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1. Introduction

Let [n1, . . . , nk] denote the least common multiple (LCM) and (n1, . . . , nk) denote the greatest common divisor

(GCD) of positive integers n1, . . . , nk . Although looking simple, their statistical behavior is nontrivial; see, for

example, the recent study [1] of the least common multiple function from the probabilistic point of view. A

related and natural question would be to study asymptotic formulas for mean values of the GCD and LCM

functions of several integer variables. For example, Diaconis and Erdős in [2] obtained the following asymptotic

formulas in the case of k = 2 variables:

∑
m,n≤x

(m,n) =
x2

ζ(2)

(
log x+ 2γ − 1

2
− ζ(2)

2
− ζ ′(2)

ζ(2)

)
+O(x3/2 log x)

and ∑
m,n≤x

[m,n]a =
ζ(a+ 2)

(a+ 1)2ζ(2)
x2a+2 +O(x2a+1 log x),

where a is any positive real number, γ is Euler’s constant, and ζ(s) is the Riemann zeta function. In [4]

the authors considered also the problem of establishing an asymptotic formula for the summation function of

the quotient [m,n]
(m,n) of the least common multiple and the greatest common divisor of integers m and n and

obtained the formula ∑
m,n≤x

[m,n]

(m,n)
=

π2

60
x4 +O(x3 log x).

For some interesting properties of the arithmetic function [m,n]
(m,n) we refer the reader to the recent paper [3], and

a more extensive bibliography of the related results in this area is presented in the introductory section of [4].
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Moreover, Hilberdink and Tóth in [4] derived more general asymptotic formulas, concerning the summa-

tion over k ≥ 3 arguments: for any real a > 0 and for any ϵ > 0 they obtained

∑
n1,...,nk≤x

[n1, . . . , nk]
a = Ca,k xk(a+1) +Oϵ

(
xk(a+1)− 1

2+ϵ
)

and ∑
n1,...,nk≤x

(
[n1, . . . , nk]

(n1, . . . , nk)

)a

= Da,k xk(a+1) +Oϵ

(
xk(a+1)− 1

2+ϵ
)

for some positive constants Ca,k and Da,k .

In this paper we will generalize these results (in the case of integer a) further and consider the arithmetic

function of k + ℓ variables:

f(n1, . . . , nk+ℓ) :=

[
[n1, . . . , nk]

a

(n1, . . . , nk)c
,
[nk+1, . . . , nk+ℓ]

b

(nk+1, . . . , nk+ℓ)d

]
.

This function satisfies

f(m1n1, . . . ,mk+ℓnk+ℓ) = f(m1, . . . ,mk+ℓ)f(n1, . . . , nk+ℓ),

for any m1, . . . ,mk+ℓ, n1, . . . , nk+ℓ ∈ N such that (m1 . . .mk+ℓ, n1 . . . nk+ℓ) = 1, i.e. f is an example of a

multiplicative arithmetic function of several variables. Using the methods from [4], we will prove the following

theorem:

Theorem 1.1 Let k ≥ 2, ℓ ≥ 1, a ≥ c ≥ 1 , and b ≥ d ≥ 0 be fixed integers. Then for every ϵ > 0 we have

∑
n1,...,nk+ℓ≤x

[
[n1, . . . , nk]

a

(n1, . . . , nk)c
,
[nk+1, . . . , nk+ℓ]

b

(nk+1, . . . , nk+ℓ)d

]
=

Ck,a,c;ℓ,b,d

(a+ 1)k(b+ 1)ℓ
xk(a+1)+ℓ(b+1)

+Oϵ

(
xk(a+1)+ℓ(b+1)− 1

2+ϵ
)

