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Abstract: A subgroup X of G is said to be inert under automorphisms (autinert) if |X : X® N X| is finite for all
a € Aut(G) and it is called strongly autinert if | < X, X% >: X| is finite for all a € Aut(G). A group is called
strongly autinertial if all subgroups are strongly autinert. In this article, the strongly autinertial groups are studied. We
characterize such groups for a finitely generated case. Namely, we prove that a finitely generated group G is strongly
autinertial if and only if one of the following hold:

i) G is finite;

ii) G = (a) X F where F is a finite subgroup of G and (a) is a torsion-free subgroup of G.

Moreover, in the preliminary part, we give basic results on strongly autinert subgroups.
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1. Introduction

Let X be a subgroup of a group G. If the index |X : X9 N X]| is finite for all g € G, then X is said to be
an inert subgroup of G. A group G is called totally inert, in other words inertial, if every subgroup of G is
inert. The inert subgroups were introduced by Belyaev [1] in 1993 and studied by many authors in a variety of
aspects. In [2] Belyaev et al. established inertial groups and these were later studied by Dixon et al. [7] and
Robinson [10].

In 2013, De Facto et al. [4] introduced the concept of a strongly inert subgroup of a group and investigated
the structure of strongly inertial groups. A subgroup X of G is called strongly inert if | < X, X9 >: X| is
finite for all g € G. A group G is called strongly inertial if all subgroups are strongly inert. One may see that
every strongly inert subgroup is also an inert subgroup. However, the converse is not true.

In this article, the concept of inert subgroups is extended by means of automorphisms. Let us call a
subgroup X of G inert under automorphisms, in short autinert, if |X : X* N X| is finite for all o € Aut(G),
and it is called strongly autinert if | < X, X* >: X| is finite for all « € Aut(G). In a similar manner, we say
that G is strongly autinertial if all subgroups are strongly autinert.

It is obvious that every autinert subgroup is inert and every strongly autinert subgroup is strongly inert.
In the literature, a similar generalization is studied for FC-groups, called VTA-groups. A group G is said to
be a virtually trivial automorphism group (VTA-group) if |G : Cg(«)]| is finite for all o € Aut(G). Menegazzo

and Robinson gave in [8] the necessary and sufficient conditions for a group to be a VTA-group.
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In [5], de Giovanni proved that every FC-group is strongly inertial. It is natural to ask whether the result

of de Giovanni can be drawn for VTA-groups. We answer this question positively in this article.

Theorem 1.1 Let G be a VTA-group. Then for any subgroup X of G and for any automorphism « € Aut(G),
G has an « invariant subgroup H containing X such that |H : X| is finite.

Corollary 1.2 Every VTA-group is strongly autinertial.

In general, the converse is not true. A cyclic torsion-free group G = (x) has the automorphism group
Aut(G) = {1,a} where z® = 271. Here Cg(a) is the trivial subgroup and so G is not a VTA-group. On
the other hand, any subgroup of G is a-invariant. Therefore, G is strongly autinertial. Furthermore, the
Priifer p-group Cpe is an example of a locally finite infinitely generated strongly autinertial group that is not
a VTA-group.

For finitely generated VTA-groups, Menegazzo and Robinson gave the following characterization.

Theorem 1.3 [8] A finitely generated group G is a VTA-group if and only if it is either finite or the split
extension of a finite group F by an infinite cyclic group (x) such that T, the image of x in OutF, is not

conjugate to its inverse.

We obtain using the technique of [8] the following result for finitely generated strongly autinertial groups.

Theorem 1.4 A finitely generated group G is strongly autinertial if and only if one of the following hold:
i) G is finite;
it) G = {(a) x F where F is a finite subgroup of G and {(a) is a torsion-free subgroup of G.

Note that in the latter case, F = {1} gives an infinite cyclic group. One consequence of Theorem 1.4 is that
the class of finitely generated strongly autinertial groups is a proper subclass of virtually cyclic groups.

The generalization of the inert subgroup via homomorphisms has also attracted the attention of other
authors. In [6], Dikranjan et al. gave such a generalization by endomorphisms. Namely, they defined the
fully inert subgroups. For a group G, a subgroup X is called fully inert if | < X, X% >: X]| is finite for all
endomorphisms « of G. However, their definition and results are on abelian groups. In addition, the finiteness
conditions on characteristic closures were studied by Cutolo et al. [3]. In this article, a property called P# was
established. A group G is said to satisfy the property P# if every subgroup has finite index in its characteristic
closure. Clearly, if a group satisfies the property P#, then it is strongly autinertial. However, a strongly
autinertial group need not satisfy P#. For example, (Q,+) is strongly autinertial (see [6]). On the other hand,
it is a characteristically simple group and it has no proper finite index subgroup. Therefore, it does not satisfy
P,

2. Preliminaries

In this section we present some basic properties of autinert subgroups.

Lemma 2.1 FEwvery strongly autinert subgroup is autinert.
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Proof Let X be a strongly autinert subgroup of a group G. Take any a € Aut(G). Then X is also strongly
autinert in G. Therefore, [(X,X%) : X| and [(X,X?%) : X*| are finite indexes. Hence, |X : X N X?| <
[(X,X*): X N X% is finite. O

Lemma 2.2 Let G be a group and o € Aut(G) such that |G : Ca(a)| is finite. Then the index |X : X N X |
18 finite for any subgroup X of G.

