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Abstract: Motivated by their importance and potential for applications in a variety of research fields, recently, various
polynomials and their extensions have been introduced and investigated. In this sequel, we modify the known generating
functions of polynomials, due to both Milne-Thomson and Dere and Simsek, to introduce a new class of generalized
polynomials and present some of their involved properties. As obvious special cases of the newly introduced polynomials,
we also introduce so-called power sum-Laguerre-Hermite polynomials and generalized Laguerre and Euler polynomials
and we present some of their involved identities and formulas. The results presented here, being very general, are pointed

out to be specialized to yield a number of known and new identities involving relatively simple and familiar polynomials.

Key words: Milne-Thomson polynomials, Dere-Simsek polynomials, Laguerre polynomials, Hermite polynomials, Euler

polynomials, generalized Laguerre—Euler polynomials, sum of integer powers, summation formulae, symmetric identities

1. Introduction and preliminaries
Throughout this paper, let C, R, R*, Z, and N be the sets of complex numbers, real numbers, positive real
numbers, integers, and positive integers, respectively, and let Ny := NU{0}.

The two variable Laguerre polynomials L, (x,y) are generated by (see [7])

! —at = n
T— gt &P ( ) D Loz y)t" (lyt] <1). (1)

1—yt =

Also, equivalently, the polynomials L, (x,y) are given by (see [8])
o0 tn
& Cofat) = 3 Lu(r.w) )
n=0 ’

where Cy(x) denotes the Oth order Tricomi function. The nth order Tricomi functions C,,(z) are generated
by

exp (tf%):ZCn(x)t" (teC\ {0}, z€C). (3)
n=0
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We have

() = Z::O % (neNo). ()

The Tricomi functions Cy,(z) are connected with the Bessel function of the first kind J,(x) (see [6]):

Ch(z) = x_%Jn@ﬁ)' (5)

From (2) and (4), we find

(o) =13 e = L) (©

where L, (x) are the ordinary Laguerre polynomials (see, e.g., [1, 24]). We have

(-1

, Ln(0,y)=vy", Ly(z,1)= L,(x). (7)

Milne-Thomson [20] defined polynomials @5{") (z) of degree n and order « by the following generating

function:
t+g(t = "
Flta) &0 = 3" @) (®)

n=0

where f(t, ) is a function of ¢ and « € Z and ¢(t) is a function of ¢. Then, by choosing some explicit functions
of f(t,a) and g(t), he [20] presented several interesting properties for certain polynomials such as Bernoulli
polynomials and Hermite polynomials.

Dere and Simsek [9] made a slight modification of the Milne-Thomson polynomials o )(ac) to give

polynomials c1>£f“>(x, v) of degree n and order a by means of the following generating function:

oo

t?’L
G(t,x;0,v) = f(t, ) &™) =3 "0l (2, 0)

aa

)

n=0

where f(t,«) and h(t,v) are functions of ¢ and « € Z and ¢ and v € Ny, respectively, which are analytic in a
neighborhood of ¢ = 0.

Observe that @;a)(x,O) = ‘I)%a)(x) (see, for details, [20]). In particular, choosing f(t,a) = (ﬁ) in

(9), we obtain

2 " h(tv) . (@) t*
xt+h(t,v) . @
<et 1) e = E E Y (z,v) ok (10)

n=0
Note that the polynomials Eff‘)(m, v) are related to both Euler polynomials and the Hermite polynomials. For
example, if h(t,0) = 0 in (10), we have

E)(2,0) = B{* (),
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where E,(LQ)(JC) denotes the Euler polynomials of higher order defined by means of the following generating

function (see, e.g., [25, p. 88]):
2 \" . - t"
—) =Y EW(x)—. 11
We find

2y —iE(G)ﬁ (12)
et +1) Tl

n=0

where Efla) are generalized Euler numbers. For more information about Euler numbers and Euler polynomials,

we refer the reader, for example, to [3, 18, 19, 25].
The 2-variable Hermite-Kampé de Fériet polynomials H, (z,y) (see [2, 5]) are generated by

oo tn
e = Halw, ). (13)
n!
n=0
Note that
" . [%] rmn72r u
r=0

and H,(2z,—1) = H,(z) are the ordinary Hermite polynomials (see, e.g., [2]; see also [24, Chapter 11]).