(1.1)

and

∑
n1,...,nk+ℓ≤x

[
[n1, . . . , nk]

a

(n1, . . . , nk)c
,
[nk+1, . . . , nk+ℓ]

b

(nk+1, . . . , nk+ℓ)d

]
(n1 . . . nk)a(nk+1 . . . nk+ℓ)b

= Ck,a,c;ℓ,b,d xk+ℓ +Oϵ

(
xk+ℓ− 1

2+ϵ
)
, (1.2)

where the constant Ck,a,c;ℓ,b,d is given by the Euler product

∏
p

(
1− 1

p

)k+ℓ ∞∑
ν1,...,νk+ℓ=0

pmax{(amax−cmin){ν1,...,νk},(bmax−dmin){νk+1,...,νk+ℓ}}

p(a+1)(ν1+···+νk)+(b+1)(νk+1+···+νk+ℓ)
.

Here and throughout the paper we will use the following notation:

(amax−cmin){ν1, . . . , νk} := a ·max{ν1, . . . , νk} − c ·min{ν1, . . . , νk}.

As an illustration, we obtain the following corollaries:
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Corollary 1.2 For every ϵ > 0 we have

∑
n1,n2,n3≤x

[
[n1, n2]

(n1, n2)
, n3

]
=

C2,1,1;1,1,0

8
x6 +Oϵ

(
x

11
2 +ϵ

)
and

∑
n1,n2,n3≤x

[
[n1, n2]

(n1, n2)
, n3

]
n1n2n3

= C2,1,1;1,1,0 x3 +Oϵ

(
x

5
2+ϵ
)

where

C2,1,1;1,1,0 = ζ(3)ζ(4)
∏
p

(
1− 3

p2
+

3

p3
− 2

p4
+

1

p5

)
. (1.3)

Corollary 1.3 For every ϵ > 0 we have

∑
n1,n2,n3≤x

[
[n1, n2]

3

(n1, n2)
, n2

3

]
=

C2,3,1;1,2,0

48
x11 +Oϵ

(
x

21
2 +ϵ

)
and

∑
n1n2,n3≤x

[
[n1, n2]

3

(n1, n2)
, n2

3

]
n3
1n

3
2n

2
3

= C2,3,1;1,2,0 x3 +Oϵ

(
x

5
2+ϵ
)
,

where

C2,3,1;1,2,0 = ζ(3)ζ(6)ζ(9)ζ(11)
∏
p

(
1− 3

p2
+

1

p3
+

2

p4
− 1

p5
+

2

p6
− 7

p7
+

10

p8
− 9

p9

+
5

p10
− 1

p11
− 1

p12
+

5

p13
− 9

p14
+

10

p15
− 7

p16
+

2

p17
− 1

p18
+

2

p19
+

1

p20
− 3

p21
+

1

p23

)
. (1.4)

By the method of the proof in Theorem 1.1 we obtained the relative error of size O(x−1/2+ϵ). It remains

an interesting open question to determine the best possible exponent in the error term.

2. Proof of Theorem 1.1

To prove this theorem we need the following lemma:

Lemma 2.1 For integers k ≥ 2, ℓ ≥ 1 , a ≥ c ≥ 1 , and b ≥ d ≥ 0 we have

L(z1, . . . , zk+ℓ) : =

∞∑
n1,...,nk+ℓ=1

[
[n1, . . . , nk]

a

(n1, . . . , nk)c
,
[nk+1, . . . , nk+ℓ]

b

(nk+1, . . . , nk+ℓ)d

]
nz1
1 . . . nzk

k n
zk+1

k+1 . . . n
zk+ℓ

k+ℓ

= ζ(z1 − a) . . . ζ(zk − a)ζ(zk+1 − b) . . . ζ(zk+ℓ − b) H(z1, . . . , zk+ℓ), (2.1)

where the multiple Dirichlet series H(z1, . . . , zk+ℓ) is absolutely convergent for

ℜz1, . . . ,ℜzk > a+
1

2
and ℜzk+1, . . . ,ℜzk+ℓ > b+

1

2
. (2.2)

