of the theorems.
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2. Auxiliary results

One way to introduce the unsigned Stirling numbers of the first kind is the polynomial

(-3 or

£=0
Recall that m is1if k=0,and 0if k> 1. An immediate consequence of (16) is:
Lemma 1
n .
Z(_l)n—é ny_ 0, lf n>2;
/ 1, if n=1.
=1
n n—1 n—1
=(n-1
el o

holds for 1 < k < n — 1, and its successive application leads to:

HE R es|

The next result can be found in [12].

It is known that

Lemma 2

Lemma 3 If 0 < k <n, then

i m <£> = [Ziﬂ especially (with k= 0) S m _ {”i 1} .

£=0 =

(=)

Since the binomial coefficients also play an important role in this paper (see, for example, (3)), we need

the following lemmas. All of them are known, or easy to prove.

Lemma 4

Lemma 5

(n) Fr_o = Foyr, (0<Ek,n).
0

Lemma 6 Let f(z) = ap,2™ + ap_ 12" L+ -+ a1z +ao. If 0<a<n isan integer, then the coefficient of
z® in f(x —1) is
n—ao CK—FE
Z(—M( >aa+£.
o

£=0
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The last auxiliary result is Lemma 5 in [10]:
Lemma 7 Let uy be a positive integer and further recall that v = (14 +/5)/2 and 5 = (1 —\/5)/2. Put

5. = o, (- HIA)

Jor i = 1,2, respectively, where log. s the logarithm in base . Then for all integers u > ug the inequality

holds.
In order to make the application of Lemma 7 more convenient, we shall suppose that wg > 6. Thus, we

have —1.68 < d; < d, < —1.66.

3. Proof of Theorems 1-3
3.1. Proof of Theorem 1

First we verify the statement for column 0 and row 0. Obviously, we obtain

Fé’“] = Fop —pi(0) = Fop, — Fo, =0,
FY = F,—po(n)=F,—0=F,.
For £k > 1 and n > 1 we check that F,Ek] = Fhior — pr(n), F,E]ﬂl = Fh_142r — pr(n — 1), and F,[kal] =

Fhiok—2 — pr—1(n) satisfy the defining rule FT[L}C] = F}Ik_]l + F,[lkfl] of hyper-Fibonacci numbers. This is a
rather long computation; therefore, after the preparatory part, the verification is split into two parts (namely
Subsections 3.1.1 and 3.1.2).

Clearly,
Fojor —pr(n) = Foo1rok —pr(n — 1) + Foqor—2 — pr-1(n)
FLF i gl
is equivalent to
pr(n —1) = pr(n) — pr-1(n), (17)

and hence it is sufficient to prove (17). Note that for general n the values of the polynomials at n appearing

in (17) can be considered as polynomials of n. In the next step we check (17) for the constant terms.

3.1.1. The constant terms

Applying Lemma 6 with o = 0, the constant term of pg(n — 1), denoted by cp, is

o= e B (GRS S0 o

I
5
ol
+

]
—
—
I
=
[ ol
SN~— ‘
= <
PR
<
o —
/7
S0 R
~
-
|
v
VR
ol
||Mi
[}
| —|
B
| =
<. |
RS
[l
~__—
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The equality above is based on a suitable rearrangement. By virtue of Lemma 3, the sum in the last brackets
is (k—j)!. Thus,

j=1 =0
= F;

Z (k -1- J)
= Fyp — Fy o

follows. At the beginning simply the coefficients of distinct Fibonacci numbers are collected. In the next two
steps we apply Lemma 4 and Lemma 5 consecutively. Since the constant term in pg(n) and pg_1(n) is Foy

and Fop_o, respectively, the proof for the constant terms is ready.

3.1.2. The coefficients of n®

First suppose that a = k — 1. Obviously, the leading coefficients of pi(n) and pr(n — 1) coincide. One can
easily compute exactly this value by inserting ¢ = 1 into (3), which provides the reciprocal of (k — 1)!.

In the sequel, assume that « is a positive integer at most k£ — 2. By Lemma 6, the coefficient of n® in

pr(n — 1), denoted by cq, is

=S () (B S0

Now we claim to eliminate the coefficient of Fs (1 < s <k —a) in ¢,. If we denote it by ¢4, s, we have

o = R () (B0

1=0 J=

(ST 0)

k—

Jj=0

—S

Observe that Lemma 3 implies
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and the application of Lemma 2 for (18) and suitable rearrangements admit

k—a—s k a—s—j k k—a—s—j E—s—i k—s—i—_i
_ Z 3 J .,[ s—J Z]
Ca,s — . . 7.
l =0 —s =)t <‘7) ( =0 ( ! ) @ )

k—a—sk—a—s—i (_1)]670(787]' k k—s—i—j
i (k—s—i—jI\J a

<.

i= j=0
- L e g ()
- k_z: (iv_i)z)' {a;r l] (k - ];_—2 - z)

Note that the last equality is implied by Lemma 4.
Now we show that the same amount linked to F in the coefficient ¢, of n® in px(n) —pr—_1(n) appears.

