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Abstract: In this paper, we classify umbilic-free hypersurfaces of the unit sphere that have constant para-Blaschke
eigenvalues and possess parallel Mébius form. To achieve the classification, we first of all show that, under the condition
of having constant para-Blaschke eigenvalues, an umbilic-free hypersurface of the unit sphere is of parallel Mobius form

if and only if its Mobius form vanishes identically.
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1. Introduction
In [22], Wang established the Mobius geometry of submanifolds in the unit sphere S"*? of dimension (n+p) (cf.
also [1] for p = 1). This includes associated with an n-dimensional umbilic-free submanifold x : M™ — S"*P
the introduction of the Mobius metric g, the Mdbius second fundamental form B, the Mobius form @, and
the Blaschke tensor A (for their definitions see Section 2 below).

Since the publication of [22], the study of Mdbius geometry of submanifolds in S"™? has made a lot of

progress and many interesting results have been obtained. Among them, we have witnessed the study of both
the so-called Mobius isoparametric hypersurfaces and the so-called Blaschke isoparametric hypersurfaces, where

a hypersurface in S"*! is called Mobius isoparametric if it satisfies two conditions that ® = 0 and all the
eigenvalues of B with respect to g (which are called Mébius principal curvatures) are constant [12]. Similarly,
a hypersurface in S"*! is called Blaschke isoparametric if it satisfies two conditions that ® = 0 and all the
eigenvalues of A with respect to g are constant [20].

After a series of partial results in [12] and later [3-6, 9, 10, 13|, a complete classification of Mé&bius
isoparametric hypersurfaces in S"*! was finished recently by Li et al. (cf. Theorem 1.1 in [15], together
with [12]). Similarly, after many partial results in [7, 17-21], Li and Wang [16] also proved that a Blaschke
isoparametric hypersurface in S**! with more than two distinct Blaschke eigenvalues is Mébius isoparametric.
This, along with applications of the main result reported by Li et al. [15], Li and Zhang [19] and Liu et al. [21],
finally completes the classification of Blaschke isoparametric hypersurfaces in S?+!.

Moreover, for the purpose of extending the interesting Mobius geometric characterization of hypersurfaces

in space forms with constant mean curvature and constant scalar curvature, due to Li and Wang [13], one also
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considered the so-called para-Blaschke tensor (cf. [26]) defined by D := A 4+ AB for a real number \. After
the results in [2] and [26], Li and Wang [16] proved that a hypersurface in S"*! must be Mobius isoparametric
provided that ® = 0 and D™ (for some A € R) has more than two distinct constant eigenvalues. Together
with results given by Li and Wang [13] and Zhong and Sun [26] and Theorem 1.1 given by Li et al. [15], Li
and Wang’s [16] above-mentioned result finally completes the classification of umbilic-free hypersurfaces with
the conditions ® = 0 and that D™ has constant eigenvalues for some X\ € R.

From the fact that the four Mobius invariants g, B, A, and ® are related by the complicated integrability
conditions, in [8] the authors studied Mobius isoparametric hypersurfaces of S"™! by focusing on the relation

between its two conditions. As a result they obtained the following

Theorem 1.1 ([8]) Let x : M™ — S™*L be an umbilic-free hypersurface. Assume that ® is parallel, namely
when denoting V the Levi-Civita connection of the Mdobius metric g we have V® = 0, and that additionally it
satisfies either

(1) n=2, or
(2) n>3 and B has constant eigenvalues;

then we have ® = 0.

Theorem 1.1 implies that the two conditions of Mobius isoparametric hypersurfaces become equivalent to

that of V® =0 and all the Mébius principal curvatures are constant.
In this paper, instead of B we consider a natural counterpart of Theorem 1.1 on the Blaschke tensor

A, and even more general the para-Blaschke tensor D™ for some real number A. Exactly, we will prove the
following result:

Theorem 1.2 Let x : M™ — S"*! (n > 3) be an umbilic-free hypersurface such that, for some A € R, DX
has constant eigenvalues. Then the Mobius form satisfies V® = 0 if and only if ® =0.