1300



ALGALI/Turk J Math

Proof Since the function

(n1, . . . , nk+ℓ) 7−→
[
[n1, . . . , nk]

a

(n1, . . . , nk)c
,
[nk+1, . . . , nk+ℓ]

b

(nk+1, . . . , nk+ℓ)d

]
is a multiplicative function of k + ℓ variables, the multiple Dirichlet series L(z1, . . . , zk+ℓ) has the following

Euler product expansion:

L(z1, . . . , zk+ℓ) =
∏
p

∞∑
ν1,...,νk+ℓ=0

pmax{(amax−cmin){ν1,...,νk},(bmax−dmin){νk+1,...,νk+ℓ}}

pν1z1+...+νkzk+νk+1zk+1+...+νk+ℓzk+ℓ
.

In each Euler’s local factor, we single out the contribution of the terms for which ν1 + . . .+ νk+ℓ ≤ 1:

L(z1, . . . , zk+ℓ) =
∏
p

(
1 +

pa

pz1
+ . . .+

pa

pzk
+

pb

pzk+1
+ . . .+

pb

pzk+ℓ
+

+
∑

ν1+...+νk+ℓ≥2

pmax{(amax−cmin){ν1,...,νk},(bmax−dmin){νk+1,...,νk+ℓ}}

pν1z1+...+νk+ℓzk+ℓ

 . (2.3)

Now, for (z1, . . . , zk+ℓ) in the region ℜz1, . . . ,ℜzk ≥ δ1 > a , ℜzk+1, . . . ,ℜzk+ℓ ≥ δ2 > b (for some fixed

δ1 > a, δ2 > b), we have that∣∣∣∣pmax{(amax−cmin){ν1,...,νk},(bmax−dmin){νk+1,...,νk+ℓ}}

pν1z1+...+νk+ℓzk+ℓ

∣∣∣∣ ≤ pa(ν1+...+νk)+b(νk+1+...+νk+ℓ)

pδ1(ν1+...+νk)+δ2(νk+1+...+νk+ℓ)

=
1

p(δ1−a)(ν1+...+νk)+(δ2−b)(νk+1+...+νk+ℓ)
.

Therefore, since Nk(n) := #{(ν1, . . . , νk) | ν1 + . . .+ νk = n} =
(
n+k−1
k−1

)
, the sum over ν1 + . . .+ νk+ℓ ≥ 2 in

(2.3) is bounded by ∑
m+n≥2

Nk(m)Nℓ(n)

p(δ1−a)m+(δ2−b)n
= O

(
1

p2(δ1−a)
+

1

p2(δ2−b)

)
.

Hence, for ℜzj > max{a+ 1, δ1} for all 1 ≤ j ≤ k and ℜzj > max{b+ 1, δ2} for all k + 1 ≤ j ≤ k + ℓ we have

H(z1, . . . , zk+ℓ) :=L(z1, . . . , zk+ℓ)ζ
−1(z1 − a) . . . ζ−1(zk − a)ζ−1(zk+1 − b) . . . ζ−1(zk+ℓ − b)

=
∏
p

(
1− 1

pz1−a

)
. . .

(
1− 1

pzk−a

)(
1− 1

pzk+1−b

)
. . .

(
1− 1

pzk+ℓ−b

)

×
(
1 +

1

pz1−a
+ . . .+

1

pzk−a
+

1

pzk+1−b
+ . . .+

1

pzk+ℓ−b
+O

(
1

p2(δ1−a)
+

1

p2(δ2−b)

))
=
∏
p

(
1 + O

(
1

p2(δ1−a)
+

1

p2(δ2−b)

))
, (2.4)

since the terms ± 1
pzj−a and ± 1

pzj−b cancel out.