Dere and Simsek [9] generalized the polynomials H,(z,y) in (13) to define two variable Hermite polynomials

H,(f)(ac, y) by the following generating function:
- ¢ > t"
o =S HO () L (e N\ (1)) (15)
n=0

Taking h(t,y) = yt?> in (10), we get the generalized Hermite-Euler polynomials of two variables
HEY) (z,y) introduced by Pathan [21]:

2 (03 o0 t”
( > oTtut® _ Z HE’r(La) (z, y)ﬁ (16)
n=0 ’

et +1

Note that the polynomials HE,(f“)(x, y) generalize Euler numbers, Euler polynomials, Hermite polynomials, and
Hermite-Euler polynomials g E, (z,y) introduced by Dattoli et al. [5, p. 386, Eq. (1.6)]:

2

zttyt? _ S ﬁ

Luo et al. [18, 19] introduced the generalized Euler numbers E,(a,b), which are generated by

oo

2 > Ea(a, b)g (18)

Tt
at+b o
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(|t| < 2m; n € No; a, b€ RY with a #b).

Also, Luo et al. [19] introduced the generalized Euler polynomials E,,(x;a,b,e), which are generated by

2ewt

o0 tn
T ;En(xaavbae)m (19)

(|t| < 2m; n € Np; a, b€ RY with a #b).

The sum of integer power (simply, power sum)
Sk(n) := Z j* (k€Np;neN)
§=0

is generated by
e(n+1)t -1

et —1

ZSk(n)H:1+et+e2t+--~+e“t: (20)
k=0 ’

Motivated by their importance and potential for applications in certain problems in number theory,
combinatorics, classical and numerical analysis, and other fields of applied mathematics, a number of certain

numbers and polynomials, and their generalizations, have recently been extensively investigated (see, e.g., [1-

28]). Here, we also make a slight modification of Milne-Thomson polynomials @%a)(x) in (8) and Dere and

(a) (a)

Simsek polynomials @, (z,v) in (9) to define polynomials P, (z,y,v) by the following generating function:

. o zt+yt +h(t,y) _ - (e, ) ﬁ
H(tvxvyvaay) T f(tva)e Y _Zq)n ((E,yﬂ/) Tl' (21)

n=0

(z,y € C; LeN\{1}),

where f(t,«) and h(t,v) are functions of ¢t and a € Z and ¢ and v € Ny, respectively, which are analytic in
a neighborhood of ¢t = 0. Obviously, oY (x,0,v) = @;a)(x, v). Then we establish various identities involving

the polynomials @&“’”(z, y,v). Also, as special cases of the generalized generating function in (21), we introduce
two new polynomials, power sum-Laguerre-Hermite polynomials and generalized Laguerre-Euler polynomials,
and we investigate some of their involved properties.

Some of the results presented here will include certain known identities and formulas involving relatively
simple and familiar numbers and polynomials as particular cases, which will be easy for the interested reader
to check (see, e.g., [7, 11-16, 18,21,22,27,28]).

2. Some formulas involving the polynomials @ff‘g (z,y,v)

Here we present certain formulas associated with the polynomials q);a)

o (%,y,v). For easy reference, we begin by

recalling some formal manipulations of double series in the following lemma (see, e.g., [4], [16], [24, pp. 56-57],
and [26, p. 52]).
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Lemma 2.1 The following identities hold:

co o0 oo [n/p]

SN A=) Agmpk (pEN) (22)
n=0 k=0 n=0 k=0

oo [n/p] 0o oo

Z Z Ak,n = Z Ak,7z+pk (p € N)a (23)
n=0 k=0 n=0 k=0

e $+y " m
N=0 n,m=0

Here, Ay, and f(N) (k, n, N € Ng) are real or complex valued functions indexed by k, n, and NV, respectively,
and z and y are real or complex numbers. Also, for possible rearrangements of the involved double series, all

the associated series should be absolutely convergent.