Remark 1.3 Even though it looks similar, when compared with the proof of Theorem 1.1, that of Theorem 1.2
is more involved. In fact, only after finishing the complete classification of submanifolds in the unit sphere with
parallel Mébius second fundamental form [11, 24] do we come to realize some key facts in our present proof of
Theorem 1.2.

Remark 1.4 Related to Theorem 1.2 there have some other similar results. We recall that Zhang [25] showed
that if V® =0 and A = Ag for some smooth function, then ® = 0 and X\ is a constant. Furthermore, Xia
[23] showed that if V® =0 and A + AB = pug for some functions A, i, then ® =0 and thus the result given

by Li and Wang in [13] can also be achieved under some weaker condition.

Remark 1.5 The above two theorems and related facts motivate us to raise the following problem: Try to

construct an umbilic-free hypersurface x : M™ — S™*1 for which V® = 0 whereas ® # 0.

Finally, a combination of the results in [15, 16, 19, 21] would give the classification of Blaschke isopara-

metric hypersurface in S”*!. For the convenience of readers, as an immediate consequence of Theorem 1.2, we
would state the following results.
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Corollary 1.6 Let x : M™ — S*1 be an umbilic-free hypersurface with parallel Mébius form. If for some
A\ € R the para-Blaschke tensor DX has constant eigenvalues, then x is Mébius equivalent to an open part of
one of the following hypersurfaces:

(i) a hypersurface with constant mean curvature and constant scalar curvature in S**1 or the image of o of

a hypersurface with constant mean curvature and constant scalar curvature in R"™1, or the image of T

of a hypersurface with constant mean curvature and constant scalar curvature in the (n+ 1)-dimensional
hyperbolic space H"T1 of constant sectional curvature —1;

(ii) the image of o of a cone over a hypersurface with constant mean curvature and constant scalar curvature
in SF C RFF1 < R for some k < n;

(iii) the image of T of a rotational hypersurface over a hypersurface with constant mean curvature and constant

scalar curvature in HF < H L for some k < n.

Here the notations T and o and the construction of “cone” and “rotational hypersurface” are introduced later

in Section /.

We organize the paper as follows. In Section 2, we review the Mobius invariants and integrability
conditions for hypersurfaces in S"*!. In Section 3, we prove Theorem 1.2. In Section 4, we complete the proof

of Corollary 1.6.

2. Preliminaries
In this section, we recall some fundamental facts and formulas. For proofs and more details, we refer to Wang
[22].

For an immersed umbilic-free hypersurface z : M™ — S"*1 c R"*2 let {e;}?_; be a local orthonormal
basis with respect to the induced metric I = dz - dv and {0;};_; its dual basis. Let II = 37, ;hi;t; ® 0;
be the second fundamental form of x, with the squared length |[I7]|* = 3=, ;(hi;)* and the mean curvature
H = 1% h;;. The Mébius metric g of @ : M™ — S"*! satisfies g = p*dz - dx, where p? = 2=(||II||> —nH?).
Let B; = p~le;, w; = pb;; then {Fy,..., E,} is an orthonormal basis for (M™, g) with dual basis {w1,...,w,}.
Let w;; be the connection 1-form of the Mébius metric g; it is defined by the structure equations dw; =
> wij Awj, wij +wji = 0.

For z : M™ — S™1, we define its Blaschke tensor, its Mobius form, and its Mébius second fundamental
form by A = Z” Ajjw;Quw;, ® =3 Ciw;, and B = Z” Bjjw; @ wj, respectively. The coefficients B;j, A;j,

and C; can be calculated by the associated Euclidean invariants of z as follows (cf. [22]):

By; = p~ ' (hij — Héyj), (2.1)
Aij = _0_2{Hessij(log p) — ei(log p)e;(log p) — Hhij} (2.2)
— 172 (IIV(log p)|* — 1+ H?)5y5,
Ci = —p~{ei(H) + Y (hiy — Hoy)e; (log p) | (2:3)
7

where Hess;; and V are the Hessian matrix and the gradient with respect to dx - dx.
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The components of the covariant differentiation of ®, A, and B:

Vo = ZCi’jwiwj, VA = Z Aij,kwiijk, VB = Z Bij,kwiijk

] .5,k .3,k

are defined, respectively, by

Z Cijw; =dC; + Z Cjwji, (2.4)
J J
Z Aijpwr = dAij + Z Aigwij + Z ApjWris (2.5)
k % k
> Bijwwe = dBij+ Y Bigwr; + Y Brjwi. (2.6)
K k ke

The integrability conditions of the Mobius invariants are given by

Aijk — Airj = BirCj — Bij Cr, (2.7)
Cij—Cji= Z(BikAkj — Ai.Bij), (2.8)
e
Bijk — Bir,j = Crdij — Cjir, (2.9)
Rijii = BixBji — BuBji, + Airbji + Ajidir — Ajibs — Aitdjk, (2.10)

> Biu=0, Y (By)® =12, (2.11)

,J
where R;ji; denotes the components of the curvature tensor of g.

The second covariant derivative of C; is defined by

Z Ci,jkwk = dCi,j + Z Ck,jw;“' + Z Ci’kwkj. (2.12)
k k k

From the exterior differentiation of (2.4), we have the following Ricci identity:

Cijk — Cikj = > CiRujp. (2.13)
l

3. Proof of Theorem 1.2
Let  : M™ — S™! be an immersed umbilic-free hypersurface; we assume that V® = 0 and, for A € R,

the para-Blaschke tensor D) := A + AB has ¢ distinct constant eigenvalues D1, Do, ..., D, of multiplicities
mi,Ma, ..., my, respectively. Then around each point we can choose an orthonormal frame field {E;}, with

{w;} its dual, such that ® = Y, C;w; and moreover D™ is diagonalized:

A
DY = Aij + ABij = didy;. (3.1)
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Without loss of generality, we assume that the matrix (D;;) takes the form

(DY) = diag (D1,...,D1,Ds,...,Da,...,Dy,...,Dy). (3.2)

j

m1 mo me
In the sequel we denote [i] = {j|d; =d;} and Z, = {i|d; = D5}, 1 < s < t.

Lemma 3.1 The orthonormal frame field {E;} can be chosen such that, in addition to (3.2), the components
of ® take the form

(C1,Cs,...,Cn) = (C1,0,...,0,C5,0,...,0, -+, Cf,0,...,0) (3.3)
——
my ma mg

Proof According to (3.2) we consider each eigenspace of DM corresponding to its eigenvalue D, and aim
at finding its new orthonormal basis such that (3.3) holds.

For s =1, we make the following orthogonal transformation
(El, R 7Em1) = (El, ey Eml)Tla T, € SO(ml),
where if (Cy,...,Cp,) =0 we take Ty =id, whereas if (C4,...,Cy,,) # 0 we take T; such that

o ClE1+CgE2+~-~+Cm1Em1
1= .
\/0124—0224—---4—(]3,“

Similarly, for s = 2, we make the following orthogonal transformation

(Em1+17 e 7Em1+m2> = (Em1+17 sy Em1+m2)T2) T2 € So(m2>7

where if (Cpyy41,-- -5 Cmy+m,) = 0 we take Ty = id, whereas if

(Cmr‘rl’ SRR Cm1+m2) 7é 0

we take T such that

E. _ Om1+1E7n1+1 + Cm1+2Em1+2 +-- 4+ Om1+7rngm1+m2
mi+1 — 2 2 5 .
\/Cmr‘rl + Cm1+2 +oe Tt Cm1+m2

Repeating this procedure up to s = ¢, we will have an orthonormal frame field {E1,..., E,}, defined by

T,
_ T,
(El,...7En):(E1,...,En) . , TSGSO(mS).
T,
Let {@;} be the dual frame of {E;} and we write ® = Y, C;@; ; then it is easily seen that with respect
to {E;}7, both (3.2) and (3.3) hold, e.g., if >, Ciw; # 0, then, by denoting E; = bj1 E1 + +++ 4 bjm, Em, ,
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2 < j < mq, we have

Cr=®(E1) =Y Ciws(Er) = /R + C3 ++ -+ C3, £0,
i=1

éj:‘I’(Ej)chiwi(Ej):ZCibji:O, 2§j§m1
i=1 i=1

Hence we complete the proof of Lemma 3.1. O

From now on, we will take orthonormal frame fields {E;}?_; such that both (3.2) and (3.3) hold.