The Euler product in (2.4) converges absolutely for δ1 > a+ 1
2 and δ2 > b+ 1

2 . Thus, the identity (2.1)

holds in the product of half-planes (2.2). 2
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Proof (of Theorem 1.1). Let us define the multiplicative function h(n1, . . . , nk+ℓ) as coefficients of the multiple

Dirichlet series expansion of the function H(z1, . . . , zk+ℓ) from Lemma 2.1:

H(z1, . . . , zk+ℓ) =
∞∑

n1,...,nk+ℓ=1

h(n1, . . . , nk+ℓ)

nz1
1 . . . n

zk+ℓ

k+ℓ

.

From the identity (2.1) we obtain the following convolution identity between the corresponding arithmetic

functions:[
[n1, . . . , nk]

a

(n1, . . . , nk)c
,
[nk+1, . . . , nk+ℓ]

b

(nk+1, . . . , nk+ℓ)d

]
=

∑
j1d1=n1,...,jk+ℓdk+ℓ=nk+ℓ

ja1 . . . j
a
k jbk+1 . . . j

b
k+ℓ h(d1, . . . , dk+ℓ). (2.5)

By using this identity we get

∑
n1,...,nk+ℓ≤x

[
[n1, . . . , nk]

a

(n1, . . . , nk)c
,
[nk+1, . . . , nk+ℓ]

b

(nk+1, . . . , nk+ℓ)d

]

=
∑

j1d1≤x,...,jk+ℓdk+ℓ≤x

ja1 . . . j
a
k jbk+1 . . . j

b
k+ℓ h(d1, . . . , dk+ℓ)

=
∑

d1,...,dk+ℓ≤x

h(d1, . . . , dk+ℓ)
∑

j1≤ x
d1

ja1 . . .
∑

jk≤ x
dk

jak
∑

jk+1≤ x
dk+1

jbk+1 . . .
∑

jk+ℓ≤ x
dk+ℓ

jbk+ℓ

=
∑

d1,...,dk+ℓ≤x

h(d1, . . . , dk+ℓ)

(
xa+1

(a+ 1)da+1
1

+O

(
xa

da1

))
. . .

(
xb+1

(b+ 1)db+1
k+ℓ

+O

(
xb

dbk+ℓ

))

=
xk(a+1)+ℓ(b+1)

(a+ 1)k(b+ 1)ℓ

∑
d1,...,dk+ℓ≤x

h(d1, . . . , dk+ℓ)

da+1
1 . . . da+1

k db+1
k+1 . . . d

b+1
k+ℓ

+R(x), (2.6)

where the remainder term R(x) is bounded by

R(x) ≪
∑

u1,...,uk∈{a,a+1},
v1,...,vℓ∈{b,b+1},

(u1,...,uk,v1,...,vℓ )̸=
(a+1,...,a+1,b+1,...,b+1)

xu1+...+uk+v1+...+vℓ

∑
d1,...,dk+ℓ≤x

|h(d1, . . . , dk+ℓ)|
du1
1 . . . duk

k dv1

k+1 . . . d
vℓ

k+ℓ

. (2.7)

Here the first summation is over 2k+ℓ − 1 (k + ℓ)-tuples (u1, . . . , uk, v1, . . . , vℓ) in which at least one ui is a

or at least one vj is b . Let (u1, . . . , uk, v1, . . . , vℓ) be one such fixed (k + ℓ)-tuple with s ≥ 1 ui -coordinates

equal to a , for example (u1, . . . , us, us+1, . . . , uk, v1, . . . , vℓ) = (a, . . . , a, a + 1, . . . , a + 1, b + 1, . . . , b + 1). The

corresponding contribution on the right-hand side of (2.7) is bounded by

≪ xsa+(k−s)(a+1)+ℓ(b+1)
∑

d1,...,dk+ℓ≤x

|h(d1, . . . , dk+ℓ)|
da1 . . . d

a
sd

a+1
s+1 . . . d

a+1
k db+1

k+1 . . . d
b+1
k+ℓ
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= xsa+(k−s)(a+1)+ℓ(b+1)
∑

d1,...,dk+ℓ≤x

|h(d1, . . . , dk+ℓ)|d
1
2+ϵ
1 . . . d

1
2+ϵ
s

d
a+ 1

2+ϵ
1 . . . d

a+ 1
2+ϵ

s da+1
s+1 . . . d

a+1
k db+1

k+1 . . . d
b+1
k+ℓ

≤ xsa+(k−s)(a+1)+ℓ(b+1)+s( 1
2+ϵ)