Theorem 2.2 Let « € Z, v € Ny, and £ € N\ {1}. Then

O (21 + 29, y,v) = (Z) o} @) (22, )

(25)
n k a,l)
= (k) qu)nfk (xlay7y) (nENO7 171a3327y€(c)§
( [#] nlyh "
a,l) _ g1t Fla
oY (@, y1 +y2,v) = — (n — LK)\ k! @, " (2,y2,v)
(26)
PO
Y Yo o
=N TR g
2o (0 — CR)RL "% (7,91, 7)
(’I’L € NO» Z, Y1, Y2 € C)7
{0 (2,y,v) = > () a0l ; C); 2
n 7y7]/)_ k x n—=k (anay)v (n6N07$7y6 )a (7)
k=0
(0.0) At e
a,l _ : e
q)n (I,y,l/) _k:() (n—ﬁk)'k' (I)n Lk (l‘,o,ll) (28)
(nENOa €, yE(C),
9 (a,0) (a,€)

%(Dn’ (xvyal/):n@nfl (.’,E,y,l/) (HENa x,yE(C); (29)
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87‘
%@%al) (z,y,v) =

n!
(n—r)!

(n,r e Nwithl <r<n;z yeC);

o\ (2,y,v) (30)

n! o
o o (@) (31)

(n,eNwith1 <{¢<n;z,yeC);

8%@5?’” (@,9,v) =

x @(0‘70 Y, _ (I)(a’z) Y,
/ () (u,y,v) du = —"H @y 12+ — (@,9,7) (32)
(neNp,a,z€eR,yeC).
Y n! [eW4 ol
/ CD;O"@ (x,u,v) du = CEwI {CD;H) (x,y,v) — <I>£L+£) (z,a, V)} (33)
a !

(neNy,ze€C,a,yeR).

Proof From (21), we write

n

oo
t ¢
L h
ZO (I)gloc, ) (z1 + x2,y,v) — — g7t f(t7 a) e2ttyt +h(ty)
n—=

$1t

Expanding e®* as the Maclaurin series and using (21) to expand the second factor, with the aid of (22) with

p=1, we find
o0 N o0 n x 76 .
ZO (0 (21 + z2,y,v) i Z Z = k) }c)!k! @;a_k) (z2,y,v) t",
n=

which, upon equating the coefficients of t™, yields the first equality of (25). For the second equality of (25), we
just change the role of x; and x5 in the above proof.

Similarly as in the proof of (25), with the aid of (22) with p = ¢, we prove (26).

Setting z1 = z and x5 = 0 in the first equality in (25), we obtain (27). Similarly, setting y; = y and
y2 = 0 in the first equality in (26), we get (28).

Differentiating both sides of (27) with respect to the variable x, we have

o " n — a
700 ) =30 (1) o 8 00

k=1
n—1
n—1 a (34)
=ny_ ( N ) 2" e (0,y,v)

where the identity (27) is used for the last equality. This proves (29).

1371



KHAN et al./Turk J Math

Then, differentiating both sides of (29) with respect to the variable x by using the identity (29) on the
right side of each resulting identity, consecutively, r — 1 times, we obtain (30).

Differentiating both sides of (28) with respect to the variable y, we have

[#] -

9 o nly a,
5y ™ ) =30 Ty ek (0 %)

Taking k — 1 =k’ on the right side of (35) and considering

we get

n—=¢
0 n! - (n —0)yF ¢

@(a,f) — @(O&, )
ay n (x,y,z/) (n_g), ];:O (n—f—ﬁk;)'k" n——0—Lk (iU,O,I/),

which, upon using (28), proves (31).

Replacing = by u in (29) and integrating both sides of the resulting identity with respect to the variable
u from a to x by using the fundamental theorem of calculus, and substituting n+ 1 for n in the last resulting
identity, we obtain (32).