Lemma 3.2 Assume that V® = 0 and that in (3.1) all {d;} are constants: then we have:

By =0, Ay =0, if [i] #[j], (3.4)
Dij 1 =0, if [i] = [4], (3.5)
CsRsiji = 0, if [i] = [k] # [j], j € s, (3.6)
where
S Dijgwr = dDY + 3" DYwiy + 3 DY wi. (3.7)
k k k

Proof Since V® =0, from (2.8) and (3.1), we get

from which (3.4) immediately follows.

Substitute (3.1) into (3.7), and using the assumption that d; = const. we obtain
Z Dijj pwi = (di — dj)wij, Vi, 7, (3.9)
k

which implies (3.5).
By using (2.10), (3.1), and (3.4), we have

Riijr, =0, if [i] = [K] # [j] and [I] # [5]. (3.10)

On the other hand, the condition V&® = 0 implies that C; jx = 0. Then, by (2.13) and (3.10), we get

0= CiRujk, if [i] = [k] # [4]. (3.11)
leli)
Combining (3.11) with (3.3), we immediately get (3.6). O

Lemma 3.3 Assume that V® = 0 and ® # 0; then in (3.3) at least two elements of {C1,Cs,...,Cs} are
nonzero.
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Proof Since ® # 0, without loss of generality, we assume that C7 # 0.
Suppose on the contrary that if C7 =0 for all 2 < ¢ <t, then, by (2.4), we have

0=> Cijw; =Ciwi;, i#1.
J
Thus, we obtain wj; = 0 for all 4. Then, from (3.9), we obtain that
Dy, =0, Vik.

This combining with (3.1), (3.5), (2.7), and (2.9) gives that

0= D1 — Dix1 = BixC1 — B;j1Cr + A(0;1Cr — 0 Cy), if [i] = [K].

It follows that
Ci(Bir, — M) = Cp(By1 — Nj1), if [i] = [K].

From (3.13) and (3.4), we obtain
B = Mg, if (i, k) # (1,1).

Hence, by (2.11), we have
Bit+(n—1)A=0, (Bi)’+(n—1)A* = 2L,

(3.12)

(3.13)

(3.14)

It follows that = has two distinct constant principal curvatures. By Theorem 1.1 we know that ® = 0, which

is a contradiction.
We complete the proof of Lemma 3.3.

Using Lemma 3.3, we can further get the following result.

Lemma 3.4 Assume that V® =0 and ® #£0; then t < 3.

Proof According to Lemma 3.3, we can assume that Cj # 0 and C5 # 0.
If ¢ > 4, then (3.6) implies that

0 = Ris13 = B11Bsg + D1 + D3 — A(B11 + Bs3),
0 = Rizia = BriBaa + D1 + Dy — A(Bi1 + Bag),
0 = Ra323 = ByaBsg + Da + D3 — A(Bya + Ba3),
0 = Rsi1 = B33 Baz + D2 + Dy — AN(Bs3 + Baa).

From (3.15) and (3.17), we obtain

(Bsg — \)(B11 — Bs

+
S
|
S
I
o

Similarly, from (3.15), (3.16), we get
(Bri — A)(Bsz — Baa) + D3 — D = 0.
Since Dy # Dy and D3 # Dy, (3.19) and (3.20) show that

(Bii — Ba3)(Bs3 — Baa) # 0.

1186
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On the other hand, (3.15)+(3.18)-(3.16)-(3.17) immediately gives that
0 = (Bii — Bg3)(Bs3 — Baa),
which is a contradiction to (3.21). This proves Lemma 3.4. O

Proof of Theorem 1.2 It is sufficient to prove the nontrivial part, i.e. if we assume that V® = 0 and for
some A € R the para-Blaschke tensor D) of z has constant eigenvalues, then it must be that ® = 0.

First of all, according to Lemma 3.3, the assertion holds if t = 1. Alternatively, another proof of this

case can be found in [23].

Next, suppose on the contrary that ® # 0; making use of Lemma 3.4, we will derive a contradiction by
dividing the remaining discussions into two independent cases:

(i) t=2, n>3;
(ii) t=3, n>3.