∞∑
d1,...,dk+ℓ=1

|h(d1, . . . , dk+ℓ)|

d
a+ 1

2+ϵ
1 . . . d

a+ 1
2+ϵ

s da+1
s+1 . . . d

a+1
k db+1

k+1 . . . d
b+1
k+ℓ

,

for any ϵ > 0. Here, the exponents (a + 1
2 + ϵ, . . . , a + 1

2 + ϵ, a + 1, . . . , a + 1, b + 1, . . . , b + 1) belong to the

region of absolute convergence (2.2) and hence, by Lemma 2.1, the last multiple Dirichlet series converges to a

constant and we obtain the bound

≪ xk(a+1)+ℓ(b+1)− s
2+sϵ.

This is maximal for s = 1. Similarly we bound the contributions in (2.7) corresponding to all other (k+ℓ)-tuples

(u1, . . . , uk, v1, . . . , vℓ). Therefore, we get

R(x) ≪ xk(a+1)+ℓ(b+1)− 1
2+ϵ. (2.8)

Next we write the sum in the main term in (2.6) as follows:

∑
d1,...,dk+ℓ≤x

h(d1, . . . , dk+ℓ)

da+1
1 . . . da+1

k db+1
k+1 . . . d

b+1
k+ℓ

=
∞∑

d1,...,dk+ℓ=1

h(d1, . . . , dk+ℓ)

da+1
1 . . . da+1

k db+1
k+1 . . . d

b+1
k+ℓ

−
∑

∅≠I⊆{1,...,k+ℓ}

∑
di>x,i∈I
dj≤x,j /∈I

h(d1, . . . , dk+ℓ)

da+1
1 . . . da+1

k db+1
k+1 . . . d

b+1
k+ℓ

. (2.9)

The complete multiple Dirichlet series in (2.9) converges by Lemma 2.1 and is equal to H(a+ 1, . . . , a+ 1, b+

1, . . . , b + 1). For one fixed subset I , say I = {1, 2, . . . , s, k + 1, k + 2, . . . , k + t} , 1 ≤ s ≤ k , 1 ≤ t ≤ ℓ , the

corresponding contribution in (2.9) is bounded by

∑
d1,...,ds>x

ds+1,...,dk≤x
dk+1,...,dk+t>x

dk+t+1,...,dk+ℓ≤x

|h(d1, . . . , dk+ℓ)|
da+1
1 . . . da+1

k db+1
k+1 . . . d

b+1
k+ℓ

=
∑

d1,...,ds>x
ds+1,...,dk≤x

dk+1,...,dk+t>x
dk+t+1,...,dk+ℓ≤x

|h(d1, . . . , dk+ℓ)|d
− 1

2+ϵ
1 . . . d

− 1
2+ϵ

s d
− 1

2+ϵ

k+1 . . . d
− 1

2+ϵ

k+t

d
a+ 1

2+ϵ
1 . . . d

a+ 1
2+ϵ

s da+1
s+1 . . . d

a+1
k d

b+ 1
2+ϵ

k+1 . . . d
b+ 1

2+ϵ

k+t db+1
k+t+1 . . . d

b+1
k+ℓ

≤ x(s+t)(− 1
2+ϵ)

∞∑
d1,...,dk+ℓ=1

|h(d1, . . . , dk+ℓ)|

d
a+ 1

2+ϵ
1 . . . d

a+ 1
2+ϵ

s da+1
s+1 . . . d

a+1
k d

b+ 1
2+ϵ

k+1 . . . d
b+ 1

2+ϵ

k+t db+1
k+t+1 . . . d

b+1
k+ℓ

.