Similarly as in getting (32), using (31), we get (33). O

3. Power sum-Laguerre—Hermite polynomials

Here, replacing = by y and v by z in (9) and setting h(t,z) = zt?> and

e(n+1)t -1

et 1 Co(l‘t),

fait,n) =

we introduce a new class of power sum-Laguerre—Hermite polynomials ?}Ln(ac, Yy, z;n) by the following generating
function:

e(n—i—l)t -1

et —1

t’l’L

= (t| < 2m). (36)

(oo}
eV Cy(at) = > fiLn(w,y, 2i0)
n=0

Now we present various implicit summation formulae for the power sum-Laguerre-Hermite polynomials.

Theorem 3.1 The following implicit summation formulas for the power sum-Laguerre—Hermite polynomials
hold.

n

(.0 =3 (1) o) Selo) (0 € e M) (37)
k=0

-~ (D" Hyjr(y, 2) Si(n)

(T’!)2 k! (nfk:fr)! (nENo; HEN); (38)

#Lu(2,y, 2zi0) = nl
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2 Lp(z,u+v,2;0) = <n) uF Ly (2,0, 2;n)  (n € Ng;n e N); (39)

SLn(z,y,a+bn) =Y

|
e I VS Ly _ok(z,y,a;0n)  (n € No;n €N). (40)
k=0 ’

kl(n — 2k

Proof Setting z =0 in (36) and using (2) and (20) with the aid of (22) with p =1, we obtain

S Bl zim) o = 3 S L i) Si)

n=0 ’ n=0 k=0 (n o k>'k'

which, upon equating the coefficients of ¢", yields the desired result (37).
The other identities can be proved as in the proof of Theorem 2.2. We omit the details. O

4. Generalized Laguerre—Euler polynomials

Here, replacing « by y and v by z in (9) and f(x;t,a) = (%_W) Co(xt), we introduce a new class of the
generalized Laguerre—Euler polynomials.
Let a € R or C be a parameter. Also, let a,b € RT with a # b. The generalized Euler polynomials

E,(f‘)(:n, y,z;a,b,e) are defined by the following generating function:

n

2 \“ 3 !
( > eytJrh(t,z)CO(xt) _ Z E7(1a) (1’7 Y,z a, b, e)

at + bt n!
n=0

2
R: |t < —2 ).
(”76 ’||<|1na1nb|>

In particular, setting h(t, z) = 2t? in (41), we get the following.
Let o € R or C be a parameter. Also, let a,b € RT with a # b. The generalized Laguerre-Euler
polynomials LE,(LQ)(x,y,z; a,b,e) are defined by

2 (0% oo tn
(o) o Colan) =3 1B a0y (42)
n=0 :

2m
R, | < 77— |-
(a:e ’||<|lna—lnb|>

‘We have
n [%] () k
E. ", Lm_or(x,y)z"n!
B a.b.e) = nom ’ 43
LB (2,y, 20,0, ¢) 2 £ (m — 2k) Kl (n — )] (42)

Remark 1 Consider some special cases of (42).
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(i) The case z = 0 of (42) reduces to the known generalized Hermite-Bernoulli polynomials defined by (see

[22])

2 “ yt+zt? = () "
€ = ZHEn (y,z;a,b,e)a (44)

t 1 pt
at +b o

2m
t < ———— .
<| < |lnalnb|)

(ii) The case x = z = 0 of (42) reduces to the known generalized Euler polynomials defined by (see [19])

2\ = e t"
(at+bt> ey:ZEr(l)(y;a,b»e)a (45)

n=0

2
< — ).
[Ina — In b

(iii) The case x =y = z =0 of (42) reduces to the generalized Euler number E7(f¥)(CL7 b) defined by

o "
(at+bt> ZE( )ab—' (46)

|t|<277r .
[Ina — In b

We find that E,(Ll)(a, b) = E,(a,b) in (18) and

B+ (g, ) = 2": (Z) E(a,b) EP (a,b)  (neNp). (47)
k=0

Here we present various implicit summation formulae for the generalized Laguerre-Euler polynomials.
Theorem 4.1 Let a, 3 € R or C be parameters. Also, let a,b € RT with a # b. Further, let u, v, w,z, y, z €

R, and n € Ny. Then the following implicit summation formulas for the generalized Laguerre—FEuler polynomials
n (42) hold:

Eﬁ:—?—n(wiaz;aab e) Z ( >< )(wy)SHC Efn-z-n o k(:z: Y, z;a,b,e); (48)

s=0 k=0

A (D) B (% b e)

(@) . o Y ele? .