Case (i). t =2, n > 3. We assume that C; # 0 and C5 # 0.
From (3.5), (3.1) and (2.7), (2.9), we have

0=1Dyip — Dupi = BapCi — BaiCy + A(6,1Cp — 0 C1), if a,b € Iy,

0= Dyay — Dpgz = BpaCs — BysCy + A(6,3Cy — 6,4C3), if p,q € T, 522
The above equations and (3.3) imply that

Bap = Mo, if a,b€ 7y and (a,b) # (1,1), (3.23)
Bpq = Npq, if p,q € I and (p, q) # (2,2). (3.24)

Hence, by (3.23), (3.24), and (2.11), we get
{ZZ« Bii = Bii + Bss + (n — 2)A = 0, (3.25)

>2.;(Bij)® = (Br1)? + (B3z)® + (n — 2)\% = 2L,
Since A\ = counst., by (3.25) we know that

Bi; = const., Bss = const. (3.26)

Hence all Mo6bius principal curvatures are constant. By Theorem 1.1 we obtain ® = 0, which is a
contradiction.
This completes the proof of Case (i).

Case (ii). t =3, n > 3.

In this case, we assume that the para-Blaschke tensor D) has three distinct constant eigenvalues
Dy, D5, D3 of multiplicities m1, ms, ms, respectively.
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If n = 3, according to Lemma 3.3, without loss of generality, we can assume that Cy # 0 and Cs # 0;
then, by (3.6), (2.10), and (3.1), we get

0 = Ri212 = B11Baa + D1 + Dy — A(B11 + B22), (3.27)
0= Ri313 = B11Bss + D1 + D3 — A(B11 + Bss), (3.28)
0 = Ra323 = Bo2B3g + Dy + D3 — A\(Baz + Bs3). (3.29)

Then the summation (3.27)+(3.28) gives that
By1(Baa + Bs3) + 2Dy + Dy + D3 — A(2B11 + Bay + Bay) = 0. (3.30)
This, together with the fact Bi; + Bos + B3z = 0, implies that
(B11)* + AB11 — (2D1 + Dy + D3) = 0.

Hence Bj; = const. and thus by (2.11) we see that all the Mobius principal curvatures are constant. By

Theorem 1.1 we obtain the desired contradiction.
If n >4, again we assume that C7; # 0 and C5 # 0. Then, by (3.6), we obtain

Ri;i;, = Raj3, =0, Vi€l UZs, YV keI UTs.

It follows from (3.1) and (2.10) that

Bs3Bir — AM(Bgz + Brg) = — (D1 + Ds), V k€T, (3.31)
BiiBii — M(Bi1 + Bii) = —(D1+ D2), Vi€, (3.32)
BiiBj; — X(Bi1 + Bj;) = —(D1 + Ds), V j €13, (3.33)
B33 By — AN(Bsz + Brg) = — (D2 + D3), V k € Ts. (3.34)
Now the subtraction (3.32)—(3.33) gives that
(Bii — )\)(B” — Bj]) = D3 — D2 7& 0, 1€ 1-27 _j S Ig.
Analogously, from (3.32), (3.33), and (3.34), we can get
(Bazg = A)(Brr — Bjj) = D3 — D1 #0, k€T, j€Is,
(B3 — A)(Bz — Bii) = D1 — D # 0.
The above equations imply that
Bii # A, By # A, Bsz # A (3.35)
Again, using the equations (3.31)—(3.34), we get
(Bii — A)(Bii — Bj;) =0, if [i] = [j] # [1], (3.36)
(Bsz — A)(Bis — Bj;) =0, if [i] = [j] = [1]. (3.37)
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Hence, we have
Bii = Bjj # A, if [i] = [j]. (3.38)

Claim 1. m; =my =1 and C5 =0.
In fact, if my > 2, similar to (3.22), from (3.5), (3.1) and (2.7), (2.9), we get

0=Duiq— Dyai = BaaCi1 — ByiCa + AM0,1Ca — 044C1), if a € 1. (3.39)

It follows that Bu, = A for all a € Zy,a # 1, a contradiction to (3.38).
Hence we have m; = 1. Similarly, we also have my = 1.
Finally, if C5 # 0, then we have 1 = mg =n — 2 > 2, still a contradiction.