Here, the multiple Dirichlet series converges to a constant by Lemma 2.1 since

(
a+

1

2
+ ϵ, . . . , a+

1

2
+ ϵ, a+ 1, . . . a+ 1, b+

1

2
+ ϵ, . . . , b+

1

2
+ ϵ, b+ 1, . . . , b+ 1

)
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belongs to the region (2.2). For all I ̸= ∅ we have that s + t ≥ 1 and hence the total error introduced by

completing the series in (2.6) is again

O
(
xk(a+1)+ℓ(b+1)− 1

2+ϵ
)

and matches the bound for the remainder (2.8).

This proves the asymptotic formula (1.1), with the constant Ck,a,c;ℓ,b,d = H(a+1, . . . , a+1, b+1, . . . , b+1),

which can be explicitly calculated from Lemma 2.1:

Ck,a,c;ℓ,b,d =
∏
p

(
1− 1

p

)k+ℓ

×
∞∑

ν1,...,νk+ℓ=0

pmax{(amax−cmin){ν1,...,νk}, (bmax−dmin){νk+1,...,νk+ℓ}}

p(a+1)(ν1+...+νk)+(b+1)(νk+1+...+νk+ℓ)
.

Proof of (1.2): From Lemma 2.1, i.e. from the convolution identity (2.5), we obtain

[
[n1, . . . , nk]

a

(n1, . . . , nk)c
,
[nk+1, . . . , nk+ℓ]

b

(nk+1, . . . , nk+ℓ)d

]
(n1 . . . nk)a(nk+1 . . . nk+ℓ)b

=
∑

j1d1=n1,...,jk+ℓdk+ℓ=nk+ℓ

h(d1, . . . , dk+ℓ)

da1 . . . d
a
kd

b
k+1 . . . d

b
k+ℓ

.

Replacing this to the left-hand side of (1.2) we get

∑
n1,...,nk+ℓ≤x

[
[n1, . . . , nk]

a

(n1, . . . , nk)c
,
[nk+1, . . . , nk+ℓ]

b

(nk+1, . . . , nk+ℓ)d

]
(n1 . . . nk)a(nk+1 . . . nk+ℓ)b

=
∑

d1,...,dk+ℓ≤x

h(d1, . . . , dk+ℓ)

da1 . . . d
a
kd

b
k+1 . . . d

b
k+ℓ

∑
j1≤ x

d1

1 · · ·
∑

jk+ℓ≤ x
dk+ℓ

1

=
∑

d1,...,dk+ℓ≤x

h(d1, . . . , dk+ℓ)

da1 . . . d
a
kd

b
k+1 . . . d

b
k+ℓ

(
x

d1
+O(1)

)
. . .

(
x

dk+ℓ
+O(1)

)

= xk+ℓ
∑

d1,...,dk+ℓ≤x

h(d1, . . . , dk+ℓ)

da+1
1 . . . da+1

k db+1
k+1 . . . d

b+1
k+ℓ

+R1(x), (2.10)

where the remainder R1(x) is bounded by

R1(x) ≪
∑

u1,...,uk+ℓ∈{0,1}
(u1,...,uk+ℓ )̸=(1,1,...,1)

xu1+···+uk+ℓ

∑
d1,...,dk+ℓ≤x

|h(d1, . . . , dk+ℓ)|
du1
1 . . . d

uk+ℓ

k+ℓ

.

By the same arguments leading to the bound (2.8), here we obtain

R1(x) ≪ xk+ℓ− 1
2+ϵ.