LEn (x3y+avz’a7b? e) =n 141 | ’ (49)
prfrward (n—25 — k)4 (k!)?

LE(OH_B)(:B y+v,z;a,be) = E ( )LE( (Y, 250, b, e)E,(f)(v;a,b,e); (50)

0
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LE,(ZQ+5)($,Q+Z,U+U;G,, b7e) = (Z) E»r(:i)k(xvzaU;avbae)HEIE;ﬂ)(:%u;avba e); (51)
k=0

(3] n—2j (a)
E; (a, b e)Ly_k—o(x,y) 27
LE® be) = i\ 52
(z,y,2a,b,e) njoz Tk 2))] (52)
Proof For (48), replacing ¢ by ¢+ u in (42) and using the binomial theorem, we have
2 “ u z u 2
<at+u _|_bt+u> ey(tHwtality) Co(x(t +u))
-~ pla (t+u)"
= ZOLET(L )(xayvz;a7b7e)T (53)
n—m.,m
_ZZLE()xy,zabe) ‘
()l
n=0 m=0
Using (23) with p =1 in the last double summation in (53), we obtain
9 «@ z(t+u)2c , ) oo 0o E(a) . . ™ £
at+“+bt+“ € 0(.’1)( +U>) =€ Z Z L n+m(x’yaz7aa ?e) n|m| ( )

n=0 m=0

Since the left side of (54) is independent of the variable y, we introduce another variable w for the variable y

in the right side of (54) and equate the two resulting identities to find

N g . AR < S o S ™
Z Z n+m x w’z’a’b7e) n'm' ( i Z Z "+m $ Y % a’b’ e) W (55)
n=0 m=0 n=0 m=0
We use (24) to find
) _ N t+uw) N
T = 3wy = DL ) g (%6)
N=0 k,s=0

Using (56) in the right side of (55) and applying (22) with p = 1 in the resulting four-ple series two times, we
get

t'”/um
Z Z LEr(LOan (z,w, z;a,b,e) P

n=0 m=0

(57)

oo

o0 n m o . tn m
Z:: Z Z Z LEv(fr)m k(9,7 0,0 €) (w =) (n—k)!k:!?m—S)!s!'

0 m=0 k=0 s=0

Finally, equating the coefficients of "™ and u™ in both sides of (57), consecutively, we obtain the identity (48).
For (49), we find from (42) that

oo tn 2 @
Z LET(LO‘)(IE, y+a,z;a,b, e)ﬁ = (b)t) ¥t . ezt2 . Co(ﬂ). (58)
n=0 :
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By using (45) and (22) with p = 2, we have

e n=0 j=0
(59)
~ [3] a b Al
P (y’e’e’e) ROy
n=0 j=0 1)
Setting the result (59) in (58) and using (4) with n = 0, with the help of (22) with p =1, we obtain
00 oo [ [3] n—2j ik k
" a b 20" (—1)
(@) . L (@) e v n
ZLE” (x,y+a,z,a,b,e)n! N Z ; Z B2y (y, e’ e’e> (n—25 —k)!jl(k!)? " (60)
n=0 n=0 | j=0 k=0
Finally, equating the coefficients of ™ on both sides of (60), we get the identity (49).
Similarly as above, we can prove the other identities. We omit the details. O

5. Symmetry identities for the generalized Laguerre—Euler polynomials
A number of interesting symmetry identities for various polynomials were presented (see, e.g., [11-16, 27, 28]).

Here we give symmetry identities for the generalized Laguerre—Euler polynomials LEff“)(:lc7 y,z;a,b,e) in (42).

To do this, we consider the following function:

(erratoran) {eramera)

o (D) (W1+y2)t+(a® +b% ) (21 +22)t

g(t) ==

X Co(d?ﬂlt) Co(.’lilbt) OO (x2at) OQ (l‘gbt).

