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Abstract: In this note, we obtain that all separable Fréchet—Hilbert spaces have the property of smallness up to a
complemented Banach subspace (SCBS). Djakov, Terzioglu, Yurdakul, and Zahariuta proved that a bounded perturbation
of an automorphism on Fréchet spaces with the SCBS property is stable up to a complemented Banach subspace.
Considering Fréchet—Hilbert spaces we show that the bounded perturbation of an automorphism on a separable Fréchet—
Hilbert space still takes place up to a complemented Hilbert subspace. Moreover, the strong dual of a real Fréchet—Hilbert

space has the SCBS property.
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1. Introduction

We denote by U(X) the collection of all closed, absolutely convex neighborhoods of the origin, and B(X)
the collection of all closed, absolutely convex, and bounded subsets of a locally convex space X. We write
(X,Y) € BF when every continuous linear operator from X into X that factors over Y is bounded.

A locally convex space X satisfies the property of smallness up to a complemented Banach subspace
(SCBS) if for all A € B(X), for all U € U(X) and for all € > 0, there are complementary subspaces B and C
of X such that B is a Banach space and A C B+eUNC'. In [4], it was obtained that a bounded perturbation
of an automorphism on a Fréchet space X with the property SCBS is stable up to some complemented Banach
subspace and all Banach valued #P-Ko6the spaces have this property. It was essential there to get the generalized
Douady lemma in [9].

By the Fredholm operator theory, isomorphisms of the spaces X7 xY; & X5 x Y5 such that any continuous
linear operator from X; to Y5 and from X5 to Y; is compact implies an isomorphism of Cartesian factors up to
some finite dimensional subspace. This approach was generalized by using boundedness instead of compactness
and obtained the isomorphism up to some complemented Banach subspace [4].

In particular, more general forms of Kothe, say ¢-Kothe spaces, are considered in [1] and it was proved
that all ¢-Kothe spaces satisfy the SCBS property. Moreover, this property does not pass to subspaces or
quotients.

In this work, we consider the Fréchet—Hilbert spaces (hilbertizable Fréchet spaces) and prove that all

separable Fréchet-Hilbert spaces have the SCBS property. In this case, we show that a bounded perturbation
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of an automorphism on a separable Fréchet—Hilbert space X will be stable up to some complemented Hilbert
subspace. In addition, the strong dual of real Fréchet—Hilbert spaces also satisfies the SCBS property.

Since normable Fréchet—Hilbert spaces are exactly Hilbert spaces, we consider only nonnormable Fréchet—
Hilbert spaces.

2. Preliminaries

A Fréchet space X is called a Fréchet—Hilbert space if its topology is generated by a fundamental system of

1/2

/7, (neN), and X is complete in each seminorm p,, .

Hilbert seminorms p,(x) = (z, x)

If X is the strict inductive limit of the sequence X,, of locally convex spaces, we write X = s —lim X, .
—

If X,, are Banach spaces (resp. Hilbert spaces) then X is strict LB—spaces (resp. strict LH —spaces).
Recall that a Fréchet space X is called a quojection if, for every continuous seminorm p on X, the space

X/Kerp is Banach when endowed with the quotient topology. It is easily seen that X is a quojection if it is

isomorphic to the projective limit of a sequence of Banach spaces with respect to surjective mappings [7].

Following Nachbin [8], a locally convex space X is said to have the openness condition if
YU eU(X) FVeldX) VWeld(X) Je>0:V CcW+ Kerpy,

that is, X/Kerpy with the quotient topology is normable for every U € U(X). Fréchet spaces with the
openness condition are exactly quojections [2]. On the other hand, quojections satisfy the openness condition.

For a quojection X the strong dual X’ is a strict (LB)—space (see [10]).

3. Fréchet—Hilbert spaces

In this section, we consider the separable Fréchet—Hilbert spaces and obtain some applications. First, we prove

the following.
Proposition 1 FEvery separable Fréchet—Hilbert space X has the SCBS property.

Proof Every separable Fréchet-Hilbert space is isomorphic to the space w = RN of all scalar sequences, or

2

i of locally square summable double

to the space £2 x w, or to the space (¢2)N, in particular the spaces ¢
sequences and the space £7 (R) isomorphic to the space (¢2)N [10]. We see that these countable products of
Banach-spaces can be understood as Banach valued Kothe spaces, that is, the kth row of the Kéthe matrix will

be e; +eg + -+ + eg, and it is known that all Banach valued Kothe spaces have the SCBS property [4]. O

Now we have the following result if we follow the steps of the proof in [4].

Theorem 1 If X is a separable Fréchet—Hilbert space and T : X — X is a bounded (resp.compact) operator,
then there exist complementary subspaces H and C such that:

(i) H is Hilbert (resp. finite-dimensional) space; and

(ii) the operator 1¢ — wcTic is an automorphism on C, where w¢ and ic are the canonical projection onto

C' and embedding into X , respectively.

Proof Let T:X — X be a linear bounded operator. Then 3V € U(X) such that T(V) is bounded in X,
ie.

YU e U(X) 3My >0:py(Tz) < Mypy(x)
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Since every separable Fréchet—Hilbert space has the SCBS property, there exist complementary subspaces H
and C of X such that H is a Hilbert (resp. finite dimensional) space and

1
T(V)C H+ iVﬁC.
Let T = n¢Tic : C — C. Then we obtain
1
pv(Tiz) < §pv($), Vo e C.
We show that 1o — T3 is an automorphism on C'. Consider the series

Se=x+Tar+Tiz+ - +Tx+---, YoreC (3.1)

It is convergent in C because YU € U(X), m = 1,2,... , and we obtain

B 1 . 1 m—1
pu(Tz) < Mypy (T 'z) < My (2) pv (T %2) < MU<2) pv(x)

and so by Banach—Steinhaus theorem, (3.1) defines a continuous linear operator S : C — C'. Since (1¢ —

T1)Sz = S(1¢ — Th)x = x, the operator S is the inverse to the operator 1¢ — T . O

Now, by the theorem above, we obtain a modification of the generalized Douady lemma in [9], in exactly the

same way as in [4].