This verifies Claim 1.
From (3.6), (2.10) and (3.1), (3.4), we get

0 = Ry = Bi1Bix + Aix = (B11 — A\)Bir, if i,k €13, i #k.

From the fact Bii # A, we have
By, =0, if i,k €I, i # k. (340)

From the above discussion, we get
(Bij) = diag(B11, B22, Bss, - . ., Bs3). (3.41)
Using the fact By1 + Bas + m3gBss = 0 we get
(B11)* + Ba2Bi1 + m3Bsz By = 0.
This combining with (3.32) and (3.33) gives that
(B11)? + Am3Bi1 — [(1 +m3)D1 + D2 + mgDs] = 0.

Thus Bj; = const. and therefore, by (2.11), all B;; (1 < i < n) are constant. By Theorem 1.1 we know that
® = 0, again a contradiction.

This completes the proof of Case (ii).

We have completed the proof of Theorem 1.2.

4. Proof of Corollary 1.6
Let H"*? denote the (n + p)-dimensional hyperbolic space of constant sectional curvature —1, which can be
defined by

H"™? = {(y0,51) € RT X R™P| — 43 +y1 - 51 = —1},

where - denotes the canonical Euclidean inner product. Let 81“7 be the open hemisphere in S**? whose
first coordinate is positive. Then we have two conformal diffeomorphisms o : R"*? < §"*7\ {(—1,0)} and

T HYP Srfrp as follows:

_ 17\u|2 2u n—+
O'(U) - (1+‘u|2 ) W)7 (RS R P’ (41)
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T(y07y1) = (y%7 %)a (yanl) € Hn+p' (42)

By use of o and 7, we can regard submanifolds in R**? and H"*? as submanifolds in S**7, respectively.

Definition 4.1 ([14]) Given an immersed r-dimensional submanifold v : M"™ — S"™P | for n > r+1, the cone

¢ over u in R"P s defined by
€: M xRY x R*77H o RTPPHL 5 R = RMP

with €(q,t,v) = (tu(q),v), where g € M", t € R* and v e R*~""1.

Definition 4.2 ([14]) Let RE™Y = {(z1,...,2511) € R¥ Yz > 0} be the upper half-space, and u =

(U1, . upry) @ MF — R’frl be an immersed hypersurface. The rotational hypersurface over u in R™! s
defined as

fiMPxSsTh 5 R

f(Qav) = (U(Q)av) = (7.61, ce 7uk7uk+lv)a

where ¢ € M* and v € S*7F.

Proof of Corollary 1.6.

Assume that the umbilic-free hypersurface = : M"™ — S"*! satisfies V@ = 0 and, for A € R, the
para-Blaschke tensor D™ has constant eigenvalues.

First, from Theorem 1.2 we have ® = 0.

Next, if D™ has exactly one eigenvalue, then by [13], = is Mobius equivalent to one of the hypersurfaces
as stated in (i).

If DX has two distinct eigenvalues, then, according to Zhong and Sun [26],  is Mobius equivalent to an
isoparametric hypersurface with two principal curvatures in S**!, or a hypersurface as indicated in Example
3.2 or Example 3.3 of [26]. It can be verified that the hypersurface in Example 3.2 there is Mobius equivalent
to the cone in Definition 4.1, and the hypersurface in Example 3.2 there is M&bius equivalent to the rotational
hypersurface in Definition 4.2. Thus, in this case, x is M6bius equivalent to one of the hypersurfaces as stated
in (i), or (ii), or (iii). Here we would mention that the above Examples 3.2 and 3.3 in [26] were restated as
hypersurfaces (€;) and (€3) in Theorem 5.9 of [7], respectively.

Finally, if D) has more than two distinct eigenvalues, then, according to [16], « is M&bius isoparametric
and, by the main theorem of [15], z is locally Mobius equivalent to either the image of o of an isoparametric
hypersurface in S"*!, or the cone over an isoparametric hypersurface in S¥ ¢ R¥+! <3 R**+1 (k < n). Hence,
x is locally Mobius equivalent to one of the hypersurfaces as stated in (i) or (ii).

This completes the proof of Corollary 1.6.
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