We see that the function ¢(¢) in (61) is symmetric with respect to o and 8, a and b, ¢ and d, z; and xs,
y1 and yo, and z; and zy, respectively. To make the generalized Laguerre-Euler polynomials in (42), we have
16 combinations. Then we will get 15 symmetry identities for the generalized Laguerre—FEuler polynomials in
(42), two of which will be asserted in the following theorem and the other 13 of which are left to the interested

reader.

Theorem 5.1 Let o, B € R or C be parameters. Also, let ¢, d € RT with ¢ # d. Further, let a, b, x1, T2, y1, Yo,
21, 22 € R and n € Ng. Then

Z Z Z LB (g1, 216, dye) LB (21,51, 215 ¢,d, o)

an—m—s bm+s

X Lquﬂ—)s(‘r%yQ; 22;C, da e) LEgﬂ)(anyZ, 22;C, d7 e) (n —m— ’I“)' m! (7" _ 8)' sl
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n n

T T

= LE?Sa)m—r(ZQa Y2, 225 C, da e) LEy(r‘LX) (an Y2, 22; C, da e)

0 s=0 (62)

anfmfs bers

o
3
I

r=

X LEr(’[i)s(xhyla 215G, da e) LEgﬁ)(xlayl,Zl; C, da e)

(n—=m—=r)tm!(r—s)!s

= Z Er(ff)mfr(x% Y1, 21;¢,d, e) Lquﬂ)(x% Y1,21;¢,d, €)
r=0 m=0 s=0 (63)
E(a) ) d E(a) . d bn—m—s am-i—s
XL rfs(xlay27227cv 7e)L S (x17y2a22’c7 7e) (n_m_r)|m|(r—$)!5!.
Proof We try to combine g(¢) as follows:
— L “ ay1t+a2z1t C t
g(t) - Cat +dat € 0(.’1}10/ )
X 2 i eby1t+b221t Co(xlbt)
Cbt +dbt
L (64)
ays t+a22 t
X {M} e®? 2 C()(.’L'Qat)
2 g byot+b2zot
X W e CO(.bet),
which, upon using (42), gives
= at)™
o(6) = 3 LB @, e, )9
n=0 ’
- bt)™
X Z LES)(xlvylazl;c7d7e)(Tn)!
m=0
(65)

= at)”
X ZLE;«B)(Q%Z/Q,ZQ;C, dae)%
r=0 ’

X i EP) (z z9;¢,d, e) (bt)*
LIvg 2,Y2,22;C, Q, s -

s=0

Now we apply (22) with p = 1 to combine the first and second series into a single series and the third and
fourth series into another single series. Then we use (22) with p =1 to combine the two resulting single series

into one series to find

o0 n n—r T
g(t) = { Z LB, (1 s die) LB (v, y1, 213 e doe)
r=0 m=0 s=0

X LEqE/i)s(xzaymZ%C, d,e) LEP) (22,2, 205 ¢,d, €)

an—m—s bm+s tn
(n—m—r)tm!(r—s)s! '
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Considering another combination of ¢(¢) as in (64), similarly as above, we can get another single series of g(t)
as in (66). Then, equating the coefficients of " in both sides of the two single series, we can find 15 identities,

two of which are recorded. O

6. Concluding remarks

The results presented here, being very general, can be specialized to yield a number of known and new identities

involving relatively simple and familiar polynomials. For example, setting x = 0 in (48), we have

N m n m n . N
HEfnln(wa za,b,e) = Z Z (s) (k') (w— y)‘+k HEfnj)Lnfsfk(y, z;a,b,e).

5=0 k=0

The power sum-Laguerre-Hermite polynomials 7, L, (z,y, z;n) in (3) and the generalized Laguerre-Euler

polynomials ESLQ) (x,y,2;a,b,e) in (42) can be further extended and have their differential and integral formulas
as in Theorem 2.2.

Obviously, if we replace e¥t+2t* in our newly introduced polynomials (36) and (42), we can provide more

generalized polynomials associated with the two variable Hermite polynomials aY (z,y) in (15).
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