Theorem 2 Suppose X; is a separable Fréchet—Hilbert space and Xa,Y1,Ys are topological vector spaces. If
X1 xY1 2 Xy xYy and (X1,Y2) € BF then there exist complementary subspaces Hq,Cq in X1 and Ha,Cs in
Xo such that Hy is a Hilbert space, C1 =2 Cs, and Hy X Y1 = Hs X Y5,

If in addition (Xo,Y1) € BF, then Hs is a Hilbert space.

A locally convex space X is said to satisfy the vanishing sequence property (vsp) if given any strongly
convergent sequence (z,) there is m € N such that z, = 0 if n > m. Furthermore, a Fréchet space satisfies

the vsp if and only if it has a continuous norm (see [3]). Using this fact, we obtain the following application.

Proposition 2 Suppose X1, Xs are separable Fréchet—Hilbert spaces and Y1,Ys are Fréchet spaces admitting
continuous norms. If X1 x Y] & Xy X Ys, then there exist complementary subspaces Hy,C1 in X1 and Ho, Co
i Xo such that Hy and Hs are Hilbert spaces, Ch1 = Cy, and Hy X Y1 = Hy X Ys.

Proof Since Fréchet—Hilbert spaces are reflexive and separable ones are trivial quojections (see [10]), from
Corollary 10 in [3], we obtain that (X7,Ys) € B, (X2,Y1) € B. Since X; and X, satisfy the SCBS propery, by
Theorem 2, there exist complementary subspaces Hy,C7 in X7 and Hs,C5 in X5 such that H; and Hs are
Hilbert spaces, C7 = Cy, and Hi X Y7 & Hy X Y5. In this application, we used the relation B instead of the
weaker relation BF . O
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4. Strong dual of Fréchet—Hilbert spaces

It is known that, if X is a strict inductive limit of Banach spaces and A € B(X), then A is contained and
bounded in some Banach space B from the inductive limit system. Since the limit is strict then B is a subspace
of X (see 2.5.13 in [5]).

It is not hard to verify that a Fréchet space X is complete in a seminorm p,, if and only if the quotient
space X/Kerp, is a Banach space in the associated norm p,,. Therefore, in the case of a Fréchet—Hilbert space

X, the quotient spaces X/Kerp, are Hilbert spaces in the norms p, .
Theorem 3 If X is a real Fréchet—Hilbert space, the strong dual of X has the SCBS.

Proof Let X be a real Fréchet—Hilbert space. Then its strong dual X’ = s — lim H,, is a strict (LH)-space
—

where each Hilbert subspace H,, has a topological complement in X’ [10]. If A € B(X'), then A is contained
and bounded in some Hilbert space H from the inductive system, which is complemented. That is X’ has the
SCBS property. Here the smallness is trivial since the Hilbert subspace chosen is independent of € and U. O

Remark 1 The space of all sequences w = H X, where X =R is the real line for all k, is a Fréchet—Hilbert
k=1

o0

space [10]. Strong dual X' is the direct sum of Banach spaces dual to Xy, i.e. X' = ZXk'. Locally convex
k=1

direct sum of Banach spaces has the SCBS property trivially, since every bounded subset of it is contained and

bounded in a finite direct sum of its components (which is Banach) from the direct system, which is complemented

[6].
Corollary 1 If X is a real Fréchet—Hilbert space, then X has the openness condition.

Proof Let X be a real Fréchet—Hilbert space. Then it is the strict projective limit of a sequence of comp-

lemented Hilbert subspaces of it [10]. Therefore, being a quojection, it has the openness condition. O

References

[1] Abdeljawad T, Yurdakul M. The property of smallness up to a complemented Banach subspace. Publ Math Debrecen
2004; 64: 415-425.

[2] Bellenot SF, Dubinsky E. Fréchet spaces with nuclear Kéthe quotients. Trans Amer Math Soc 1982; 273: 579-594.

[3] Bonet J. On the identity L(E,F) = LB(E, F) for pairs of locally convex spaces E and F. Proc Amer Math Soc
1987; 99: 249-255.

[4] Djakov PB, Terzioglu T, Yurdakul M, Zahariuta V. Bounded operators and isomorphisms of Cartesian products of
Fréchet spaces. Michigan Math J 1998; 45: 599-610.

| Junek H. Locally Convex Spaces and Operator Ideals. Leipzig, GDR: B G Teubner, 1983.

| Meise R, Vogt D. Introduction to Functional Analysis. Oxford, UK: Clarendon Press, 1997.

[7] Moscatelli VB. Strongly nonnorming subspaces and prequojection. Studia Math 1990; 95: 249-254.
]

Nachbin L. A glance of holomorphic factorization and uniform holomorphy. North-Holland Math Studies 1986; 125:
221-245.
[9] Zahariuta VP. On the isomorphism of Cartesian products of locally convex spaces. Studia Math 1973; 46: 201-221.

[10] Zarnadze DN. Some topological and geometrical properties of Fréchet-Hilbert spaces. Russian Acad Sci Izv Math
1993; 41: 273-288.

1297



	Introduction
	Preliminaries
	Fréchet–Hilbert spaces
	Strong dual of Fréchet–Hilbert spaces