Similarly, we can complete the multiple Dirichlet series in the main term in (2.10) with the cost of the error

term O
(
xk+ℓ− 1

2+ϵ
)
, which proves (1.2). 2
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3. Proofs of corollaries

Proof (of Corollary 1.2 ). By Theorem 1.1, we have that

C2,1,1;1,1,0 =
∏
p

(
1− 1

p

)3 ∑
a,b,c≥0

pmax{max{a,b}−min{a,b}, c}

p2(a+b+c)

=
∏
p

(
1− 1

p

)3 (
S1 + 2S2 + 2S3

)
,

where

S1 =
∑

a=b≥0
c≥0

1

p4a+c
=

1

1− 1
p

· 1

1− 1
p4

,

S2 =
∑

a>b≥0
0≤c<a−b

1

pa+3b+2c
=

1

1− 1
p2

 ∑
a>b≥0

1

pa+3b
−
∑

a>b≥0

1

p3a+b



=
1

1− 1
p2

 1

p
(
1− 1

p

) ∑
b≥0

1

p4b
− 1

p3
(
1− 1

p3

) ∑
b≥0

1

p4b


=

1

1− 1
p

· 1

1− 1
p4

· 1

p
(
1− 1

p3

)
and

S3 =
∑

a>b≥0
c≥a−b

1

p2a+2b+c
=

1

1− 1
p

∑
a>b≥0

1

p3a+b
=

1

1− 1
p

· 1

1− 1
p4

· 1

p3
(
1− 1

p3

) .
Then we obtain

S1 + 2S2 + 2S3 =
1 + 2

p + 1
p3(

1− 1
p

)(
1− 1

p3

)(
1− 1

p4

)
and hence

C2,1,1;1,1,0 =
∏
p

(
1− 1

p

)2(
1 + 2

p + 1
p3

)(
1− 1

p3

)(
1− 1

p4

) ,

which gives (1.3). 2

Proof (of Corollary 1.3). By Theorem 1.1, we have that

C2,3,1;1,2,0 =
∏
p

(
1− 1

p

)3 ∑
a,b,c≥0

pmax{3max{a,b}−min{a,b}, 2c}

p4(a+b)+3c

=
∏
p

(
1− 1

p

)3 (
S1 + S2 + 2S3 + 2S4

)
,
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where

S1 =
∑

0≤a=b<c

1

p8a+c
=

1

p
(
1− 1

p

) ∑
a≥0

1

p9a
=

1

p
(
1− 1

p

)(
1− 1

p9

) ,
S2 =

∑
0≤c≤a=b

1

p6a+3c
=

1(
1− 1

p6

)(
1− 1

p9

) ,
S3 =

∑
a>b≥0

3a−b<2c

1

p4a+4b+c

=
1

p
(
1− 1

p

) ∑
a>b≥0

a≡b (mod 2)

1

p
11
2 a+ 7

2 b
+

1

p
1
2

(
1− 1

p

) ∑
a>b≥0

a̸≡b (mod 2)

1

p
11
2 a+ 7

2 b

=
1

p12
(
1− 1

p

)(
1− 1

p11

) ∑
b≥0

1

p9b
+

1

p6
(
1− 1

p

)(
1− 1

p11

) ∑
b≥0

1

p9b

=
1(

1− 1
p

)(
1− 1

p9

)(
1− 1

p11

) ( 1

p6
+

1

p12

)
and

S4 =
∑

a>b≥0
3a−b≥2c≥0

1

pa+5b+3c

=
1

1− 1
p3

 ∑
a>b≥0

a≡b (mod 2)

1

pa+5b
− 1

p3

∑
a>b≥0

a≡b (mod 2)

1

p
11
2 a+ 7

2 b
+

∑
a>b≥0

a̸≡b (mod 2)

1

pa+5b
− 1

p
3
2

∑
a>b≥0

a̸≡b (mod 2)

1

p
11
2 a+ 7

2 b


=

1

1− 1
p3

(
1

p
(
1− 1

p

)(
1− 1

p6

) − 1(
1− 1

p9

)(
1− 1

p11

) ( 1

p7
+

1

p14

))
.

Collecting everything, we obtain (1.4). 2
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