Proof Set Cx(a) = {a € X|a* = a}. Then Cx(a) = Cg(a) N X. As |G : Cg(a)| is finite, | X : Cx(a)| =
|X : X NCg(a)| is finite. Note that Cx(a) < X NX*. Thus, |X : X N X| is finite. O

Lemma 2.3 Let G be a group and X be an autinert subgroup of G. If XX* = X*X for all a in Aut(G),
then X 1is a strongly autinert subgroup of G.

Proof Let X be an autinert subgroup of G and take any « in Aut(G). Then X is also autinert. Hence,
(X, X : X|=]XX*: X|=]|X*: XNX < 0. O

Lemma 2.4 Let G be a group. If two permutable subgroups X,Y of G are autinert in G, then (X,Y) is a
strongly autinert subgroup of G.

Proof By Lemma 2.3 the subgroups X and Y are strongly autinert in G. Take any automorphism « of G.
Then [(X,X%): X| and |[{Y,Y*) : Y] are finite. Observe that for subgroups A4, B, N of G, B < A and N is
permutable such that |A: B| < oo satisfy |AN : BN| < co. Therefore, we obtain |[XX*YY®: XY|<oo. O

Lemma 2.5 Let G be a group and X be a strongly autinert subgroup of G. If X has a finite indexed subgroup
Y, then Y is a strongly autinert subgroup of G.

Proof |(Y,Y®):Y|< |[(X,X®):Y|=[(X,X): X||X:Y]< . O

Lemma 2.6 Let G be a group and H be a finite characteristic subgroup of G such that G/H s strongly

autinertial. Then G is strongly autinertial.

Proof Take any subgroup X of G and any G-automorphism «. Then « induces an automorphism @ on G/H
such that (XH/H)® = X*“H/H. Thus, |(X*H/H,XH/H) : XH/H| is finite. As H is finite, [(X%, X) : X| is
finite. O

Lemma 2.7 Let G be a group and let X1 and X be two strongly autinert subgroups of G. Then X1 N X is
a strongly autinert subgroup of G.

Proof Take any G-automorphism « and set K = X7 N X5. Then (K% K) is a subgroup of (X;%, X;) for
i =1,2. As X; and X, are strongly autinert, the indexes |[(K“, K) : (K% K) N X;| are finite for i = 1,2.
Thus, (K*, K): K| = (K% K) : (K*, K) N X; N X5| is finite. O
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3. Proofs of the main results

The proof of Theorem 1.1:

Proof Let G be a VTA-group. Observe that every VTA-group is an FC-group (also noted in [8]). Take
any subgroup X and any automorphism « of G. Then by Corollary 2 of [8] « has a finite order, say

1

m. Set H =< X, X% ..., X" > and N = Corey(Cg(a)). Then H is invariant under o and N is a
finite indexed subgroup of H. Moreover, X® NN = X NN for 1 < i < m — 1. Hence, H/(X N N) =

(X/(XNN),X*/(XNN),... , X /(XNN)) is a finitely generated FC-group generated by periodic elements.
As periodic elements form a fully invariant subgroup of an FC-group, H/(X N N) is periodic and so finite.
Therefore, |H : X| is finite.

The proof of Theorem 1.4:

Proof Let G be an infinite noncyclic finitely generated strongly autinertial group. Then, by Theorem 24
of [5], G/Z(QG) is finite. Hence, the torsion subgroup T(G) of G is finite and Z(G) is a finitely generated
infinite abelian group. Therefore, Z(G) is a direct sum of a finite subgroup and a finitely generated free abelian
subgroup. Let A be a free abelian subgroup of Z(G) such that |G : A| =n and rank(A) = k for some natural
numbers n and k. Suppose that k > 1. Say A = (a1) x --- X {ag). Then the map ag : A — A defined by
a1 = a1ay and a;*° = a; for all i # 1 is an automorphism of A, which acts trivially on A/A™. Let n be the
endomorphism of A defined by (a”)" = [a, 0] = a~ta®. Then the map o : G — G defined by g% = g(g™)"
gives an automorphism of G (see also the proof of Theorem 3.3 of [9]). Now set two infinite subgroups X = (a1)
and Y = (a"™) of G.

Then X NY is the trivial subgroup and (X, X%) = (a1,a}) = XY . As G is strongly autinertial, we
get the contradicting result [Y]| =Y : Y N X| = | XY : X| < co. Consequently, we observe that A is cyclic.
Furthermore, the transfer map 7 : G — A defined by g” = g™ is a homomorphism where Ker(7) is the torsion
subgroup of G. Hence, G/T(G) is an infinite cyclic group and so G is finite-by-cyclic as required.

Conversely, let G satisfy one of the above conditions. Obviously every finite and every cyclic group is
strongly autinertial. Assume that G = (a) X F' where F' is a nontrivial finite group and (a) is an infinite cyclic
group. Take any subgroup X of G and any element « in Aut(G). Then (X, X®) is a finitely generated group.
Since G/F is abelian, G’ is finite. Consequently, G is a finitely generated FC-group and so it is central-by-
finite. Indeed, there exists a natural number m such that Z(G)™ is a characteristic infinite cyclic subgroup of G
containing G™ for some natural number n. Now (X, X<)/(X, X%)" is a finitely generated periodic FC-group.
Therefore, it is a finite group. Furthermore, as the only automorphisms of Z(G)™ are the trivial map and the
map sending each element to its inverse, (X, X*)" = (X" X*") = X" < X. It follows that [(X, X“): X| < o0

as required. O
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