Clearly, this coefficient is

< ELFEAEO)
L))

S (S )

j=1 i=0

Rearranging the last sum by the Fibonacci numbers, a short calculation shows exactly c, s belonging to Fj.

Hence, the proof of Theorem 1 is complete.

3.2. Proof of Theorem 3

It comes immediately from (5) and the fact that the coefficient of any possible monomial =" in

r—14+2k—t
t

is positive for arbitrary 0 <t <k —1.

4. The equation Fik] = Fy] and proof of Theorems 5 and 6

4.1. Proof of Theorem 5
Apparently, with fixed 0 < k < ¢, we need to solve

Fotyo — pr(®) = Faory — pe(y) (19)

in the nonnegative integers x > 3 and y > 3. Let us distinguish three cases, which are the basement of the

resolution of the equation. Recall that v = (1 ++/5)/2.
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Case 1. 2k+x=20+1y.
This condition implies y = 2k — 2¢ 4+ x. Thus, (19) leads to

pr(x) = pe(2k — 20 + ),

which is an equation only in the variable z.

Case 2. 2k+z <20 +y.
First note that

0 < Faryy—2 < Forry — Foprw = pe(y) — pi(x) < poly) < ey’ ',

where ¢, is a suitable positive constant depending on the polynomial py(y). Thus, Lemma 7 implies

9 168 Farry—2 _
20+y—2—1.68—log., c¢ < +y <yZ 1’ (20)
Ce

v

which leads to an upper bound y < yg¢.

Case 3. 2k +z > 20 +y.

Similarly to the previous case, we have

0 < Fopra—a < Fopys — Foryy = pi(2) — pe(y) < pr(2) < ery™ 1,

with a suitable positive constant ¢ (depending on the polynomial pi(x)). Subsequently,

Fopyz—2
2k+x—2—1.68—log,¥ Cr < +x <Z‘k_1 (21)
Ck

Y
implies z < xg 1.

Case 1 may provide solutions in a direct manner. For Cases 2 and 3, if k and ¢ are both given, then the
determination of ¢; and ¢, works. Instead, we will use Corollary 4, since a general bound facilitates the work
in the range 0 < k < 70.

Assume z > 3. Then

k-1

pr(z) < sz(:ckfl +oodax+1)=Fyy . < Fopal

T
holds. Hence, according to Lemma 7, we can slightly specify the estimations (20) and (21). Indeed,

_ Fopyoo
4202 to=2 ok
Fop,

and then

(22)

Hence, z is bounded, and one has to verify only the = values in question. The worst case occurs for
k=70, when x < 1008.1.
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4.2. Example: Fg£4] = F£,6]
To illustrate the details of the procedure, we work them out for (k,¢) = (4,6). Observe that the equation

F$[4] = Ff] has no solution when = + 8 = y + 12. Indeed, looking at the list of the polynomials py(x) after
Theorem 1, with z =y +4 (y > 0) we must verify

(y+4)°+12(y +4)? +59(y +4) + 126 35 + 25y* + 285y + 195592 + 8294y + 17280
6 - 120 ’

It simplifies the equation

0 (y> +10y +41)(y +6)(y +5)(y + 4)
n 120 ’

which has no nonnegative integer solution .
Assume now, that © + 8 <y + 12. Then, by (22), we need to check (19) for y < 51.1 and = < 55.1. It
provides only the nontrivial solution (z,y) = (5,4).

The last case, when x + 8 > y + 12, is similar. Now x < 30.5 and consequently y < 26.5. This branch
has no contribution to the set of nontrivial solutions.

4.3. Proof of Theorem 6
A fixed ¢ entails finitely many k. Hence, we may assume that k < ¢ is also fixed. With a pair (k,¢), only
finitely many solutions is possible. The right-hand side of (22) is strictly decreasing; therefore,

log ~y < log v log
¢~ k x —2.02

provides an effective bound on z depending only on ¢. Consequently, y is also bounded effectively. Clearly,

the proof is complete.
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